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DERIVATIONS ON DISTRIBUTIVE BILATTICES

MoHAMMAD M. ATALLAH AND EMAN G. REZK

ABSTRACT. In this paper, a derivation is defined on a reduct or two
reducts of a distributive bilattice, with and without a relationship be-
tween derivations on reducts. The concept of a differential distributive
bilattice is introduced. The algebraic structure and properties are inves-
tigated. Characterization and Construction theorems are proved.

1. Introduction

In [23], G. Szész defined a derivation on lattice as an extension of derivation
concept on rings. After that X. L. Xin et al. in [26] and [25] modified the
divination of derivation to compatible with some applications in information
science. Many researches covered derivations, e.g. [13,16,21,24] and its gener-
alizations like an (F, G)-derivation [1], a symmetric bi-derivation [5], a higher
derivation [6], an (n,m) derivation [7], and others. M. L. Ginsberg [14] and
M. Fitting [11,12] introduced bilattice as an algebra with two distinct lattice
structures. Bilattices used for algebraic representation of inferences in AI and
logical programming. The structure and applications of a bilattice are studied
by many authors e.g. [2,17-19,22]. The bilattice theory is growing very fast.
There are many relationships between two lattice structures of reducts of a
bilattice are introduced in many articles for example of an interlaced bilattice,
a modular bilattice, a distributive bilattice, a bilattice with negation, pseudo-
complemented bilattices, bi-double Stone algebra and bi-concept algebra refer
to [1,8-10,17-20]. This article is restricted on a distributive bilattice. A deriva-
tion is defined and some algebraic properties are investigated. A distributive
bilattice with differential reducts and a differential bilattice are defined and
important properties are proved. We consider that the reader is obligated to
lattice theory and for more details refer to [3,4,15].

Section 2 recalls the basics of a bilattice and a derivation used in the next
sections. In Section 3, a derivation on one reduct of a distributive bilattice is
defined and some related algebraic results are proved. Section 4 introduces the
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concept of a distributive bilattice with differential reducts. The necessary and
sufficient conditions for differential reducts are given and associated properties
are shown. Finally, in Section 5 a differential distributive bilattice is defined
and its algebraic structure is investigated.

2. Preliminaries

Here we present the most important terms and results related to bilattices
and derivations, on which the rest of the article depends.

2.1. Terminology of a bilattice

Definition ([14]). An algebra B = (B;A,V,01,11,,4,02,13) is a bounded
bilattice if B, = (B;A,V,01,1;) and B, = (B;e,+,02,12) are bounded lat-
tices.

B, is the first reduct of a bilattice B associate with order relation <; and
B, is the second reduct associate with order relation <. Both B, and B, are
called the main reducts of a bilattice 8.

Definition ([17]). An interlaced bilattice is a bounded bilattice that satisfies
that: for all u,v, v/, v’ € B, such that v <; v/, and v <; v, and ¢ = 1,2

uAv<; v AV, uVvVo<;u v,
uev <;u ev, and u+v <; u' + 0.

A bilattice B is distributive if and only if any operation of the set {A,V, e, +}
of binary operations distributes over the others. Every distributive bilattice is
interlaced.

Let £, = (L1;A1,V1,0,1) and be bounded £, = (La; Ag, Va,0',1") lattices.
The product bilattice associated with £, and £, is defined as: B(£,,£,) =
(L1 x Lo; A, V,01,11, e +,05,15) such that:

(u,v) A (u',0") = (u Ay ', v Vo o),

)

/ — ( /
(u,v) @ (u',0") = (u AL u,v AV
!/ — (

uViu,vAqv

7

!/ /

)
(u,v) V (u,v )

( )
(u,v) + (', 0") = (u Vi u',v Vo v')

for all (u,v), (v',v") € Ly x Lo, see [26].
To deduce the structure and representation theorems of interlaced bilattices
positive and negative elements are defined as follows.

