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CERTAIN INTEGRATION FORMULAE FOR THE

GENERALIZED k-BESSEL FUNCTIONS AND DELEURE

HYPER-BESSEL FUNCTION

Yongsup Kim

Abstract. Integrals involving a finite product of the generalized Bessel
functions have recently been studied by Choi et al. [2, 3]. Motivated by

these results, we establish certain unified integral formulas involving a

finite product of the generalized k-Bessel functions. Also, we consider
some integral formulas of the (p, q)-extended Bessel functions Jν,p,q(z)

and the Delerue hyper-Bessel function which are proved in terms of (p, q)-
extended generalized hypergeometric functions, and the generalized Wri-

ght hypergeometric functions, respectively.

1. Introduction and preliminaries

We begin by recalling the generalized Bessel function wν(z) of the first kind
(see, e.g., [1, p. 10, Eq. (1.15)])

(1) wν(z) =

∞∑
k=0

(−c)k
(
z
2

)ν+2k

k! Γ(ν + k + b+1
2 )

,

where z ∈ C \ {0} and b, c, ν ∈ C with <(ν) > −1 . Here and in the following,
let C, R+ and N be the sets of complex numbers, positive real numbers, and
positive integers, respectively, and let N0 := N ∪ {0}. The special case of the
defining series (1) when b = 1 and c = 1 reduces to the Bessel function Jν(z)
(see, e.g., [14, p. 100])

(2) Jν(z) =
∞∑
k=0

(−1)k
(
z
2

)ν+2k

k! Γ(ν + k + 1)
,

where z ∈ C \ {0} and ν ∈ C with <(ν) > −1 .
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2 Y. S. KIM

In 2012, Romero et al. [12] introduced the k-Bessel function of the first kind
defined by

(3) Jγ,λk,ν (z) =

∞∑
n=0

(γ)n,k
Γk(λn+ ν + 1)

(−1)n
(
z
2

)ν+2n

(n!)2

(k ∈ R; λ, γ, ν ∈ C; <(λ) > 0 and <(ν) > 0), whose coefficients are given by [6]

(4) (γ)n,k : =


Γk(γ + nk)

Γk(γ)
(k ∈ R; γ ∈ C \ {0,−k,−2k, . . . })

γ(γ + k) . . . (γ + (n− 1)k) (n ∈ N; γ ∈ C),

and

(5) Γk(z) = k
z
k−1Γ

( z
k

)
.

In addition to the above, we consider the following generalization of k-Bessel
function of the first kind [10]

(6) wγ,αk,ν,b,c(z) =

∞∑
n=0

(−c)n(γ)n,k

Γk(αn+ ν + b+1
2 )

(
z
2

)ν+2n

(n!)2

(k ∈ R; α, γ, ν, b, c ∈ C; <(ν) > 0). It is noted that w1,1
1,ν,b,c(z) is the generalized

Bessel function of the first kind (1). Also, wγ,λk,ν,1,1(z) is the k-Bessel function

of the first kind (3) .
The generalized Lauricella function is defined by (see, e.g., [13, p. 36, Eq.

(19)])

(7)

FA:B(1);··· ;B(n)

C:D(1);··· ;D(n)

 z1
...
zn

 = FA:B(1);··· ;B(n)

C:D(1);··· ;D(n)

(
[(a) : θ(1), . . . , θ(n)] :

[(c) : ψ(1), . . . , ψ(n)] :

[(b)(1) : φ(1)]; . . . ; [(b)(n) : φ(n)];

[(d)(1) : δ(1)]; . . . ; [(d)(n) : δ(n)];
z1, . . . , zn

)

