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A NOTE ON GCR-LIGHTLIKE WARPED PRODUCT
SUBMANIFOLDS IN INDEFINITE KAEHLER MANIFOLDS

SANGEET KUMAR AND MEGHA PRUTHI

ABSTRACT. We prove the non-existence of warped product GC R-lightlike
submanifolds of the type K| X K7 such that K7 is a holomorphic sub-
manifold and K| is a totally real submanifold in an indefinite Kaehler
manifold K. Further, the existence of GC R-lightlike warped product sub-
manifolds of the type K7 x K| is obtained by establishing a character-
ization theorem in terms of the shape operator and the warping function
in an indefinite Kaehler manifold. Consequently, we find some necessary
and sufficient conditions for an isometrically immersed GC R-lightlike sub-
manifold in an indefinite Kaehler manifold to be a GC R-lightlike warped
product, in terms of the canonical structures f and w. Moreover, we also
derive a geometric estimate for the second fundamental form of GCR-
lightlike warped product submanifolds, in terms of the Hessian of the
warping function .

1. Introduction

Warped product manifolds were firstly introduced in 1969 by Bishop and
O’Neill [3], to construct examples of negatively curved manifolds. But, the
study of warped products became more popular among researchers, when C R-
warped product submanifolds were presented by Chen [4], in Kaehler manifolds
and he derived that warped product C' R submanifolds of the type K| x ) K7 do
not exist in Kaehler manifolds such that K; and K|, respectively, represent
holomorphic submanifolds and totally real submanifolds. A detailed study
on warped products focusing on manifolds with positive definite metric can
be found in [5]. One may note that the concept of warped products has been
successfully employed in the study of cosmological models, black holes and Ein-
stein’s field equations (c.f., [2,10,16]). However, far less common are the studies
where warped products are considered on manifolds with indefinite metrics. To
this end, the semi-Riemannian manifolds provide a more broad framework for
investigation of warped products and may result in striking applications. In
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this context, two classes of warped product lightlike manifolds were defined by
Duggal [6]. Subsequently, Sahin [17] proposed the concept of warped product
lightlike submanifolds of semi-Riemannian manifolds and obtained some basic
results on this class of lightlike submanifolds. Very recently, Kumar [12-14] in-
vestigated warped product lightlike submanifolds in indefinite nearly Kaehler
manifolds. Thus, the significant applications of warped product lightlike sub-
manifolds and important geometric properties of indefinite Kaehler manifolds
motivated us to analyze warped product lightlike submanifolds in indefinite
Kaehler manifolds.

To this end, in the present paper, we derive the non-existence of warped
product GC R-lightlike submanifolds of the type K| X Kp provided Kr is a
holomorphic submanifold and K, is a totally real submanifold in an indefinite
Kaehler manifold K. Then, the existence of GCR-lightlike warped product
submanifolds of the type Kr x K| is obtained by establishing a characteri-
zation theorem in terms of the shape operator and the warping function in an
indefinite Kaehler manifold. Consequently, we find some necessary and suffi-
cient conditions for an isometrically immersed GC R-lightlike submanifold in
an indefinite Kaehler manifold to be a GC R-lightlike warped product, in terms
of the canonical structures f and w. Moreover, we also derive a geometric
estimate for the second fundamental form of GCR-lightlike warped product
submanifolds, in terms of the Hessian of the warping function .

2. Preliminaries
2.1. Lightlike submanifolds

Assume (K, g) is an immersed submanifold in a semi-Riemannian manifold
(Kpmsn,§) with constant index ¢ satisfying m,n > 1,1 < ¢ < m+n—1. If the
metric § is degenerate on TK, then T, K and T, K+ both become degenerate
orthogonal subspaces and hence there exists a subspace Rad(T,K) such that
Rad(T,K) = T, K N T, K+, which is called the radical subspace with rank 7,
1<r<m. If Rad(TK) :z € K — Rad(T,K) define a smooth distribution
on K of rank 7 > 0, then K is called an r-lightlike submanifold of K (see [7]).
Further, let S(T'K) be a screen distribution in TK such that

(1) TK = Rad(TK)LS(TK).

Similarly, let S(TK') be a screen transversal vector bundle in TK~ such that
TK+ = Rad(TK)J_é’(TKL). On the other hand, let ¢r(TK) and itr(TK) be
vector bundles in TK |x and S(TK*)*, respectively, with the property that

(2) tr(TK) = ltr(TK) LS(TK™')
and

(3) TK |x=TK ®tr(TK) = (Rad(TK) ® Itr(TK))LS(TK)LS(TK").
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Further, the Gauss and Weingarten formulae are
(4) VrQ =VpQ+h(P,Q), VpV=—AyP+V5V,

for any P,Q € I'(TK) and V € I'(tr(TK)), where V and V, respectively,
denote the Levi-Civita connection on K and the torsion free linear connection
defined on K. In particular, one has

(5) 6PCQ:VIDCQ'i_hl(F)aCQ)_*_hs(PvQ)a
(6) VpW = —AwP + VW + DY(P, W),
(7) VpN = —ANP + VLN + D*(P,N),

where W € T'(S(TK?1)), P,Q € I'(TK) and N € I'(ltr(TK)). Further, em-
ploying Egs. (5) and (6), we obtain
(8) §(h*(P,Q),W) +4(Q, D'(P,W)) = g(Aw P, Q)

for P,Q e I'(TK) and W € I‘(S(TNKL)Z.
Consider the curvature tensor R of V. Then the Codazzi equation is given
as

