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THE UNIT BALL OF THE SPACE OF BILINEAR FORMS ON
R3 WITH THE SUPREMUM NORM

SunG GUEN KiMm

ABSTRACT. We classify all the extreme and exposed bilinear forms of the
unit ball of £(212,) which leads to a complete formula of ||f|| for every
f e L))", Tt follows from this formula that every extreme bilinear
form of the unit ball of £(213,) is exposed.

1. Introduction

We denote by Bg the closed unit ball of a real Banach space E and also
by E* the dual space of E. A point x € Bg is called an extreme point of
Bg if the equation z = %(y + z) for some y,z € Bg implies z =y = z. A
point & € Bpg is called an exposed point of By if there is a f € E* so that
flx) =1=|f| and f(y) < 1 for every y € Bg \ {z}. z € Bg is called a
smooth point of B if there is a unique f € E* so that f(x) =1 = ||f||. Tt is
easy to see that every exposed point of Bp is an extreme point. We denote by
extBg,erpBg and smBpg the set of extreme points, the set of exposed points
and the set of smooth points of Bg, respectively. A mapping P: F — R is a
continuous 2-homogeneous polynomial if there exists a continuous bilinear form
L on the product E x E such that P(z) = L(x,x) for every x € E. We denote
by L(*E) the Banach space of all continuous bilinear forms on E endowed
with the norm ||L[| = sup|=yj=1|L(7,y)|- The subspace of all continuous
symmetric bilinear forms on E is denoted by Ls(*E). We denote by P(*E)
the Banach space of all continuous 2-homogeneous polynomials from FE into
R endowed with the norm || P[| = sup, = |P(x)|. For more details about the
theory of multilinear mappings and polynomials on a Banach space, we refer
to [8].

In 1998, Choi et al. ([3,7]) characterized the extreme points of the unit ball
of P(212) and P(%13). Kim classified the exposed 2-homogeneous polynomials
on P(*2) (1 < p < o0) ([12]) and the extreme, exposed, smooth points of the
unit ball of P(?d.(1,w)?) ([14,16,20]), where d.(1,w)? = R? with the octagonal
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norm of weight w. Kim ([15,17-19,21,22]) also classified the extreme, exposed,
smooth points of the unit balls of £, (2d,(1,w)?), L(2d.(1,w)?), L (QR,QL(w)) and
E(QR%(w)) where Ri(w) is the plane R? with the hexagonal norm of weight w.

Let n > 2 and [, := R" with the supremum norm. Given {a;;}}',—; C R,
let T € £(I™) be defined by the rule

n
T((xbe? ey mn)7 (y17y27 e 7yn)) = Z azszyg
i,j=1
If n = 2, for simplicity, we will write
T = (a11, a12, a1, az)’
as a 4 X 1 column vector. If n = 3, for simplicity, we will write
T = (a11, 12, az1, 013, 31, G22, G23, 432, A33)"
as a 9 x 1 column vector. If T € L,(%13,), we will write
T = (a11,2a12,2a13, ags, 2a23, ass)’
as a 6 x 1 column vector.
Kim [26] and Cavalcante and Pellegrino [2] independently classified extB/ 22
and showed that expBp 22 ) = extBr (22 ) as follows:
extBrep )= {xe;' (1<j<4), ti(—e1+ext+es+es),ti(er —es+es+es)
+ 5(61 +ex—e3tey)t ,:|:§(61 +egt+ez—eq)l).

We refer to ([1-7,9-31] and references therein) for some recent work about
extremal properties of multilinear mappings and homogeneous polynomials on
some classical Banach spaces.

In this paper, we classify all the extreme and exposed bilinear forms of
the unit ball of £(?12,) which leads to a complete formula of ||f| for every
f € L(213)". Tt follows from this formula that every extreme bilinear form of
the unit ball of £(%13,) is exposed.