=

∞∑
k1,...,kn=0

Ω(k1, . . . , kn)
zk11
k1!
· · · z

kn
n

kn!
,

where, for convenience,

(8) Ω(k1, . . . , kn) =

A∏
j=1

(aj)k1θ(1)j +···+knθ(n)
j

B(1)∏
j=1

(b
(1)
j )

k1φ
(1)
j
· · ·

B(n)∏
j=1

(b
(n)
j )

knφ
(n)
j

C∏
j=1

(cj)k1ψ(1)
j +···+knψ(n)

j

D(1)∏
j=1

(d
(1)
j )

k1δ
(1)
j
· · ·

D(n)∏
j=1

(d
(n)
j )

knδ
(n)
j

,
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INTEGRALS OF A PRODUCT OF BESSEL FUNCTIONS OF THE FIRST KIND 3

the coefficients

(9)

{
θ
(m)
j (j = 1, . . . , A); φ

(m)
j (j = 1, . . . , B(m));

ψ
(m)
j (j = 1, . . . , C); δ

(m)
j (j = 1, · · · , D(m)); ∀m ∈ {1, . . . , n}

are real and positive, and (a) abbreviates the array of A parameters a1, . . . , aA,
(b(m)) abbreviates the array of B(m) parameters

b
(m)
j (j = 1, . . . , B(m)); ∀m ∈ {1, . . . , n},

with similar interpretations for (c) and (d(m)) (m = 1, . . . , n); et cetera.

The multiple series (7) converges absolutely either

(i) ∆i > 0 (i = 1, . . . , n), ∀ z1, . . . , zn ∈ C,
or

(ii) ∆i = 0 (i = 1, . . . , n), ∀ z1, . . . , zn ∈ C, |zi| < %i (i = 1, . . . , n).

The multiple series (7) is divergent when ∆i < 0 (i = 1, . . . , n) except for the
trivial case z1 = 0, . . . , zn = 0. Here

(10) ∆i ≡ 1 +

C∑
j=1

ψ
(i)
j +

D(i)∑
j=1

δ
(i)
j −

A∑
j=1

θ
(i)
j −

B(i)∑
j=1

φ
(i)
j (i = 1, . . . , n)

and

(11) %i = min
µ1,..., µn>0

{Ei} (i = 1, . . . , n),

with
(12)

Ei = (µi)

1 +

D(i)∑
j=1

δ
(i)
j −

B(i)∑
j=1

φ
(i)
j

·


C∏
j=1

(
n∑
i=1

µiψ
(i)
j

)ψ(i)
j



D(i)∏
j=1

(
δ
(i)
j

)δ(i)j 
A∏
j=1

(
n∑
i=1

µiθ
(i)
j

)θ(i)j 

B(i)∏
j=1

(
φ
(i)
j

)φ(i)
j


.

We recall the generalized Wright hypergeometric function pΨq (see, e.g.,
[13, p. 21, Eqs. (38)-(40)])

(13) pΨq

[
(α1, A1), . . . , (αp, Ap);

(β1, B1), . . . , (βq, Bq);
z

]
=

∞∑
n=0

∏p
j=1 Γ(αj +Ajn)∏q
j=1 Γ(βj +Bjn)

zn

n!
,

where the coefficients A1, . . . , Ap and B1, . . . , Bq are positive real numbers such
that

(14) 1 +

q∑
j=0

Bj −
p∑
j=0

Aj ≥ 0.
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4 Y. S. KIM

In special case Aj = Bj = 1 for all j in (13), the generalized (Wright) hyperge-
ometric function pΨq (see, e.g., [4, p. 29, Eq. (1.7)]) reduces to the generalized
hypergeometric series pFq as follows:

(15) pΨq

[
(α1, 1), . . . , (αp, 1);

(β1, 1), . . . , (βq, 1);
z

]
=

∞∑
n=0

∏p
j=1 Γ(αj)∏q
j=1 Γ(βj)

pFq

[
α1, . . . , αp;

β1, . . . , βq;
z

]
,

where pFq is the generalized hypergeometric series (see, e.g., [13, p. 19, Eq.
(23)])

(16)

pFq

[
α1, . . . , αp;

β1, . . . , βq;
z

]
= pFq [α1, . . . αp;β1, . . . , βq; z]

=

∞∑
n=0

(α1)n · · · (αp)n
(β1)n · · · (βq)n

zn

n!
,

where (λ)ν denotes the Pochhammer symbol defined (for λ, ν ∈ C), in terms
of the familiar Gamma function Γ, by

(17) (λ)ν :=
Γ(λ+ ν)

Γ(λ)
=

{
1 (ν = 0; λ ∈ C \ {0}),
λ(λ+ 1) · · · (λ+ n− 1) (ν = n ∈ N; λ ∈ C).