(R(Y1,Y2)Ys)" = (Vy, h')(Ya,Ys) = (Vy, ') (Y3, Ys) + D' (Yy, h*(Y2,Y3))
— D'(Ya, h*(Y1,Y3)) + (Vy, 1) (Y2, Y3) — (Vy, h¥) (Y1, Y3)
(9) + D*(Y1, b (Ya, Y3)) — D*(Ya, (Y1, Y3)),
where

(10) (vyl hs)(YQa }/3) y— ig/'lhs(Y27Y3) - hS(VY1Y27Y3) - hs(}/Qv VY1Y3)a

(11)  (Vy ) (Ya,Y3) = Vi, bl (Ya, Y3) — b (Vy, Ya, Y3) — B! (Yo, Vy, Y3),
for any Y7,Y5,Y3 € I(TK).

Definition ([8]). Consider a semi-Riemannian manifold (K,3). Then a light-
like submanifold (K, g) of K is called totally umbilical if there exists a smooth
transversal curvature vector field H € I'(tr(TK)) of K satisfying

hY,Z)=Hg(Y,Z)

for Y, Z € T(TK). According to Egs. (5) and (6), K is totally umbilical if and
only if there are smooth vector fields H' € T'(Itr(TK)) and H* € T(S(TK'))
with the property

(12) WY, 2)=H'g(Y,Z), h*(Y,Z)=H*(Y,Z), D'Y,W)=0,
for any Y, Z € T(TK) and W € T'(S(TK?)).
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2.2. Indefinite Kaehler manifolds

Consider an indefinite almost Hermitian manifold (K,.J,§). Then K is said
to be an indefinite Kaehler manifold (c.f., [1]), if

(13) JP=-1, §(JY,JZ)=§(Y,Z), (VyJ)Z=0,

for Y, Z € T(TK), where V denotes the Levi-Civita connection on K.

Moreover, an indefinite complex space form K (c) is an indefinite Kaehler
manifold K with constant holomorphic curvature ¢ and its curvature tensor R
is given by

C - - - ~ ~ - ~ ~
R(Ylv }/Q)Y?) = 1{9(Y27Y3)Y1 - g(Y17Y3)}/2 + g(J}/27Y3)JY1 - g(‘]}/la Y3)J}/2
(14) +2§(Y1, JY2) Y3}
for Y1, Ys, Y3 vector fields on K.

2.3. Generalized Cauchy-Riemann (GC R)-lightlike submanifolds
Definition ([9]). A real lightlike submanifold (K, g, S(T'K)) of an indefinite

Kaehler manifold (K, g, J) is said to be a generalized Cauchy-Riemann (GCR)-
lightlike submanifold, if

(i) There exist sub-bundles D; and Dy of Rad(TK) satisfying
Rad(TK) =D, ® Dy, J(Dy) =Dy, J(Ds)C S(TK).
(ii) There exist sub-bundles Dy and D’ of S(TK) satisfying

S(TK) = {JDy® D'}1 Dy, J(D')=Li1Ly, J(Dg)= Dy,

where L; and Lo, respectively, denote vector subbundles of ltr(TK) and
S(TK*) and Dy is a non-degenerate distribution on K. Moreover, we assume
that M1 = JLl and M2 ~ JL2

Let @Q, P, and P, denote the projection morphisms of TK on D, M; and
M, respectively. Then for Y € I'(TK), we write

(15) Y =QY + PY + PY.
Applying J on both sides of Eq. (15), we get

(16) JY = fY + wPY +wPyY.
Eq. (16) can be re-written as

(17) JY = fY +wY,

where fY and wY’, respectively, denote tangential and transversal parts of JY.
Similarly, for Z € tr(TK), we have

(18) JZ =FEZ + FZ,

where EZ and FZ, respectively, denote tangential and transversal parts of JZ.
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Lemma 2.1 ([15]). Consider a GOR-lightlike submanifold K of an indefinite
Kaehler manifold K. Then for Y1,Ys € T(TK), one has

(19) (Vvi f)Ye = Auy, Y1 + ER(Y1, Y2)
and

(20) (V3,w)Ye = Fh(Y1,Y2) — h(Y1, fYa),
where

(21) (Vi f)Ya=Vy, [Ya — fVnYs, (Vi,w)Ys =V} wYs —wVy,Ys.

3. GC R-lightlike warped product submanifolds

In the present part of paper, we analyze warped product GC R-lightlike sub-
manifolds of the type K| x ) K7 and K7 x K| of indefinite Kaehler manifolds,
where K| and Krp, respectively, denote totally real and holomorphic subman-
ifolds of an indefinite Kaehler manifold K. Firstly, we recall a basic result for
later use.

Proposition 3.1 ([3]). ForY1,Y; €e I(TK;) and U,V € T'(TK>) in a warped
product manifold K = K, x Ko, one has

(22) Vy,Ys € I(TK)),
(23) Vy,V =VyY; = (Y;A) v,
(24) vV = f@w.

Note. In the forthcoming part of the paper, we will denote totally umbilical

by t.u., warped product by w.p. and an indefinite Kaehler manifold by K,
unless otherwise stated.

