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SOLUTIONS AND STABILITY OF TRIGONOMETRIC
FUNCTIONAL EQUATIONS ON AN AMENABLE GROUP
WITH AN INVOLUTIVE AUTOMORPHISM

OMAR AJEBBAR AND ELHOUCIEN ELQORACHI

ABSTRACT. Given o : G — G an involutive automorphism of a semi-
group G, we study the solutions and stability of the following functional
equations

flzo(y) = f(2)g(y) + 9(=)f(v), =,y€Gq,

flxo(y) = f@)f(y) —g9(x)9(y), =y€C
and

fl@o(y)) = f(x)g(y) — 9(=)f(y), =,y€G,

from the theory of trigonometric functional equations.
(1) We determine the solutions when G is a semigroup generated by its
squares.
(2) We obtain the stability results for these equations, when G is an
amenable group.

1. Introduction

The stability problem of functional equations originated from a question of
Ulam [25] concerning the stability of group homomorphims. Hyers [13] gave
a first affirmative partial answer to the question of Ulam for Banach spaces.
Hyers’s Theorem was generalized by Aoki [4] for additive mappings and by Ras-
sias [20] for linear mappings by considering an unbounded Cauchy difference.
The stability problem of several functional equations has been extensively in-
vestigated by a number of authors. An account on the further progress and
developments in this field can be found in [11], [14], [15] and [18]. We refer also
to [16] and [17]. In this paper we investigate the stability of the trigonometric
functional equations

(1.1) flza(y)) = f(@)g(y) + g(x)f(y), z,y € G,
(1.2) flza(y)) = f(@)f(y) — g(x)g(y), z,y € G,
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and

(1.3) f(za(y)) = f(x)g(y) — 9(x) f(y), =,y € G,

where G is an amenable group, ¢ : G — G is an involutive automorphism.
That is o(xy) = o(z)o(y) and o(o(x)) =z for all z,y € G.

The complex-valued solutions of (1.1), (1.2) and (1.3) on groups that need
not be abelian are obtained by Poulsen and Stetkzer [19]. A particular case of
(1.1) and (1.2) is the sine addition law

(1.4) f(zy) = f(x)g(y) + 9(z)f(y), z,y € G
and the cosine addition law
(1.5) f(zy) = f(@)f(y) — 9(x)g(y), z,y € G.

The stability properties of (1.4) and (1.5) have been obtained by Székelyhidi [20]
on amenable groups. The stability problems of (1.3) were studied by Chung,
Choi and Kim [8] in 2-divisible abelian groups. Chang and chung [7] proved the
Hyers-Ulam stability of (1.4) and (1.5) in the spaces of generalized functions.
Recently, Chang et al. [6] studied the stability of equation (1.2) on abelian
groups. We refer also to [5] and [16].
The aim of the present paper is

(1) To extend Poulsen and Stetkeer’s work [15] from groups to the semi-
groups generated by its squares.

(2) To show how Székelyhidi’s results [20] on the stability of equations (1.4)
and (1.5) extends to the much wider frame work of (1.1) and (1.2).

Our results encompass not Székelyhidi’s in [20], but also those of Chung et
al. [8] and Chang et al. [6] about stability of functional equations (1.3) and
(1.2).

2. Definitions and preliminaries

Throughout this paper G denotes a semigroup (a set with an associative
composition) or a group. That G is generated by its squares means that for
all z € G their exist x1,...,2, € G such that z = 2%---22. We denote by
B(G) the linear space of all bounded complex-valued functions on G. The map
o : G — G denotes an involutive automorphism. That o is involutive means
that o(o(z)) = = for all v € G. We call a : G — C additive provided that
a(xy) = a(x)+a(y) for all z,y € G and call m : G — C multiplicative provided
that m(zy) = m(z)m(y) for all z,y € G. Iif m # 0, then I,,, := {z € G|m(x) =
0} is either empty or a proper subset of G. I, is a two sided ideal in G if not
empty and G \ I, is a subsemigroup of G.

Let V be a linear space of complex-valued functions on G. We say that the
functions f,g : G — C are linearly independent modulo V if Af + ug € V
implies A = p = 0 for any A, u € C. We say that the linear space V is two-sided
invariant if f € V implies that the functions x — f(xy) and x — f(yx) belong
to V for any y € G. We say that V is o-invariant if f € V implies that foo € V.
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The space B(G) is an obvious example of a linear space of complex-valued
functions on G which is two-sided invariant and o-invariant.
Let f: G — C be a function. We call f. := % the even part of f and

fori= % its odd part.
3. Stability of equation (1.1) on amenable groups

Regular solutions of the functional equation (1.4) were described, on abelian
groups, by Aczél [1].

The functional equation (1.4) was solved by Chung et al. [10] on groups.
Poulsen and Stetkeer [19] determined, on a topological group with continuous
involutive automorphism o, the continuous solutions of the functional equation
(1.1). Recently Ajebbar and Elqgorachi [3] obtained the solutions of equation
(1.1) on a semigroup generated by its squares.