For present investigation, we also need to recall Oberhettinger’s integral
formula [11]:

(18)

∫ ∞
0

xµ−1
(
x+ a+

√
x2 + 2ax

)−λ
dx = 2λ a−λ

(a
2

)µ Γ(2µ) Γ(λ− µ)

Γ(1 + λ+ µ)
,

provided 0 < <(µ) < <(λ).
Motivated by the works of Choi et al. [2,3] and Purohit et al. [9], here, we aim

at presenting certain integral formulas associated with various Bessel functions,
which are expressed in terms of the generalized Lauricella functions, the gen-
eralized Wright hypergeometric functions and the (p, q)-extended generalized
hypergeometric functions, respectively.

2. Integral formulas associated with generalized k-Bessel function
of the first kind

We establish two (presumably) new integral formulae involving a finite prod-
uct of the generalized k-Bessel function of the first kind and the integrand in the
integral formula (18), which are expressed in terms of the generalized Lauricella
functions asserted by the following theorems.

Theorem 1. The following integral formula holds true: For k ∈ R+, λ, µ, α,
b, cj, γj, νj ∈ C with <(νj) > −1, 0 < <(µ) < <(λ+ νj) (j = 1, . . . , n), α = k
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INTEGRALS OF A PRODUCT OF BESSEL FUNCTIONS OF THE FIRST KIND 5

and x > 0,
(19)∫ ∞

0

xµ−1
(
x+ a+

√
x2 + 2ax

)−λ n∏
j=1

w
γj ,α
k,νj ,b,cj

(
yj

x+ a+
√
x2 + 2ax

)
dx

= 21−µ aµ−λ

 n∏
j=1

( yj
2ak1/k

)νj
Γ(

νj
k + b+1

2k )

 Γ(2µ)Γ(λ− µ+
∑n
j=1 νj)

k
b+1
2k −1Γ(1 + λ+ µ+

∑n
j=1 νj)

× F 2:1;...;1
2:2;...;2

[ [1 + λ+

n∑
j=1

νj : 2, . . . , 2
]
,
[
λ− µ+

n∑
j=1

νj : 2, . . . , 2
]

:

[
1 + λ+ µ+

n∑
j=1

νj : 2, . . . , 2
]
,
[
λ+

n∑
j=1

νj : 2, . . . , 2
]

:

[
γ1
k

: 1]; . . . ; [
γn
k

: 1];

[1 : 1], [
ν1
k

+
b+ 1

2k
: 1]; . . . ; [1 : 1], [

νn
k

+
b+ 1

2k
: 1];
− c1y

2
1

4a2
, . . . ,−cny

2
n

4a2

]
.

Proof. Let L denote the left hand side of (19). By making use of a finite
product of (6) in the integrand of (19) and then interchanging the order of
integral sign and summation, which is verified by uniform convergence of the
involved series under the given conditions, we get

(20)

L =

∞∑
n1,...,nn=0

n∏
j=1

(−cj)nj (γj)nj ,k
Γk(αnj + νj + b+1

2 )

(z/2)νj+2nj

(nj !)2

·
∫ ∞
0

xµ−1
(
x+ a+

√
x2 + 2ax

)−λ−ν1−···−νn−2n1−···−2nn
dx.