Theorem 3.2. For a t.u. GCR-lightlike submanifold K of K, there doesn’t
exist any proper w.p. GCR-lightlike submanifold K of the type K1 Xx Kr in
K.

Proof. From Eq. (23), for Y1 € T(TKr) and Z; € T(TK ), we have

(25) Vylzl = VZIY;[ = (Zl ln)\)Yl.

For Zy,Zs € T(D’), employing Eq. (19), we obtain fVz Zo = —Ayz,71 —
EN(Z1,Z3). Further for i € I'(Do) and using Egs. (5) and (25), we get
9(fVz2,Z2,Y1) = —g(Auz,Z1,Y1) = §(Vz,JZ2, Y1) = —§(JZ2, V2, Y1) =
—3§(JZ2,V 2z, Y1) = 0. As Dq is non-degenerate, therefore fVz Zo = 0, it
implies that Vz, Z5 € T'(D’). Thus, the distribution D’ defines a totally geo-
desic foliation in K.

Assume that h” and AT, respectively, denote the second fundamental form
and the shape operator of K7 on K, therefore, we have g(hT(Y1,Y3),Z;) =
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9V Yo, Z1) = §(Vy, Yo, Z1) = —§(Ya, Vi Z1) = —g(Y, Vv, Z1) for Y1,Ys €
I'(D) and Z; € T'(D’). Further using Eq. (25), we get

(26) g(h" (Y1,Y2), Z1) = —(Z1 In N)g (Y1, Ya).

Consider the second fundamental form h of Kt in K. Then for Y1, €
I(TKr), we attain

(27) h(Y1,Ys) = BT (Y1, Y2) + h!(Y1, Ya) + h* (Y1, Va).

Then employing Eq. (27), for Z; € T'(D’), we obtain

(28)  §(h(Y1,Y2), Z1) = g(hT (Y1,Y2), Z1) = ~(Z1 In A)g (Y3, Y2).

As K7 is a holomorphic submanifold of K, it follows that

(29) h(Y1,JYs) = h(JY1,Ys) = Jh(Y1, Ya).

Thus from Egs. (28) and (29), we derive

(30)  §(h(¥1,Y2), Z1) = —4(h(JY1, JY2), Z1) = (Z1 In A)g (Y2, Ya).

Then adding Eqgs. (28) and (30), we get

(31) §(h(Y1,Y2), Z1) = 0.

Further employing Eqgs. (27), (29) and (31), we obtain

(32)  §(h(¥1,Ya), JZ1) = §(h(Y1,Y2), T Z1) = —g(h(V1, JY2), Z1) = 0.
Thus, we have §(h(D, D), JD’) = 0, that is, h(D, D) has no component in JD,

which shows D defines totally geodesic foliation in K. Hence, K = K| X K
is GC R-lightlike product. O

Next, by considering w.p. GCR-lightlike submanifolds of the type K =
K7 x) K in K, we are going to prove the following lemma.

Lemma 3.3. Consider a GCR-lightlike w.p. submanifold K of K. Then

(1) g(h(D07DO)7 {D/) = O; 5

(ii) g(h*(V1, 21),J Z2) = =JY1(In N)g(Z1, Z3),
fO’I“ Y, € F(D) and Zy, 72y € P(KQ)
Proof. Employing Eq. (13), for Y1 € T'(Dy) and Z; € I(D'), we get JVy, Z =
Vy,JZ1. Then using Eq. (5), we have JVy, Z1 + Jh(Y1,Z1) = —Aj, Y1 +
%9 JZ,. On considering the inner product with JY; for Y3 € T'(Dy), we obtain
9(Vy, Z1,Ys) = —g(Aj5, Y1, JY5). Further using Egs. (8) and (23), we derive
G(h* (Y1, JYs),JZy) = 0. As g(hl (Y1, JYs),JZy) = 0. Thus §(h(Y1, JY2), JZ1)
= 0, which proves (i).

Next, for Y7 € I'(D) and Z1, Z; € I'(K3), employing Egs. (5), (13) and (23),
we derive
(0 (Y1, 41), T Z2) = §(V Y1, T Z2) = =5(IV 2,1, 25)
= —§(V2,IY1,Z3) = —g(V 2,IY1, Z3)
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= —le(h’l )\)g(Zla Z2)7
which proves (ii). -

In the following characterization result, we provide a relationship between
the shape operator and the warping function of GCR-lightlike w.p. submani-
folds of the type K1 x, K| in K.

Theorem 3.4. Consider a t.u. GC R-lightlike submanifold K of K such that
the totally real distribution D' is integrable. Then K is a locally GC R-lightlike
w.p. submanifold if and only if

(33) Ajy Vi =—(JY1) (1) Zy

for Yy € T(D),Z, € T(D') and pu is a C* function defined on K satisfying
Zinw =0 for Z; € T(D').

Proof. Let K be a t.u. GCR-lightlike w.p. submanifold of the type K7 X\ K .
Employing Eq. (13), for Z; € I'(D') and Y1 € I'(D), one has Vy,JZ; =
JVy, Z1, which on using Egs. (4) and (23) gives

—Aj, Y1+ Vi JZ) = JYi(In\)Zy.

Then equating the tangential parts, we derive Aj, Y = —le(ln A)Zy. Since
w = InX is a function defined on Ky, for Z; € I'(D’), we attain Z;(p) =
Zi(In\) = 0.