)

Definition ([17]). Let B = (B;A,V,01,11,e,+,02,15) be an interlaced bilat-
tice. Then:

i) u € B is a positive element if u <; v = u <5 v for any v € B;

i) u € B is a negative element if u <; v = v <5 u for any v € B.
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POS(%8) indicates to the set of all positive elements and N EG(B) indicates
to the set of all negative elements. In general POS(B) = [02, 11]<, = [02, 11]<,
and NEG(B) = [02,01]>, = [02,01]<,, see [17] and [2].

Theorem 2.1 ([2,11]). (Characterization Theorem) A bilattice B = (B; A,
V,01,11,0,4,02,15) is an interlaced (distributive) if and only if there exist
bounded (distri-butive) lattices £, = (L1;A1,V10,1) and £, = (L1; A2, V20, 1)
such that B = B(L,,L,).

In particular, B(POS(B), NEG(B)) = (POS(B) x NEG(B); N',V',0;,1],
o, +',04,15) such that:
(u,0) A (U, 0") = (uA W, o V') = (ueu v e,
(u,v) V' (W', 0") = (u V', o AV) = (u+u' 0 +0),
(u,v) @ (u',0") = (uAu ,vAV) = (ueu' v +),
(u,v) + (W 0") = (uVu', o V') = (u+u,ve)
for all (u,v), (v/,v") € POS(B) x NEG(B),
0! = (01,15), 1, = (11,02), 0, = (01,02), and 1}, = (1, Ly).

Accordingly, B = B(POS(B), NEG(B)).
In the following

POS(B)<, = (POS(B); A, V,02,11),
POS(B)<, = (POS(B);0,+,0,11),
NEG(B)<, = (NEG(%B); A, V,01,0,), and
NEG(B)<, = (NEG(B); ®, +,02,0).

IA

2.2. Terminology of a derivation

Definition ([26]). Let £ = (L; A, V) be a lattice and ¥ : L — L be a map.
Then 9 is called a derivation on £ if it satisfies that:

YuAv) = (0 (u) Av)V (uAd(v)),
for any u,v € £.
A differential lattice £ = (L; A, V,8,0,1) is a bounded lattice (L; A, V,0,1)

with derivation 9. An isotone derivation is satisfying that:
If u <w, then ¥(u) < Y(v).
Proposition 2.2 ([26]). Let £ = (L; A, V, 9,0, 1) be a differential lattice. Then:
i) Y(u) < u and ¥(0) = 0;

i) I(u) Ad(v) <D(unv) <I(u) VI(v);
iii) I s an ideal of £ = ¥(I) C I;
iv) () = (uAI(1)) vV I(u);

v) v<u=9@wu) = ) =uv;
vi) d(u) = I (u) V (u Ad(uVv));
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vii) ¥ is idempotent i.e., (9 (u)) = H(u).
Corollary 2.3 ([26]). Let £ = (L;A,V,8,0,1) be a differential lattice. Then:
) u>9(1) = Hu) > 91);
i) u<d(l) = du) =u;
iii) 9(1) =1 if and only if ¥ is an identity derivation.

3. Distributive bilattices with one differential reduct

In this section, the derivation on a reduct of a distributive bilattice is defined.
Some algebraic properties are proved.

Definition. A distributive bilattice with first differential reduct 86 = (B; A, V,
9,071,171, 0,+,02,12) is a distributive bilattice with a derivation ¢ on the first
reduct B1 = (B; A, V,01,11).

Example 3.1. Consider the distributive bilattice in Figure 1. A map 9 :
B, — B defined as:
I(u) = 0; for wu=01,02,a,b and ¢

= 1o for wu=1y,15,d,e and f

is a derivation on the first reduct B,. So, it is a distributive bilattice with the
first differential reduct.

Consider two differential lattices £ = (L; A, V,1,0,1) and 8 = (K; A, V, ¥,
0’,1"), then a homomorphism ¢ : £ — R is preserving derivation if ¢(d(u)) =
¥ (p(u)) for all w € L. Assume derivations ¥p : POS(B)<, — POS(B)<,
and Uy : NEG(B)<, — NEG(B)<, are defined as Ip(uel;) = 9| pog(m)(ue
1;) and Iy (u e 01) = I nypee)(ue01). Then we get the following results.