In view of the conditions given in Theorem 1, since

<(νj) > −1, 0 < <(µ) < <(λ+ νj) ≤ <(λ+ νj + 2nj)

(n ∈ N0 and j = 1, . . . , n) ,

we can apply k-Gamma function (5) and the integral formula (18) to the inte-
gral in (20) and obtain the following expression:
(21)

L =

∞∑
n1,...,nn=0

n∏
j=1

(yj
2

)νj (
γj
k )nj

k
νj
k + b+1

2 −1Γ(
νj
k + b+1

2k )(
νj
k + b+1

2k )nj (nj !)
2

(
−
cjy

2
j

4

)nj

× Γ(2µ)Γ(λ− µ+ ν1 + · · ·+ νn + 2n1 + · · ·+ 2nn)

Γ(1 + λ+ µ+ ν1 + · · ·+ νn + 2n1 + · · ·+ 2nn)

× 21−µ(λ+ ν1 + · · ·+ νn + 2n1 + · · ·+ 2nn)aµ−(λ+ν1+···+νn+2n1+···+2nn).
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6 Y. S. KIM

Therefore we find
(22)

L = 21−µ aµ−λ
n∏
j=1

(
yj

2ak
1
k

)νj Γ(2µ)Γ(λ− µ+
∑n
j=1 νj)

k
b+1
2k −1Γ(

νj
k + b+1

2k )Γ(1 + λ+ µ+
∑n
j=1 νj)

·
∞∑

n1,...,nn=0

(λ− µ+
∑n
j=1 νj)2n1+···+2nn(1 + λ+

∑n
j=1 νj)2n1+···+2nn

(λ+
∑n
j=1 νj)2n1+···+2nn(1 + λ+ µ+

∑n
j=1 νj)2n1+···+2nn

·
(γ1k )n1

· · · (γnk )nn

n1! · · ·nn!(ν1k + b+1
2k )n1 · · · (νnk + b+1

2k )nn

(−c1y21/4a2)n1

n1!
· · · (−cny

2
n/4a

2)nn

nn!
.

Finally, we interpret the multiple series in (22) as a special case of the general
hypergeometric series in several variables defined by (7). This completes the
proof of (19). �

Theorem 2. The following integral formula holds true: For k ∈ R+, λ, µ, α,
b, cj, γj, νj ∈ C with <(νj) > −1, 0 < <(µ) < <(λ+ νj) (j = 1, . . . , n), α = k
and x > 0,
(23)∫ ∞

0

xµ−1
(
x+ a+

√
x2 + 2ax

)−λ n∏
j=1

w
γj ,α
k,νj ,b,cj

(
xyj

x+ a+
√
x2 + 2ax

)
dx

= 21−µ aµ−λ

 n∏
j=1

( yj
4k1/k

)νj
Γ(

νj
k + b+1

2k )

 Γ(λ− µ)Γ(2µ+ 2
∑n
j=1 νj)

k
b+1
2k −1Γ(1 + λ+ 2

∑n
j=1 νj)

× F 2:1;...;1
2:2;...;2

[ [1 + λ+

n∑
j=1

νj : 2, . . . , 2
]
,
[
2µ+ 2

n∑
j=1

νj : 4, . . . , 4
]

:

[
λ+ 2

n∑
j=1

νj : 2, . . . , 2
]
,
[
1 + λ+ 2

n∑
j=1

νj : 4, . . . , 4
]

:

[
γ1
k

: 1]; . . . ; [
γn
k

: 1];

[1 : 1], [
ν1
k

+
b+ 1

2k
: 1]; . . . ; [1 : 1], [

νn
k

+
b+ 1

2k
: 1];
− c1y

2
1

16
, . . . ,−cny

2
n

16

]
.

Proof. We omit the details. A similar argument as in the proof of Theorem 1
will establish the integral formula (23). �

Remark. It is easily seen that if we set ci = γi = b = k = 1 in (19) and (23) for
all i we can arrive at the Equations (2.1) and (2.2) in Choi and Agarwal [2].
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INTEGRALS OF A PRODUCT OF BESSEL FUNCTIONS OF THE FIRST KIND 7

3. Integral formulas associated with the (p, q)-extended Bessel
function

Considering the transformation formula Jν(z) , which occurs the question
about transforming the (p, q)-extended Bessel function into the proper (p, q)-
extended generalized hypergeometric function, which defined by [8, Eq. (2.8)]