Conversely, suppose that K is a t.u. GCR-lightlike submanifold of K sat-
isfying Eq. (33). Then, Eq. (33) gives g(Aj, Y1,Y2) = —g(((JY1)u)Z1,Y2) =
0 for Y1,Y, € I'(D) and Z; € I'(D’), which on employing Eq. (8), yields
G(h*(Y1,Y3),JZ1) = 0. Thus, for Z; € T(D’), we get §(h*(D,D),JZ;) = 0
and §(h'(D, D), JZ;) = 0. Thus

g(M(D, D), JZ1) =0,
which means that h(D, D) has no component in JD’. This implies that D
defines a totally geodesic foliation in K.

Next, on taking the inner product of Eq. (33) with respect to Zy € T'(D’)
and using the hypothesis along with Eqgs. (5), (13) and (23), we have

9(JYV1) )21, Zo) = —g(Aj,, Y1, Za) = —§(J Z1,Vy, Za)
= —§(J 21, V2,1) = §(V 2,0 Z1, Y1)
(34) = —g(Vz,7Z,JY1),

where Y1 € T'(D) and Z; € T'(D’). Further using ¢(V¢,Y1) = Y16 in Eq. (34),
we derive

(35) 9(V 2,21, Y1) = —g(Vu, IY1)g(Z1, Zo).
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Considering the second fundamental form A’ and the induced connection V' of
D’ on K, for Y1 € T'(D) and Zy,Z, € T'(D’), one has

(36)  9(W(21,22),TV) = 9(V 2,21 = V 7,20, TV1) = 9(V 2,21, TVY).
From Eqgs. (35) and (36), we obtain

(37) g(W (Z1, Z2), Y1) = —g(V, JY1)g(Z1, Z3).
Then the property of non-degeneracy of Dy provides
(38) W(Zy,Z2) = =V ug(Z1, Zs).

Hence D’ becomes totally umbilical in K and clearly, by hypothesis, D’ is
integrable. Then using Eq. (38) and the condition Z;u = 0 for each Z; € T'(D’)
gives that each leaf of D’ is an intrinsic sphere in K. Thus from the result of
[11], which states “If the tangent bundle of a Riemannian manifold K is an
orthogonal sum TK = Ko ® K; of non-trivial vector sub-bundles such that
K1 is spherical and it’s orthogonal complement Ky is auto-parallel, then K is
locally isometric to a w.p. Ky x) K17, we get that K is locally GC R-lightlike
w.p. of the type Kr xx K| in K, where A = e”. O

Example 3.5. Let K be an 8-dimensional submanifold in (R}*,§) with

slmu — w2 2= ut 4l 2P =, 2t =48, B = —i,
28 = u®, 17 = V2uB, 28 = V2ut, 2° = ub, 210 = o7, 2! = uP cosud,
22 = u"cosu®, 2 = usinu®, 2" =« sinu®, where u® € R — o, ne Ly
and g is of signature (-, +, +, +, +, +, —, +, -, —, +, +, +, +). Then TK is

spanned by Z1, 2y, Z3, Z4, Zs5, Zg, Z7, Zg, such that
Z1 = 0x1 + 0xo, Zy= —0x1 + O0xo,

Z3 = 0x3 + O0xg + \/5(933‘7, = \/5(91’87 Zs = Oxy — Oxs,
Zs = Oxg + cosubOx11 + sinubdzrs, Z7 = 0x19 + cosubdzis + sinubdzyy,
Zs = —uS sinuBdz1; — u” sinul0x1s + ub cos ubdrys + u” cosudxyy.

Clearly, K is a 3-lightlike submanifold with qu(TK) = Span{Z1, Zs, Z3}.
As JZy = Zy, we have Dy = Span{Zth}fmd JZ3 = Zy+ Zs e T(S(TK)),
obtaining that Dy = Span{Zs}. Moreover, JZg=Z7, thus Dy=Span{Zs, Z7}.
Further, by direct calculations, S(T'K+) = Span{W = u" sinu®dx1, — u® sin u®
Ox19 —u” cosuBOry3 +u’ cosuBdxr14} and JZg = W. Therefore Ly = S(TK™).
Moreover, ltr(TK) is spanned by

1 1 1
N; = 5(78%1 + 81'2), Ny = 5(61’1 + a$2), N3 = 1(8%3 + 81'6 - \/58557);

where Span{Ny, Nx} is invariant with respect to J and JN; = —iZ4 + %Z5.
Thus, Ly = Span{N3} and D' = Span{JNs, jW}. Therefore, K is a proper
GO R-lightlike submanifold of R}*. Here, it is clear that D’ is integrable. Now,
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if the leaves of D and D’ are, respectively, denoted by K7 and K, then the
induced metric tensor of K = Kp x, K is given by

ds* = 2(du? + du? + du2 + du?) + (u®)* + (u")?)du?.
Hence K is a w.p. GCR-lightlike submanifold of the type K7 x K, in R}*,

with warping function A = /(u%)? + (u7)2.

4. GC R-lightlike warped product submanifolds and the canonical
structures

In [15], Kumar et al. proved several classification theorems enabling a GC'R-
lightlike submanifold to be a GC R-lightlike product. Since warped products
are generalizations of product manifolds, it is obvious to search for conditions
reducing the GCR-lightlike submanifold of K to GCR-lightlike warped prod-
uct. Therefore, in the present part of paper, some characterization results
are established forcing the GC R-lightlike submanifold to be a GC R-lightlike
warped product, in terms of canonical structures.