In this section we will extend the result obtained by Székelyhidi [24, Theorem
2.3] to the functional equation (1.1).

Lemma 3.1. Let G be a semigroup, f,g: G — C be functions and let V be a
two-sided invariant linear space of complex-valued functions on G such that V
is o-invariant. Suppose that f and g are linearly independent modulo V. If the
function

x> flzo(y)) — f(2)g(y) —g(x)f(y)
belongs to V for all y € G, then

foo=f and goo=g
or
foo=—f and goo =g.

Proof. We use a similar computation as the one of the proof of [24, Lemma
2.1].

Let ¢ be the function defined by
(3.1) P(z,y) = f(wo(y) — f(x)g(y) — g(x) f(y)

for z,y € G. Since f and g are linearly independent modulo V we get that
[ # 0, then there exists zg € G such that f(zg) # 0. Let ap := — f(z0) "' g(z0)
and oy = f(zg)~t € C\ {0}. By applying (3.1) to the pair (z,70) we derive
(32) 9(x) = aq f(x) + a1 f(zo(zo)) — o1 Y(, 20)

for all xz € G.

Let z,y,z € G. By applying (3.1) to the pair (zo(y), 2) and using (3.2) we
get that

f(xo(y)o(2)) = f(za(y))g(z) + g(zo(y)) f(2) + ¢(za(y), 2)
[f(@)g(y) + g(z) f(y) + P (z,y)]g(2)

+ [ao f(zo(y)) + ou fzo(yzo)

— a1 P(zo(y), o)] x f(z) +¥(zo(y), 2)
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f@)gW)g(z) + 9(x) f(y)g(2) + ¥ (z,y)g(2)
+ a0 [f(2)g(y) + g(x) f(y) + P (@, y)]f(2)
+ o [f(@)g(yzo) + g(x) f(yxo) + ¢(x, yxo)l f(2)
—ar¥(zo(y), w0)f(2) + ¢ (zo(y), 2).

So that

f((@o(y))o(2))
= f(@)[9(y)g(2) + a0 9(y) f(2) + o1 g(yzo) f(2)]

(3.3) +9(@)[f(1)9(2) + a0 f(y)f(2) + en fywo) f(2)]
+9(z,9)9(2) + [ao (2, y) + a1 ¥ (2, yzo) — a1 ¥(xo(y), z0)] f(2)
+¥(zo(y), 2).

On the other hand, by applying (3.1) to the pair (z,yz) we get that

(34)  flzo(y)o(z)) = f(zo(yz)) = f(z)g(y2) + 9(2) f(yz) + P(z, yz).
From (3.3) and (3.4) we deduce that
f (x)[g(y)g(Z) + a0 9(y) f(2) + a1 g(yxo) f(2) — 9(y2)]
+ 9(@)[f(W)9(2) + a0 f(y) f(2) + a1 fyzo) f(2) — f(yz)]
= —P(x,9)9(2) — [0 P(z,y) + a1 P(z, yzo) — a1 P(zo(y), z0)] f(2)
—P(zo(y), z) +(x,yz).

Now, let y, z € G be arbitrary. By assumption the functions

= Y(2,y), v Y(x,y)9(2), © - P(z,y2),
x = (x,y) f(2), 2 = (2, yz0) f(2)

belong to V. Moreover the linear space V is two-sided invariant, then the
functions

(3.5)

x = Y(xo(y),xo), x — P(xo(y), )
belong to V. By using (3.5) it follows that the function

= f(2)[9(y)g(2) + a0 g(y) f(2) + a1 g(yzo) f(2) — g9(y2)]
+9(@)[f(¥)g(2) + a0 f(y) f(2) + a1 f(yzo) f(2) — fyz)]

belongs to V. Since f and g are linearly independent modulo V we get that
FW)g(2) + a0 f(y) f(2) + ar fyzo)f(2) — fyz) = 0.
Y, 2 € G being arbitrary we deduce that

(3.6) flzy) = f(x)g(y) + ao f(y) f(x) + ar f(y) f(z20)

for all z,y € G.
By applying (3.1) to the pair (x,0(y)) we get

(3.7) fzy) = f(x)goo(y) + foa(y)g(x) +¢(x,0(y)).