01

1y = 9(d) = 9(e)
& = =901) = 912)
#(02) = #(01) = Oy 02
V(a) =v(c) =d(a)

B, B,

FIGURE 1. Distributive bilattice 8 with first differential reduct
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Lemma 3.2. Let B = (B;A,V,9,01,11,0,+,02,15) be a distributive bilattice
with first differential reduct 81 = (B; A, V,9,01,11). Then for any u € 9B,
i) The onto homomorphism map ap : B, — POS<,(B) defined as
ap(u) = u e 1y is preserving the deriwation if and only if Y(ue1y) =
’19(’&) [ 11;
i) The onto homomorphism map an : B, — NEG<,(B) defined as
an(u) = u e 0y is preserving the derivation if and only if Y(ue0p) =
ﬂ(u) L] 01.

Proposition 3.3. Let B = (B;A,V,¥,01,11,0,4,02,15) be a distributive bi-
lattice with first differential reduct, ap and an be onto homomorphism maps
which preserve derivations. Then for any u,v € B,

Ip(ap(u) Aap(v)) =ap(@(uAv)) and
In(an(u) Aan(v)) = an(P(u Awv)).
Proof.

Up(ap(u) Nap(v)) = (Ip(ap(u)) Aap(v))V (ap(u) Adp(ap(v)))
= (ap(¥(u)) ANap(©)) V (ap(u) A ap(d(v))
=ap(@(u) Av) Vap(uAd(v))
= ap((9(w) Av) V (uA V() = ap(d(uAv)).

Similarly, the second part can be proven. ([

Theorem 3.4. Let B = (B; A, V, 19,01, 11, e,+,02, 12) be a distributive bilattice
with first differential reduct, ap and an be onto homomorphisms which preserve
derivations. Then for any u,v € B;

i) ap(9(u)) <1 ap(u) and ay (@) <1 ax(v)
i) o p((ﬁg u) ANI(v)) <1 ap(u) Aap(v) and an(@(u) AI()) <1 an(u) A
anN\U
iil) ap(@(u)) Aap(P(w)) <1 dplap(uAv)) <1 ap(u) V ap(v) and
an (F(w)) A an(9(v)) <1 In(an(uAv)) <1 an(u) vV an(v);
iv) If I is an ideal of B, then ap(V(I)) C ap(l) and any(W(I)) C an(I);
v) Iftz )§1 v and 9(v) = v, then ap(¥(u)) = ap(u) and ay(¥(u)) =
anN\u).

Proof. 1) ap(¥(u)) = Idp(ap(u)) <1 ap(u).

ii) ap(d(u) AI(v)) = ap(@(u) A ap(@(v)) = dp(ap(u) Adp(ap(v)) <i
ap(u) A ap(v).

iil) ap(9(u)) Aap(¥@)) =« <
0)) <1 ap(d() v 9(0)) = ap(d(w) V ap(d()) = Ip(ap() v dp(ap®) <t
ap(u) V ap(v).

iv) If I is an ideal of B, then ap(¥(I)) = ¥p(ap(I)) C ap(I), (from (iii)
in Proposition 2.2.

v) Immediately from v) in Proposition 2.2. O
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Proposition 3.5. Let B = (B;A,V,9,01,11,0,+,02,15) be a distributive bi-
lattice with first differential reduct, ap and an be onto homomorphisms which
preserve derwations. Then for any u,v € *B;
) ap(¥(02)) = 02 and an(9(01)) = 04;
) ap(¥(11)) <1 11 and an(9(02)) <1 Og;
iil) If 9(11) <1 u, then ¥9p(11) <1 ap(u) and In(02) <1 an(u);
iv) If u <1 9(1y), then ap(¥(u)) = ap(u) and ay(9(u)) = ay(u);
v) ap(9(1y)) = 1; and an(9(11)) = 02 if and only if ¥ is the identity
derivation.

Proof. i) ap(9(02)) = Ip(ap(02)) = Ip(02) = 02.