(24)

r+kFs+k

[
a1, . . . , ak, α1, . . . , αk;

c1, . . . , csγ1, . . . , γk;
z, p, q

]

=

∞∑
n=0

∏r
j=1(aj)n∏s
j=1(cj)n

k∏
j=1

B(αj + n, γj − αj ; p, q)
B(αj , γj − αj)

zn

n!
,

(<(p) ≥ 0,<(q) ≥ 0, 0 < <(αj) < <(γj), |z| < 1,

k, r, s ∈ N0 and j = 1, . . . , k).

Choi et al. [5] have introduced and investigated the following extended beta
function

(25) B (x, y, ; p, q) =

∫ 1

0

tx−1 (1− t)y−1e−
p
t−

q
1−t dt

(min {<(p),<(q)} > 0,min {<(x),<(y)} > 0) .

In terms of the extended beta function B (x, y, ; p, q) defined by (25), we
introduce the (p, q)-extended Bessel function Jν,p,q(z) [8, Eq. (2.9)] in the form

(26) Jν,p,q(z) =

(
z
2

)n
Γ (ν + 1)

∞∑
n=0

B(n+ 1
2 , ν + 1

2 ; p, q)

( 1
2 )nB( 1

2 , ν + 1
2 )

(
−z

2

4

)n
,

when min {<(p),<(q)} > 0, and for <(ν) > − 1
2 if p = q = 0. We obtain

the following interesting integral formulas involving the (p, q)-extended Bessel
functions, which expressed in terms of the (p, q)-extended generalized hyper-
geometric functions.

Theorem 3. The following integral formula holds true: For x > 0, 0 < <(µ) <
<(λ+ ν), min {<(p),<(q)} ≥ 0 and <(ν) > − 1

2 if p = q = 0,

(27)

∫ ∞
0

xµ−1
(
x+ a+

√
x2 + 2ax

)−λ
Jν, p, q

(
y

x+ a+
√
x2 + 2ax

)
dx

= 21−ν−µ aµ−λ−ν yν
Γ(2µ)Γ(λ+ ν + 1)Γ(λ+ ν − µ)

Γ(1 + ν)Γ(λ+ ν)Γ(λ+ ν + µ+ 1)

× 3F4


λ+ ν

2
+ 1,

λ+ ν − µ
2

,
λ+ ν − µ+ 1

2
;

λ+ ν

2
,
λ+ ν + µ+ 1

2
,
λ+ ν + µ

2
+ 1, ν + 1;

− y2

4a2
; p, q

 .
Proof. By making use of the (p, q)-extended Bessel functions (26) in the inte-
grand of (27) and then interchanging the order of integral sign and summation,
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8 Y. S. KIM

which is verified by uniform convergence of the involved series under the given
conditions, we get∫ ∞

0

xµ−1
(
x+ a+

√
x2 + 2ax

)−λ
Jν, p, q

(
y

x+ a+
√
x2 + 2ax

)
dx(28)

=
yν2−ν

Γ (ν + 1)

∞∑
n=0

B(n+ 1
2 , ν + 1

2 ; p, q)

( 1
2 )nB( 1

2 , ν + 1
2 )

(
−y

2

4

)n
×
∫ ∞
0

xµ−1
(
x+ a+

√
x2 + 2ax

)−(λ+ν+2n)

dx,

which, using integral formula (18), (α)2n = 22n
(
α
2

)
n

(
α+1
2

)
n
, and on using

(24), we obtain the desired result. �

Theorem 4. The following integral formula holds true: For x > 0, 0 < <(µ) <
<(λ+ ν), min {<(p),<(q)} ≥ 0 and <(ν) > − 1

2 if p = q = 0,
(29)∫ ∞

0

xµ−1
(
x+ a+

√
x2 + 2ax

)−λ
Jν, p, q

(
xy

x+ a+
√
x2 + 2ax

)
dx

= 22λ−µ aµ−λ yν
Γ(λ+ ν + 1

2 )Γ(λ+ ν + 1)Γ(λ− µ)