2. The extreme points of the unit ball of £(?13))

Recently, Kim [23] showed the following: Let
={(1,1,1,1,1,1),(1,0,1,-1,0,1),(1,1,0,1,0,-1),(-1,0,0,1,1,1),
(1,-1,1,1,-1,1),(1,0,0,-1,1,-1),(-1,1,0,—1,0, 1),
(1,1,-1,1,-1,1),(-1,0,1,1,0,-1),(1,-1,-1,1,1,1)}

and
={[(1,1,1),(11,DL[1,1,1), 1, -1, 1)} [(1,1,1), (1 1,-1)],
[(1,1,1), (1,1, D], [(1, -1 1)7( —LDLIA, =1,1), (1,1, =1)],
(1, -1,1), (=1, 1,1}, [(1,1,-1), (1,1, -1}, [(1,1,=1), (=1, 1, 1)],
[(-1,1,1),(-1,1,1)]}.
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Then, (a) Let T = (an,2a1272a13,a22,2a23,a33)t S [,S(Zlgo) with ||T|| = 1.
Then, T' € extBg (213 if and only if there exist at least 6 linearly independent
vectors Wy,...,Ws € Q and Z1,...,Zs € I" such that

W; - S =8(Z;) for all S € Ls(*12.) and |T(Z;)| =1 forj=1,...,6.

In this case, A is an invertible 6 x 6 matriz with AS = (S(Z1),...,8(Z))t for
all S € Ls(%13,) when we consider the j-row vector of A as [Row(A)]- =W;
forj=1,...,6.

(b) el‘pBﬁs(zlz;,o) = extBLS(zlic)-

In order to classify the extreme points of Bz 23 ), we need a complete for-

mula of ||T|| for T € L(2I2,).

Theorem 2.1 ([27]). Let T=(a11,a12,a21,a13,a31, 22, 23, a32, az3) € L(313,).
Then,
|7 = max{|ai1 + a1z + a13| + [a21 + ag2 + az3| + |az1 + azz + azs],
| —a11 + a1z + ai3| + | — az1 + ag + ags| + | — az1 + az2 + ass|,
la11 — a1z + a13| + |ag1 — agz + ag3| + |az1 — azz + ass|,
la11 + a1z — a3| + [az1 + ag2 — azs| + |az + azz — azs3|}.
Note that if | T|| = 1, then |a;;| <1 fori,j=1,2,3.

To detect the extreme points of B2 ), we first consider sets {2y and I'y;
) is the set of vectors

(1,1,1,1,1,1,1,1,1),(1,-1,1,1,1,—1,1,—1,1),

) ) ) ) ) ) ) )

(1,1,-1,1,1,—1,—1,1 1),(1,1,1, 1,1,1, 1,1,-1),
(1, 1,1,1, 1,1,1,-1,-1), (-1 ~1,1,1,1,1),
(-1,— 111,1,1,1)7(1,— 1,1,11 ~1,-1,1),
(1,1,—1 ~1,1,-1,1,1,-1),(1, - 1,1,1, ~1, 1,1,17 1),
(— 1,1,1,1,— ~1,-1 1,1),( 1,1,1, —1,1),
(1,1,1,-1,-1,1,—1,-1,1), (-1 1,1,1,1,1, ~1),
(—1,—1,1,1,1,1 1,1,—1),(1, ~1,-1,1,1 1,1)

and I'; is the set of vectors

(1,1,1),(1,1,1)],[(1,1 1) (1,—1,1)],[(1,-1,1),(1,1,1)],

[ [

[(1,1,1), (1,1, =D [(1, 1, -1), (1,1, 1)], [(1,1,1) (=1, 1,1)],
[(=1,1,1), (1,1, D] [ 7—1 D, (1, -L DL, -1,1), (1,1, -1)],
(1,1, =1), (1, =1L, D], [(1, =1,1), (-1 171)]7[(*171,1),(17*1,1)],
(1,1, =1), (1,1, =D)L [(1, 1, =1), (=1, L, D}, [(=1,1,1), (1, 1, 1)},
[(-1,1,1),(=1,1,1)].
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Theorem 2.2. LetT = (61,117 ai2,0d21,013,a31, a22,023,a32, a33)t € C(ngo> with
IT|| = 1. Then, T € extBr s ) if and only if there exist at least 9 linearly
independent vectors Wi, ..., Wy € Q1 and Z1,...,Zy € I'1 such that

W; S =5(Z;) for all S € L(*I2,)) and |T(Z;)| =1 for j =1,...,9.