11) O[P(ﬂ(].l)) = ﬁp(ap(].l)) Sl ap(ll) = ].1.

iil) If ¥(11) <1 u, then ap(¥(11)) <1 ap(u). From i) in Corollary 2.3 we have
19(11) Sl ﬁ(u) Hence Oép(ﬁ(ll)) Sl Oép(u). But Ozp(19(11)) = ﬂp(ap(ll)) =
Ip(1y). So Ip(l2) <1 ap(u).

iv) Immediately from ii) in Corollary 2.3.

v) Using iii) in Corollary 2.3, we get ¢ is identity derivation if and only if
9(11) = 17 if and only if ap(¥(11)) =¥ (11)e1l; = 13017 = 17 and ay(¥(11)) =
19(11)001 :02. O

i
ii

The following example explains the above results.

Example 3.6. Consider the distributive bilattice with first differential reduct
in Example 3.1. If we consider derivations ¥ p and ¥ which are defined as:

_ 02 for UZOQ
ﬁp(u)—{ 11 for u:11

and
19N (u) = 01.
Then the following onto homomorphisms:

_ | 0z for uw=0;,02,a,b and ¢
ap(u)—u011—{ 1, for w=1y,12,d,e and f
and
01 for u = 01 and 12
a for u=a and e
ay(u)=ue0; =< b for u=b and f
c for uw=c and d
0o for wu=09 and 1;
are preserving derivations 9p and 9y on POS(B)<, and NEG(B)<, respec-
tively to ¢ on first reduct B,, for example:

ap(¥(c)) =02 = Ip(ap(c)) = Ip(02);
ap(¥(e)) =11 =Ip(ap(e)) = Ip(11);

and so on.
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1 09
1y
£ a b
a
[

1o = #(d) = 9(e) Oz 01

=9(f) = ¥(11)
9(02) = 9(01) = 0y =1(12)
(a) = ?(c) = v(b)

», POS() NEG(®)

FIGURE 2. Differential reduct 5,, POS(B), NEG(5)

If we consider other derivations on POS(B)<, and NEG(8)<,, the given
homomorphisms ap and apy do not preserve these derivations. For example,
for derivations ¥p(u) = 02 and Yy (u) = u on POS(B)<, and NEG(B)<,,
respectively, we get ap(d(e)) =11 # Ip(ap(e)) =Ip(ly) = 0a.

Definition. A distributive bilattice with second differential reduct B = (B; A,
V,01, 11,8, 4+,1,02,15) is a distributive bilattice with derivation ¢ on the sec-
ond reduct By = (B;e,+, 09, 12).

Consider derivations 95 : POS(B)<, — POS(B)<, and ¥y : NEG(B)<,
— NEG(B)<, defined as: ¥p(u e 1) = 9'|pogms)(u e 11) and Iy (u e
01) = ¥'|npq(z)(u e 01). Thus, by using onto homomorphisms Sp : B, —
POS<,(®B) and fn : B, — NEG<,(*B) defined as: fBp(u) = u e 1; and
Bn(u) = ue0y, corresponding results about a distributive bilattice with second
differential reduct can be proved.

4. Distributive bilattices with differential reducts

In the previous section, we explore that the derivation can be defined on one
reduct of a distributive bilattice. In this section, we will discuss the derivations
on both reducts.

Definition. A distributive bilattice with differential reducts B = (B; A, V, 9,
01,11,e,+,9",02,15) is a distributive bilattice with two derivations ¢ and
on the first and the second reducts, respectively.

Theorem 4.1. (Characterization Theorem) Let B = (B; A\, V,9,01,14, 0,
+,9,09,12) be a distributive bilattice with differential reducts. Then: 9 (')
is a derivation on the first reduct B1 (the second reduct Bs) if and only if
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there exist two derivations on POS(B)<, and NEG(B)<, (POS(B)<, and
NEG(B)<,) which are preserved under an onto homomorphism.

Proof. Let ¥ be a derivation on the first reduct 281, ap and ay be the onto
homomorphisms defined in Lemma 3.2 and u € B,. Then ap(d(u)) = 9(u)e1,
and J|pos(p)(ue 1) = J(u) @ 11. So, V| pogm)(ap(u)) = ap(¥(u)) and the
restriction of derivation ¥ on POS(®B) is appropriate considered derivation on
POS(B). Also an(¥(u)) = J(u) 01 and I ypqw)(an(u)) = J(u)  01. Thus
Ynpam)(an(u)) = an(P¥(u)) and the restriction of derivation ¥ on NEG(B)
is appropriate considered a derivation on NEG(B).