Lemma 4.1. Assume K = K7 X\ K| is a GCR-lightlike w.p. submanifold of
K. Then
(Vz, HYr = fYi(lnA)Zy,
(Vv f)Z1 = f(VInA)g(Yz, Z1),
forYy e (D), Y2 e I(TK) and Z; € T(D’), where V(In \) denotes gradient of
In .

Proof. Employing Eqgs. (21) and (23), for Y; € T'(D) and Z; € I'(D’), we obtain
(VZlf)Yl = lefyl = le(hl )\)Zl
Next, from Eq. (21) we get (Vy,f)Z1 = —fVy,Z1, where Yo € I'(TK) and
Zy € T'(D'), which implies that Vy, fZ; € I'(D). Then, we attain
9(Vy, f)Z1,Y1) = —=9(fVy, Z1, Y1) = 9(Vy, Z1, fY1)
= (Vs 21, M) = —9(Z1, Vy, Y1)
(39) = —/Yi(lnN)g(Z,Y3)

for Y1 € T'(Dy). Thus, the result directly follows by employing the definition
of gradient for A and property of non-degeneracy of Dj. ([

Theorem 4.2. Consider a GCR-lightlike submanifold K of K such that the
totally real distribution D' is integrable. Then K is locally a GC R-lightlike
w.p. submanifold if and only if

(40) (Vy, f)Ya = ((fY2)u) PY1 + g(PY1, PYs)J(Vp),

forY1,Y, e T(TK), where p is a C* function defined on K satisfying Zipu = 0
for Z; e T(D").
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Proof. Let K be a GCR-lightlike w.p. submanifold of K. Then, for Y7,Y; €
I'(TK), we have

(41) (Vv f)Ya = (Voy, [)QYz2 + (Vpy, f)QY2 + (Vy, f) PY2.
Since D defines a totally geodesic foliation in K, Eq. (19) gives
(42) (Von )@Yz = 0.

Further using Lemma 4.1, we get

(43) (Vry, /)QY2 = f(QY2)(In \) PYy,

(44) (Vv f)PYy = g(Y1, PY3) f(VIn A) = g(PY1, PY3) f(VIn A).
Thus from Eqgs. (41)—(44), we derive Eq. (40). As pr = In A is a function defined
on Kr, it follows that Z1 () = Z1(InA) = 0 for Z; € I'(D").

Conversely, assume K is a GCR-lightlike submanifold of K satisfying Eq.
(40). For Y1,Y> € I'(D), Eq. (40) yields (Vy,T)Y> = 0. Further using Eq. (19),
we get Fh(Y1,Ys) = 0, which shows that h(Y7,Y3) has no component in JD’,
thus D defines a totally geodesic foliation in K.

Next, for Y7,Y; € T'(D’), employing Eq. (40), we get
(45) (Vi f)Ya = g(PY1, PY3)J V.

Further, taking the inner product of Eq. (45) with Y3 € T'(Dy), we derive
(46) g((Vy, f)Y2,Y3) = g(PYy, PYa)g(JVp,Ys) = —g(PYy, PY2)g(Vp, JY3).
Also for Y1,Y, € I'(D’) and Y3 € T'(Dy), from Eq. (19), we have

(A7) g((Vwi))Ye,Ya) = 9(Auru Y1, V) = =3(Vyy JY2, Y3) = 9(Vy, Yo, JY3).
From Eqs. (46) and (47), we obtain

(48) 9(Vy, Y2, JY3) = —g(PY1, PY2)g(Vpu, JY3).

Let A’ and Vl, respectively, denote the second fundamental form and the in-
duced connection of D' on K. Then, for Y7,Ys € I'(D’) and Y3 € I'(D), one
has

(49)  g(W'(Y1,Y2), JV3) = g(Vy, Ya — Vy, Y2, JY3) = g(Vy, Ya, JY3).
From Egs. (48) and (49), we derive
(50) g(K' (Y1,Yz), JY3) = —g(PY1, PY2)g(Vp, JY3).

Then, using the non-degeneracy of Dy, we get h'(Y1,Y2) = —Vug(PY1, PYs),
which yields that the distribution D’ is totally umbilical in K. By hypothesis,
D' is integrable and Zyp = 0 for Z; € I'(D'), therefore each leaf of D’ is an
intrinsic sphere. Therefore, using a similar argument as in Theorem 3.4, K is a
locally GC R-lightlike w.p. of the type K1 xx K, in K with warping function
A =el. O
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Theorem 4.3. A GCR-lightlike submanifold K of K with integrable totally
real distribution D’ is a locally GC R-lightlike w.p. submanifold if and only if

(51) §((V§flw)y2,jz1) = —QY2(n)g(Y1, Z1),

for Zy € T(D') and Y1,Ys € T(TK), where p is a C* function defined on K
satisfying Ziu =0 for Z; € T(D').