In this case, A is an invertible 9 x 9 matriz with AS = (S(Z1),...,5(Z ))t for
all S € L(213,) when we consider the j-row vector of A as [Row(A)] W for
j=1,...,9.

Proof. Tt follows from Theorem 3.1 of [27]. O

We are position to classify the extreme points of B3 ).

Theorem 2.3. extBg s ) is the set consisting of the following bilinear forms
on R3:

H_

H W H H H H H K H H H H K H
ISTECE NGR I I ST ST ST ST GTE ST SIS ST ST Gl ST ('h

(1<]<9),:|:

(—e1+e2+e3+eg)', (61 —ex + €3+ eg)",
e1+ex—e3+eg),+
)+

(€1 + ez +es —e), :I:%(—el +eq+es+eg)t,
(€1 +e4—e5+e9)t, i%(el +eqs+es—eg)t,
%(66 —er+eg+eg)t, :i:%(ef; +er—es+eg),
es+e5+ e+ es)’, £5(e3 — 5+ eg + es)’,
)

1
3(=

%(3+€5+66—68)7 ( €2+€4+€6+€7t
3(e 5 (

+

1
2

t
€1 —e4t+es+eg

€6+67+€8+6g)

+1
2
41
2
+ t

66+e7+68—eg) +
es+es —eg+es),E )
+

eg—e4+e6+€7) 2+€4—€6+€7),

t

e1+es+es+er) %(61*63+€4+67 (e1+e3—eqster

(
(
(-
(
(
(
(= ),
(e1+e3+es—er), e1+ ez +es+eg)
(
(
(=
(
(
(

2 ),
%(61 — ez +es+es),
—e + €4 + €6 + e7)’*

2+64+€6*67),

)

+5(— ,
€1—|—62—€5+€8) + (€1+€2—|—65—€8) e
=2 ( +

es —eq +eg+er)t ex+eq —eg +er)t,

1
2
1
2
1
2
+ (e3+e5 —eg +eg)t

b

1

2

1
) 2
e3+es +eg+es)t %(63—654-66-1-68) + )
es+es+es—es)', i(—es+es+er+eg)t, ti(es —es+er+eg),
)

t

(—
(es+es+er—eg), £2(—ea+es+es+eg

b

=S4
e3+es —er+eg)t, £
+

1 1
2 2
ex —eq +eg+eg)t, %(62+64*68+69), %(€2+64+68769).

Proof. Claim: T = (—ej +e3+e3 +eg)' € extBr s
Let

Ty = [(—3 +en)er + (5 +ez)ea + (5 + €ar)es + (5 + €22)es
+ €13€4 + €315 + €23€7 + €328 + €33€9]"
and
15 = [(*% —€1)er + (* —€12)er + (* —€g1)es + (* — €22)€6

— €13€4 — €31€5 — €23€7 — €32€8 — 63369]
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with ||T7|| = ||T2|| = 1 for some ¢;; € R for 4,5 = 1,2,3. By Theorem 2.1, it
follows that

0=e€11 + €12+ €3,

0 = €21 + €22 + €23,

0 = €31 + €32 + €33,

0= —e11 + €12 + €13,
0 = —ea1 + €22 + €23,
0 = —e31 + €32 + €33,

0=e€11 — €12 + €13,
0 = €21 — €22 + €23,
0 = €31 — €32 + €33,
0=e€11 + €12 — €13,
0 = €21 + €22 — €23,

0 = €31 + €32 — €33,

which show that €;; = 0 for 7,5 = 1,2,3. Hence, T' € extB 23 ). Similarly,
we conclude that the other 104 bilinear forms in the list of Theorem 2.3 are
extreme.