For the other direction, assume ¥p and ¥y are two derivations on POS(B)
and NEG(B), respectively. Define a map ¢ on first reduct B, as ¥(u) =
Ip(ap(u)) + In(an(u)). Now we prove that ¢ is a derivation on B;.

Hu A w)
=dplap(uAw))+In(an(uAw))
=dp(unw)ely)+In((uAw)el)
— Op((ue 1) A (1o 11)) + (1o 01) A (w e 01))
— [(@p(ue 1) A (e 1)V ((we 1) Adp(we 1))
+ [(In(ue01) A(we01))V ((uelr) Adn(we0))]
=[(Wp(uely) ANw)V (uAdp(wely))
T (Do 00) Aw)) V ((u A oy ® 0)]
=[(Up(ueli) Aw)+ (In(ue0i)Aw)
V[(Op(uely) Aw)+ ((uAIn(we0rq))]
V[uAdp(wely))+ (In(ueli) Aw
V[uAdp(wely))+ (uAdn(we0q)]
=[wAWp(uely)+In(ue0r))]V[VPp(uely) Aw)+ ((uAdy(we0r))]
V[(uAdp(wely))+ (n(ueli) Aw] VI [uA (Ip(wely)+dy(we0l))]
=[wA @] VuA@w)]V[0p(uely) Aw)+ (uAdy(we0))]
V{(uAdp(wely))+ (In(ueli)Aw]
= (wA @(w)V (uA (@ (w)).

+
+(

To show the derivation ¢ is preserved under the onto homomorphism,
Ip(ap(u)) = Ip(unly) and ap(V(u)) = J(u)ely = (Vp(ap(uw))+in(an(u)))e
1y =(Wp(uely)+VIn(uel;))ely = (Vp(uel;)ely)+ (Un(ue0;)ely). Since
Y (ue01) <1 03 meeting inequalities by 1 we get Y (ue01)el; <; Oc01y = 0s.
Therefore, (9p(ueli)ely)+(In(uel;)el;) =Ip(uely)+0s =1Ip(uel;) and
so ap(¥(u)) = Ip(ap(u)). Similarly, we can obtain ay(9(u)) = In(an(u)).

(I
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Theorem 4.2. Let B = (B;A,V,8,01,11,0,+,9%,02,15) be a distributive bi-
lattice with differential reducts. Then:

i) 9(¢) is isotone if and only if corresponding derivations on POS(B)
and NEG(B) are isotones;
it) 9(') is one-to-one if and only if corresponding derivations on POS(8)
and NEG
(B) are one-to-one;
ili) ¥(9) is onto if and only if corresponding derivations on POS(B) and
NEG(B) are onto.

Proof. i) Let ¥ be isotone and w,v € B, such that v <; v. Then uel; <
vely, uel; < velp, and J(u) <; J(v). By using onto homomorphisms
ay and ay in Lemma 3.2, we obtain ap(¥(u)) <1 ap(¥(v)) and ay (¥ (u)) <1
an(¥(v)). Suppose ¥p and ¥ are corresponding derivations on POS(8,) and
NEG(%,) respectively. But, ap(d(u)) = 9dp(ap(u)) = Ip(uely), ap(d(v)) =
Ip(ap(v)) =Up(vely), ay(P(u)) = In(ap(u)) =In(ue0) and ay(d(v)) =
In(ap(v)) = In(ve01). Accordingly, I9p(uely) <; Ip(vely) and In(ue
01) <1 In(ve0;1) and hence ¥p and ¥y are isotone. Conversely, let ¥p and
Y¥n be isotone and u,v € B such that v <; v. Then uvel; <; vel; and
ue0; <y ve0;. Thus Vp(uely) <y Vp(vely) and Iny(ueli) <y In(ve0ly).
Since Y(u) = Ip(ap(u)) + In(an(u)) = Ip(uely) + In(ue01) and J(v) =
Ip(ap()) + In(an(v)) = Ip(vely) + In(ve0;). Therefore ¥(u) <1 ¥(v)
and 1 is isotone.