Proof. Let K be a GCR-lightlike w.p. submanifold of K. Clearly, by hypoth-
esis, D’ defines a totally geodesic foliation in K. Therefore, from Eq. (21), for
Zy € T(D') and Y1,Y2 € T'(D), we get

(52) g((V;IW)}/Q, jZl) = g(_vali/Q, jZl) = —Q(VY1Y2, Zl) =0.
Then, for Y7,Z; € T'(D’) and Y3 € T'(D), from Eq. (20), we obtain

G(Vy,w)Ya, JZ1) = —=§(h(Y1, [Ya), J Z1) = §(Vy, [Ya, J Z1)
(53) = —QYQ(ln )\) (}/17 Zl)
Next, for Y7 € T'(D) and Y2 € T'(D’) or Y1, Y, € T'(D’), using Eq. (20), we have
(54) G(Vh,w)Ye, JZ1) = §g(Fh(Y1,Y2), ] Z1) = 0,

where Z; € T'(D’). Thus from Egs. (52)—(54), we derive Eq. (51). As u =1nA
is a function defined on Kr, we get Z1(u) = Z1(In ) = 0 for Z; € I'(D").
Conversely, let K be a GCR-lightlike submanifold of K with integrable
distribution D', satisfying Eq. (51). For any Y1,Y> € I'(D) and Z; € I'(D'),
using Eq. (51), we get g(wVy, Y2, JZ1) = 0, thus g(Vy, Ya, Z1) = 0, which gives
Vy, Y3 € T'(D). Thus, D defines a totally geodesic foliation in K. On the other
hand, for any Y2 € T'(Dy) and Y7, Z; € T'(D’), from Eq. (51), we have
~Ya(u)g(V1, Z1) = §((V3,w)Ya, JZ21) = =§(wVy, Y2, T Z1)
(55) = _g(vY1Y27 Zl) = _g(@yly% Zl) = g(Y27 vY1 Zl)

Then, from the definition of gradient, one has g(V¢, Y2) = Ya¢, and using it in
Eq. (55), we obtain

(56) 9(Vv, Z1,Ys) = —g(Vu, Y2)g(Y1, Z1).

Let i/ and V', respectively, denote the second fundamental form and the in-
duced connection of D’ on K, then

(67) g, 21).Ya) = 9(Vn 21 = Vy, Z1,Y2) = g(Vy; 71, Ya),
where Y1, Z; € T'(D’) and Y, € T'(Dy). Now from Egs. (56) and (57), we derive

(58) g(h/(Yth)?}/Q) = _g(vuan)g(ylvzl)
Then, using the non-degeneracy of Dy, we have
(59) W(Y1,21) = =Vug(Yi, Z1),

which implies that D’ is totally umbilical in K, and by hypothesis, it is clear
that D’ is integrable. Further, in view of the condition that Zyu = 0 for
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7y € T(D'), each leaf of D’ is an intrinsic sphere. Therefore, using similar
argument as in Theorem 3.4, K is a locally GC R-lightlike w.p. submanifold of
the type K xx K, in K with warping function A = e#. This completes the
proof. O

Next, we present the following lemma.

Lemma 4.4. Let K be a proper GC R-lightlike w.p. submanifold of K. Then
(60) G(h (Y1, Z1), T Z1) = (YiIn \)|| Z4 %,

(61) §(h*(Y1, 21), T Z1) = =(JYi InN)|| Z4] %,
for Zy e (D) and Y1 € T(D).

Proof. Employing Egs. (5), (13) and (23), for Y7 € I'(D) and Z; € T'(D’), we
obtain

G(h*(JY1, 21), T Z1) = §(N 2, JY1, T Z1) — (Y1 In N\)§(Z1, T Z1)
§(IV 2,1, T Zy)
9(Vz,Y1,Z1)
= (Yiln)N)[|Z:]]%,
which proves (60). Now, using again Egs. (5), (13) and (23),
G(h*(Y1,21),JZ1) = §(V 2, Y1, Z1) — (Yiln N §(Zy, T Z)
=—§(Y1,Vz,JZ1)
=—g(V1,IV 2, 2Zy)
= 9(JY1,V 2, 2)
= —g(Vz, JJY1, Z1)
= —(JYilnN)|| 1%,
which proves (61). O

Theorem 4.5. Let K be a proper GCR-lightlike w.p. submanifold of K. Then
18°(TY1, ZOIP + [Ih° (Y1, Z0)|1? = (YA A2 (| Z0) 2 + (JY1 o A)?| 2, |2

(62) +2§(Jh* (Y1, Z1), h* (JY1, Z1))

for Zy e (D) and Y7 € T'(D).

Proof. Employing Eqgs. (5), (23) and (60), for Z; € I'(D’) and Yy € I'(D), we
derive

1h° (Y1, Z0)|?

G(h* (Y1, Z0),h*(JYa, Z1)) = §(V 2, JY1, (YA, Z1))
G(JV 2, Y1, h*(JY1, Z1))
G(JIV 2, Y1, h*(JY1, Z1)) 4+ §(Jh* (Y1, Z1), h*(J Y1, Z1))
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= (Vi InN)g(J 2y, h* (Y, Z1)) + G(Th* (Y1, Z1), h* (JY1, Z4))
(63) = (Vi A)?(|Z1]]* + g(Jh* (Y, Z1), 1° (TYh, Z4)).
Similarly, from Egs. (5), (23) and (61), we obtain
h* (Y1, Z1),h* (Y1, Z1)) = §(V 2, Y1, h* (Y1, Z4))

[1h* (Y1, Z1)|1* = 4(
= §(JV 2, Y1, Jh* (Y1, Z1)) = §(V 2, JY1, Jh* (Y1, Z1))
= §(Vz, JY1 + h*(Z1, JY1), Jhe (Y1, Z1))
= (JYLlmN)§(Z1, Jh* (Y1, Z0)) + G(Th* (Y1, Z0), B°(TYA, Z1))
(64) = (V1 I N?(| 1)1 + G(Th* (Y1, Z0), * (T Y1, Z0)).
Hence the result follows from Egs. (63) and (64). O

Consider a semi-Riemannian manifold (K, g) with a smooth function A de-
fined on K. Then the Hessian of A is

(65) HMNY,Z) =Y Z\A— (VyZ)\

for any Y, Z € T(TK).