Let T = (all,alg,agl,alg,agl,agg,a23,a32,a33)t € ﬁ(glgo) with HTH = 1.
By Theorem 2.2, T € extBr s ) if and only if T = A~Y(T(Z1),...,T(Z))"
for some Zy,...,Zy € Ty with |T(Z;)| =1 (j = 1,...,9). Therefore, we may
classify all the extreme points of B3 ) by the following steps: First, among
11440 cases, find Wy, ..., Wy € Q; such that the corresponding matrix A with
rows Wy,...,Wy is invertible, and next solve A~! and using Theorem 2.1,
obtain T'= A~ Y(by,...,bg)! satisfying

A= by, ... be) | =1

for some by,...,bg = £1.
Such T'= A7'(by,...,bg)" are all the extreme points of B (s y. With the
aid of Wolfram Mathematica 8, the conclusion follows. ([

Note that |extBg s )| = 106.

3. The exposed points of the unit ball of L(?13))

Using Theorem 2.3, we present a complete formula of || f|| for every f €
LB

Theorem 3.1. Let f € L(212.)" with a;j := f(zy;) fori,j =1,2,3. Then,

1
I£] = 5 max E,
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where E is the set of the values listed below:
2|lan|, 2|ea|, 2|z, | — @11 + @ 4+ aaz + a2, lan — age + iz + azl,
|1 + age — auz + aznl, lann + age + iz — aznl, | — a1 + asz + a1z + az,
|1 — azz + auz + aail, | + asg — a1z + azg, |an + asz + a3 — azi,
| — a2 + a3z + Qa3 + asal, |or — asz + o3 + asal, [ees + asz — a3 + assl,
loog + a3z + Qo3 — azal, | — oz + ag1 + a1 + aszl, [eer — az1 + az + aszl,
loog + 21 — a1 + asal, [z + ag1 + az1 — asal, | — e + a1z + a1z + assl,
laoe — cig + 13 + sl |oe + a2 — aas + aasl, |aos + @12 + aq3 — aasl,
| — a11 + @21 + a1z + agsl, | — g1 + i3 + aosl, | + o1 — iz + sl
|11 + o1 + 13 — s, | — @11 + @12 + g1 + azal, |ann — a2 + az + asal,
|1 + aig — az1 + asal, |1 + aie + sz — asal, | — o2 + a1z + a1z + assl,
|avoe — cig + @13 + sl |oe + aro — aag + aasl, |aos + @12 + aq3 — aas|,
| — a2 + @21 + az1 + asal, |aes — o1 4+ g1 + asal, e + o1 — azi + asal,
|vaa + o1 + az1 — asa|, | — gz + o1 + g1 + o), lags — o1 + az + sl
lasz + g1 — a1 + agsl, |z + agn + aszi — agsl, | — sz + arz + a1z + assl,
lasz — aig + s + asal, |z + a1 — iz + asal, [azz + a1z + a1z — assl.
Proof. Since | f]| = SUDTcentB, 205 |£(T)], it follows from Theorem 2.3 and
the Krein-Milman Theorem. (]
Note that if || f|| = 1, then |a;;| < 1 for é,j =1,2,3.

Theorem 3.2 ([18]). Let E be a real finite dimensional Banach space such that
extBg is finite. Suppose that x € extBp satisfies that there exists f € E* with
flx)=1=|fll and |f(y)| <1 for every y € extBp\{xz}. Then, x € expBg.

Theorem 3.3. expBr23 ) = extBrzs ).
Proof. Claim: T' = e; € expBr 23 )

Let f = (a1, 12, a1, 13, 031, 0iz2, 23, i3z, ai33) = (1,4, 1, 1, % 0,%,%,0)
€ L(%12,)". Then, by Theorems 3.1 and 3.2, ||f|| = 1 = f(T) and |f(S)| < 1
for S € extB 2[3 y\{£T}. Similarly, —ey, +ey for 2 < k <9 are exposed.

Claim: T = ( e +es +e3+ 66) € exch(zla )

Let f = (0411701127azl,a137a31,0422,a237a32,a33) (-%,3,3.0,0,1,0,0,0)
€ L(%12,)". Then, by Theorems 3.1 and 3.2, ||f|| = 1 = f(T) and |f(S)| < 1
for S € extBr(zs )\{£T'}. Similar arguments in the above claims show that
all the other extreme bilinear forms in £(%/3)) are exposed. We complete the
proof. O
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