ii) If ¢ is one-to-one, then ap(¥(u)) = ap(P(v)) and an(H(u)) = an(F(v)).
Thus Vp(uely) = 9p(vely) and Yy (uel;) = Yy (vel;). But, uel; = vel; and
ue(; = ve(;. Hence ¥p and 9y are one-to-one. In the opposite direction, if Jp
and ¥ are one-to-one, then ¥p(uel;) = Jp(vel;) and Iy (uel;) = I (vel;),
imply uel; =vel; and ue0; =ve0;. So, ¥(u) =0p(uel;)+Iy(ueld;) =
Yp(vely)+dy(vel;) = F(v). But u = (uely)+(ue0;) = (vely)+(vel;) =wv.
Therefore ¢ is one-to-one.

iii) Let for every v € 9B, there be u € 9B, such that J(u) = v. Then
ap(P(u)) =Idp(uely) = ap(v) =vel; and an (¥ (u)) = In(ue0;) = ay(v) =
v ®07. Conversely, let p and ¥ be onto. Then for every v e 1; POS(B) and
v A Oz € NEG(®B) there exist u A 13 € POS(B) and u A 02 € NEG(®B) such
that 9p(uel;) = vel; and ¥y (ue0;) = ve0;. Thus for arbitrary u € 9B, there
exists v € B, such that I(u) = Ip(uely)+In(uel;) = (vely)+(vel;) =wv.
Hence ¥ is onto. O

The next example illustrates that, if there is a lattice isomorphism between
two reducts of distributive bilattice with differential reducts it does not neces-
sarily preserve derivations on the two reducts.

Example 4.3. Consider a distributive bilattice 28 with differential reducts in
Figure 3, ¢ is the identity map and 1’ is defined as
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02 for w=0yb and g
oy ) ¢ for uw=ua,c, and 0y
() = f for u=e f, and 1
1, for w=d,h, and 1;.
Consider an isomorphism map ¢ : 8, — 9B, defined as
0; for w =0y, e for uwu=d,
1o for w=1y, f for w=h,
) a for u=gy, g for wu=a,
$u) = b for u=c, h for u=f,
¢ for w=b, 0y for wu =04,
d for u=e, 1; for wuw=1,.

Note that ¢ does not preserve a derivation, e.g.,

¢(V(a)) = ¢(a) = g # V' (¢(a)) = V'(g) = 02.

FIGURE 3. Distributive bilattice with differential reducts B

5. Differential distributive bilattices

In this section we solve the problem: under what conditions the two reducts
of a distributive bilattice are isomorphic differential lattices. The concept of a
differential distributive bilattice is defined, algebraic properties and construc-
tion theorem are proved.

Two differential lattices £ = (L; A, V,9,0,1) and & = (K; A, V,¢,0/,1) are
isomorphic if there exists a lattice isomorphism ¢ : £ — K which is preserving
derivations, see [13].
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Definition. A differential distributive bilattice B = (B; A, V, 49,01, 11, 0,4+, 9,
02,15) is a distributive bilattice with isomorphic differential reducts B, =
(B, /\, \/, 19, 01, 11,) and %2 = (B, o, —|—, 19/, 02, 12)

Let B = (B;A,V,9,01,11,0,+,%,03,15) be a differential distributive bi-
lattice and ¢ : B, — ‘B, is an isomorphism. Consider the isomorphisms
P POS(B)<, — POS<,(*B) and A : NEG<,(B) — NEG<,(*B) defined
as P(uely) =¢(u)el; and A\(ue01) = ¢(u) @ 0. Then we have the following
properties:

Proposition 5.1. i) ¥, Y=L, X and \=1 are preserving derivations;
ii) poap=PBpog, htofp=apod, Noay =fnog and X' oy =
ay ool

Proof. 1) Y(Ip(u e 11)) = p(I(u) @ 11)) = ¢(I(u) e 11 = ¥ (¢(u)) & 11 =
Vp(p(u) @ 11) = (Y(uely)) = Ip(p(uely)).