Γ( 1
2 )Γ(1 + ν)Γ(λ+ 2ν + µ+ 1)

× 4F5


λ+ ν + 1

2
,
λ+ ν

2
+ 1,

λ+ ν

2
+

1

4
,
λ+ ν

2
+

3

4
;

λ+ µ+ 2ν + 1

4
,
λ+ µ+ 2ν + 2

4
,
λ+ µ+ 2ν + 3

4
,
λ+ µ+ 2ν + 4

4
,

ν + 1;−y
2

64
; p, q

]
.

Proof. A similar argument as in the proof of Theorem 3 is seen to establish the
integral formula (29). �

4. Integral formulas associated with the Deleure hyper-Bessel
function

It is worth to mention the Delerue hyper-Bessel function [6, 7]

(30) J (m)
ν1,...,νm(z) =

(
z

m+ 1

)∑m
j=1 νj ∞∑

n=0

(−1)n
(

z
m+1

)n(m+1)

n!
∏m
j=1 Γ(n+ νj + 1)

,

which is multi-index analogue of the Bessel function Jν . Here z, νj ∈ C and
<(νj) > −1 for j = 1, . . . , n .

For m = 1 we have arrive at the classical Bessel function. We establish two
generalized integral formulas in Theorem 5 and Theorem 6 below, which are
expressed in terms of the generalized Wright hypergeometric function (15), by
inserting the Deleure hyper-Bessel function (30) with suitable arguments into
the integrand of the integral (18).
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INTEGRALS OF A PRODUCT OF BESSEL FUNCTIONS OF THE FIRST KIND 9

Theorem 5. The following integral formula holds true: For νj ∈ C, <(νj) >
−1(j = 1, . . . , n) and 0 < <(µ) < <(λ+ ν),
(31) ∫ ∞

0

xµ−1
(
x+ a+

√
x2 + 2ax

)−λ
J (m)
ν1,...,νm

(
y

x+ a+
√
x2 + 2ax

)
dx

= 21−ν−µ aµ−λ−ν
(

y

m+ 1

)ν
Γ(2µ)Γ(λ+ ν + 1)Γ(λ+ ν − µ)∏m

j=1 Γ(νj + 1)Γ(λ+ ν)Γ(λ+ ν + µ+ 1)

× 2Ψm+2


(λ+ ν + 1,m+ 1), (λ− µ+ ν,m+ 1);

m∏
j=1

(νj + 1, 1), (λ+ ν,m+ 1), (λ+ ν + µ+ 1,m+ 1);

(
− y

a(m+ 1)

)m+1
]
,

where ν =
∑m
j=1 νj.

Theorem 6. The following integral formula holds true: For νj ∈ C, <(νj) >
−1(j = 1, . . . , n) and 0 < <(µ) < <(λ+ ν),
(32) ∫ ∞

0

xµ−1
(
x+ a+

√
x2 + 2ax

)−λ
J (m)
ν1,...,νm

(
xy

x+ a+
√
x2 + 2ax

)
dx

= 21−ν−µ aµ−λ−ν
(

y

m+ 1

)ν
Γ(2µ)Γ(λ+ ν + 1)Γ(λ+ ν − µ)∏m

j=1 Γ(νj + 1)Γ(λ+ ν)Γ(λ+ ν + µ+ 1)

× 3Ψm+3


(λ+ ν + 1,m+ 1), (µ,m+ 1), (µ+

1

2
,m+ 1);

m∏
j=1

(νj + 1, 1), (
λ+ µ+ ν + 1

2
,m+ 1), (

λ+ µ+ ν

2
,m+ 1),

(λ+ ν,m+ 1);

(
− y

2a(m+ 1)

)m+1
]
,

where ν =
∑m
j=1 νj.

Proof. Using the Pochhammer symbol:

(λ)mn = mmn
m∏
j=1

(
λ+ j − 1

m

)
n

,

we get the integral formula (32). �
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