Next, we give a characterization result of GC R-lightlike warped products in
K (¢) involving the second fundamental form and the Hessian of the warping
function A.

Theorem 4.6. Let K be a GC R-lightlike w.p. submanifold in K(C) Then for
Z1 €T(D') and Y1 € T(D), one has

182 (Y1, ZO)|P? + |[h* (Y1, Z4)]?
= {H" Y1, V) + H" (Y1, IV)} | 24P
+ {50, 20)° + 51, 20 + Va1 241}
(2| Z41 + (T I |24 2
+ (A (a2 Y1 I Z1) = §(Ane(vi, 200 TV, T Z1)
(66) + 9(Ap vy, 20 Y15 JZ1) = §(Ani v, 20) I Y1, T 20).
Proof. For Z; e T'(D’) and Y; € T'(D), taking in account Eq. (14), we get
(67) R(1,JY1,Z1,J7) = —g{g(jYLZﬂQ +3(V1, 21)° + NP1 211}
On the other hand, taking the inner product of Codazzi Eq. (9) with respect
to JZy, for Z, € T'(D’) and Y; € T'(D), we obtain
R(Y1,JY1,Z,,JZ))
= §(V5,h°(JV1, Z1), T Z1) — §(h* (Vy, Y1, Z4), T Z1)
— §(h*(JY1, Vv, Z1), I Z4) _g(v3ylhs(nazl)7j
), J

)
+ (0 (V jy, Y1, Z1), T Z1) + G(h* (Y1, V 3y, Z1), T Z1)
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(68)  +g(D*(V1, ' (JY1, 21)), T Z1) = §(D*(JY1, W' (Y, 1)), T 24).
Next considering Eq. (6), we get
(Vv b (Y, Z0), T Z0) = = §(Aps vy 2y Y1, T 20)
+ §(D (h*(JY1, Z1), Y1), T Z1)
+ (V3,0 (T2, Z1), T 20),
which further yields
§(V5, 1 (JYa, 20), T 21) = §(Vy, h* (T, Z0), T 24)
(69) + 3(Ape (v 2y Y1, I Z0).
Since V is a metric connection on K , we have
GV h* (Y1, Z0), T Z0) = Yag(h* (JYy, Zv), T Z0)
(70) = §(h*(JY1, Z1), Vv, J Z1),

where Z; € T'(D’) and Y7 € T'(D). Further, employing Eqgs. (69) and (70), we
attain

G(V3, W (IY1, Z4), T Z0) = Yag(h*(JYA, Z1), T Z1) = §(B° (JYA, Z4), TN, Z1)
(71) +g(Ah5(thZl)Y1,jzl).
Then, employing Egs. (5), (23) and (60) in Eq. (71), we derive
G(V3, b (Y1, Z1), T Z1) = Yi{(Yi n V|| Z1]*} = §(h*(JY1, Z1), TV, Z4)
+g(Ahs(thZ1)Y1,j21)
= Yi(Yiln V|12 + §(Ape 5y, .20y Y1 JZy)
+2(Y1 InA)?(| Z1|)? — (Yi In N)g(h* (JY1, Z1), T Z1)
— §(h*(JY1, Zy), Jh* (Y1, Z1))
=YVi(YiIn || Z1]]? + 2(Yi In N)?|| 24| |2
+§(Ahs(JY1,ZI)Y1a jZl) - ln)\)QHZlHQ
— §(h*(JY1, Z1), Jh* (Y1, Z1))
= Yi(Yi N[ Z1]? + 3(Ape iy, 20 Y1 JZy)
+ (Vi A2 Z1|P = §(h* (JY3, Z0), Th* (Y1, Z0),
which, on using Eq. (63), reduces to
G(V3, B (TY1, 20), T 20) = V(Y V)| Z0 1P + 21 In V)21 24
(72) 12 (Y2 201 + (A sy Ve T 20).
Similarly, one has
§(VSy B (Y1, 1), T Z1) = = IYi(JYi )| Z1]]* = 2(JYi I A)?[| 24 |?
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(73) + [|P* (Y1, Z0) | +§(Ahs(yl,zl)jyl,j21)-
Further, from Egs. (6), (13) and (23), we acquire
9(Aj, Z1,0Y1) = —§(V 2, J 21, IY1) + §(DY(Z1, T Z1), JY1)
= ~§(V2, 20, Y1) + §(D' (21, T 21), JY1)
= §(%, V2, Y1) + §(D (%1, T Z1), JY7)
(74) = (M N)||Z1])* + §(D" (21, T Z1), JY7).