ii) For an arbitrary element u € %B,, we have that

(Y oap)(u) = Plap(u)) = P(uely) = ¢(u) o 1y = Bp(d(u)) = (Bp © ¢)(u).

iii) Assume that ¢(12) # 1;. Then there exists v € B, such that ¢(12) = v,
v # 11, and ¢(u) = 1; for some u € B,. Since ¢ is an isomorphism, ¢(u) <o
¢(12). Consequently, 11 = ¢(u) = ¢(12) @ p(u) = vel;. So v <y 1; implies
#(12) <9 ¢(u) = 11, which is a contradiction. Therefore ¢(15) = 1;.

Similarly, other parts can be proven. (I

The following diagrams in Figure 4 clarify Proposition 5.1.

@
, —————————— B, B, ————— B,
o ¢ FoQ
o' ay ;
P thoa Br W Aoapy Bn

POS, (%) ——— POS<,(B) NEG<,(B) ——— NEG4,(%)
¥

FIGURE 4.

Proposition 5.2. Let B = (B;A,V,9,01,11,0,+,%,09,12) be a differential
distributive bilattice. Then:
i) pod|pog(m) is a derivation on POS(B) and ¢poV|ypam) is a deriva-
tion on NEG(B);
ii) ¢~ to V'|pos(m) is a derivation on POS(B) and o to V|NEGs) is a
derivation on NEG(B);
iii) J(u) =Ip(p " H(uely)) +In(A"L(ue0y));
iv) ' (u) = Ip((uely)) + ¥y (A(uely)).
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Proposition 5.3. Let B = (B;A,V,9,01,11,0,+,1%,02,12) be a differential
distributive bilattice. Then:
i) ¥ is isotone if and only if ¥ is isotone;
i) ¥ is one-to-one if and only if ¥ is one-to-one;
iii) ¥ is onto if and only if ¥ is onto.

Theorem 5.4. (Construction Theorem) Let (£,;M1,V1,91,0,1) and (£,;
Ao, Vo, U2, 0/, 1) be two differential distributive lattice. If there exist an isomor-
phism p: £0 — £, and a derivation 9y on £9 such that:

(povy)(a) = (93 0p)(a), for alla € £,.
Then the product bilattice B(L,,L,) is a differential distributive.

Proof. Assume (u1,u2), (v1,v2) € B(L£4,L,), ¥ is a derivation on the first
reduct B1(L£,, £,) defined as: 9((u1,us)) = (91 (u1), 95 (usz)). Thus:

I((ug,u2) A (v1,v2))
= J((u1 A1 vi,u2 Va vz))
= (V1(u1 A1 v1),9%(ug Vo va))
= (1 (u1) A1 v1) Vi (w1 A1 (ve)), (93(u2) Va v2) Az (uz Va2 95(v2)))
= (91 (u1) A1 vr, 95 (u) Vo ve) V ((ug Ay 91 (v1), (uz Va 95(v2))
= (V(ur,u2) A (v1,v2)) V ((ug,uz) A9 vy, v2)).

Similarly, we can prove that a map 9¥'((u1,uz2)) = (91(u1),92(uz)) is a
derivation on the second reduct %B,(£,, £,). Define a map ¢ : B,(£,,£,) —
B,(L,,L,) as

d(u1,uz) = (u1, p(uz)), for all (u1,us) € B(L:1, L,).

To prove that ¢ is an isomorphism, it is enough to show that ¢ is a homomor-
phism preserving the derivation.

o((ur, uz) A (vi,v2)) = ¢((wr A1 v1,u2 Va v2))
= (u1 A1 v, p(uz Vo v2))
= (u1 A1 v1, p(u2) Va p(v2))
= (u1 A1 w1, ug Ag v3),

(w1, u2) V (v1,v2)) = ¢((u1 Vi v1,u2 A2 v2))
= (u1 V1 v1, p(uz A2 v2))
= (u1 Vi v1, p(u2) A2 p(v2))
= (

w1 V1 vy, ug Va V2),

(¢ 0 9)((ur,u2)) = d(I((u1,u2)))
= o((91(u1),95(v2))
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