Since K is totally geodesic, for Y7 € I'(T'Kr), one has Vy,Y; € T'(TKr).
Then replacing Y7 by Vy, Y7 in Eq. (74), we obtain

(75)  g(Ajy 21, IV, Y1) = (Vv YiIn\)|| Z1|] + §(D'(Z1, T Z1), JVy, Y1),

Also, one has h(Y7,V) =0 and Vy,V € T(D) for Y1,V € T'(D). Then, using
Egs. (5), (6) and (13), for Z; € T(D’) and Y; € T'(D), we get

9(Ajz 2, JVy, Y1) = (A 71, JVy,Y:) = g(Ajzlzhﬁylel)
= 9(Aj4 21, Vv, IV1)

— §(V2,J 2, Vy, JY1) + §(DY(Z1, T Z1), Vy, JY1)
3(JZ1,V 2, Vy, JY1) + §(D"(Z1, T Z1), Vy, JY1)
(76) = §(h*(Vy, JY1, Z1),JZ1) + §(D"(Z1,J Z1),Vy, JY1).
Then, from Eqgs. (75) and (76), we attain
(77) §(h* (Vv JY1, 21), T Z1) = (Vy, YiIn M| Zu] .
By writing Y7 in place of JY;, Eq. (77) yields
(78) G (V 5y, Y1, 21), T Z1) = =(V jy, JY1 In N[ Z4 |2,
From Egs. (23) and (60), we get

G(h*(JY1, Vv, Z1), T Z0) = (YA In N)g(h* (JY1, Z1), T Z)
(79) = (Vi In A\)?|| 21

In the same way, using Eqgs. (23) and (61), we derive

G(h*(V1,V jy, Z1), T Z1) = (JY1 In N)§(h* (Y1, Z1), T Z1)
(80) = — (Y1 In )| Z .
Further, considering Egs. (5), (8) and (13), we obtain

§(D* (V1 W (JY1, 21)), T 20)

= §(Vyi B (Y1, 21), T 20) + §( Ay 3y 2y Yoo T 21)

= —§(Vy, JZ1, B IV, Z1)) + (Ahl(JYl Y1, 2)

= — §(JVy, Z1, B (IY1, Z0) + §(Api Gy 2y Y1, T 20)
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= - g(ijlZl, hl(j}/i7 Zl)) + g(Ahl(le,Zl)Yl’ jZl)
— g(Jh' (Y1, Z1), W (JY1, Z4)

(81) = g(Ahl(jthl)Ylajzl)'
Similarly,
(82) G(D*(JY1, W (Y1, Z1)), T Z1) = §(Anivy 20 I Y1, I Z0).

Now, employing Eqs. (72), (73), (77), (78), (79), (80), (81) and (82) in Eq. (68),
we derive

R4, JY1, 7y, T Zy)
= {Y1(Yiln)) — Vy, YiIn A + JY; (JY; In \)}|| Z4 ]2
= Viy, Y A Z1 )P + (Vi )2 20 + (JY1 M) | 2 )2
= |IR*(TY1, Z0)I[P = [1B° (Y1, Z)IP + §(Ape 5y, 20y Y15 T Z1)
— §(Aps vy, I Y1, T Z0) + 9( A (7vy 0 Y1 JZy)
(83) — 9(Api vy, 2y Y1, I Z1).
Next, using Eq. (65) in Eq. (83), we obtain
R(Y1, Y1, 21,0 Z1)
= {H" (Y1, 1) + H" (Y1, JY)HIZ P + (Y1 In 0?1242
+ (FY Y| Z1] 2 — (11 (Y3, 20)|? = |1 (Y, Z0)]1P
+ 3(Aps (vi,z0) Y15 T 21) = (Ane vy, 20) Y1, T Z1)
(84) + 9(An vy, z0) Y1 JZ1) = §(An i,z Y1, I Z1).
Further, from Eqs. (67) and (84), we derive
= YL 202 + (%, 20 + IR 2
= H" (Y, )| Z|]* + H" A (J Y1, V1)1 Z: |2
+{(Y1In A)? + (JY1 In A)*}| 24 |2
— P2 (Y1, 20| = [1h* (Y1, Z0)I?
+ G(Aps (v, 20 Y15 JZ1) = §(Aps(vi,z20) Y1, T 21)
(85) + 9(Api vy, 20 Y15 JZ1) = §(Aniyy, I V1, T Z0),
which leads to
1R (Y2, 20|17 + |1k (Y, Z4)]?
= {H" (Y1, Y1) + H" (Y1, Y)Y 2]
+ 5301, 202 + 50, 20 + I P11 20 )
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H{(M A + (Y1)} 2,2
+ 9(Ape (i, 20 Y15 JZv) = §(Ape vy, 20y I Y1, T Z1)
+ 3y, ) Y1 I 20) = §(Ani v, 2y I V1, T 20).
Hence the desirable outcome is accomplished. O

Corollary 4.7. Let K = K1 X K| be a GCR-lightlike w. p. submanifold in

K(c). Then
(Y1, Z)|P + (| (Y1, Z0)|)P = H" (Y1, Y1) + H" Y1, JYh) + g
+ (Yiln A2+ (JY;In))?
for Z e T(K2) and Y € T'(Dy).

Proof. Particularly, for unit vectors Z; € I'(K3) and Y7 € I'(Dy), the result
directly follows from Eq. (66). O
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