SOLUTIONS AND STABILITY OF TRIGONOMETRIC FUNCTIONAL EQUATIONS 5

By subtracting (3.7) from (3.6) we get that
P(z,0(y) = f(2)(9(y) —goo(y)) +ao f(Y)f(x)+ar f(y) f(zzo) — foo(y)g(x),

which can be written

(3.8) v(@,0(y)) =2 f(2)g0(y) + a0 f(y) f(x) + 1 f(y)f(zm0) — f o 0o(y)g(x).
By replacing y by o(y) in (3.8) we get

(3.9) ¥(z,y) = =2 f(2)go(y) + a0 foo(y)f(z) + a1 foo(y) f(zxo) — f(y)g(x).
Let
p(r) == ao f(x) + a1 f(zz0) — 9(7)
for all z € G.
By adding the identities (3.8) and (3.9) we get that
Y(z,0(y) +¥(@,y) = ao f(@)[f(y) + foo(y)] + a1 flzzo)[f(y) + foa(y)]
—9(@)[f(y) + foo(y)l

So that

(3.10) U(z,0(y) +v(z,y) =2 fe(y)p(z)
for all z,y € G.
On the other hand, by subtracting (3.9) from (3.8) we get that
U(z,0(y)) —d(z,y)
=4 f(x)go(y) + 2 a0 fo(y) f(x) + 201 fo(y) f(x20) + 2 foly)g(x)
= 4. f(2)90(y) + 2 fo(y) o f(z) + ar f(z2,) + g()],

which implies

(3.11) Y(x,0(y) — Yz, y) =4 f(2)90(y) + 4 fo(y)g(x) + 2 fo(y)p(w).

We split the discussion into the cases of foo=—f or foo # —f.

Case 1: foo # —f, then f, # 0. So, there exists yo € G such that f.(yo) # 0.
By replacing y by yo in (3.10) and using the fact that the functions x — 1 (z, yo)
and z — ¥(x,0(yo)) belong to V we deduce that

(3.12) peV.

Let y € G be arbitrary. As the functions = — ¥ (z,y) and z — ¥ (z,0(y))
belong to V, then from (3.11) and (3.12) we deduce that the function x
4 f(x)go(y) +4 fo(y)g(x) belongs to V. Since f and g are linearly independent

modulo V we get that f,(y) = go(y) = 0. So, foo(y) = f(y) and goo(y) = g(y).
So, y being arbitrary, we deduce that foo = f and goo = g.

Case 2: foo = —f, then we apply (3.1) to the pairs (z,0(y)) and (o(z),y),
and get respectively

Y(x,0(y)) = f(zy)—f(x)goo(y)—foo(y)g(x) = f(zy)—f(x)goo(y)+f(y)g(x)

and

Y(o(x),y) = foo(ry) — foa(x)g(y) — f(y)goa(x)
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= —f(zy) + f(x)g(y) — f(y)g o o(z).
So,

(3.13) Y(x,0(y)) +v(o(x),y) =2 f(2)g90(y) + 2 f(y)go(x).
In the following we prove that g o 0 = g. Assume that there exists y; € G
such that g,(y1) # 0. Let ¢ : G — C be the function defined by ¢(z) =
Y(x,0(y1)) + ¥(o(x),41).

By replacing y by y; in (3.13) we get

(3.14) () =2 f(x)go(y1) +2 f(y1)g0(2), z€G.

The function z — ¥ (x,0(y1)) belongs to V by assumption. Furthermore, since
V is o-invariant then the function x — ¥ (o(x),y1) belongs to V. Hence,

(3.15) peV.

Taking (3.14), (3.15) and g,(y1) # 0 into account we deduce that there exist
h €V and a constant o € C such that

(3.16) f=ag,+h.
Substituting (3.16) back into (3.13) we obtain

Y(x,0(y)) +¢(0(x),y) = 2 (ago(x) + M(z))go(y) + 2 (go(y) + h(Yy))go(®),
then

(3.17)  Y(z,0(y)) +¥(o(z),y) = 2(2age(y) + h(y))go(®) + 2 h(x)go(y)-

If there exists yo € G such that 2a g,(yo) + h(yo) # 0, then f € V. Indeed,
the functions = — ¥(z,0(yo)) + Y (o(x),y0) and = — h(z)g,(yo) belong to V.
So, by replacing y by yo in (3.17), we get that the function x — (2 g,(y0) +
h(y0))go(z) belongs to V. Hence, g, € V. Taking (3.16) into account we deduce
that f e V.

If 2ag,(y) + h(y) =0 for all y € G, then 2a g, = —h. Taking (3.16) into
account we get that f € V.

Thus f € V in both cases, which contradicts the linear independence modulo
VY of f and g. We conclude that goo = g. This completes the proof of Lemma
3.1. (I

Lemma 3.2. Let G be a semigroup, f,g: G — C be functions and let V be a
two-sided invariant linear space of complex-valued functions on G such that V
is o-invariant. If the function

x> f(za(y)) — f(x)g(y) — g(x) f(y)

belongs to V for all y € G, then we have one of the following possibilities:

(1) f =0 and g is arbitrary,

(2) f,geV,

(3) g €V and g is multiplicative,

(4) f = Am—Xp, g = 2 m+3 ¢, where A € C\{0} is a constant, m : G — C
is a multiplicative function and ¢ € V,
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(5) f(zo(y)) = f(x)g(y) + g(x) f(y) for all z,y € G,
(6) ¥(z,0(y)) +¢(y,0(x)) = f(xy) + f(yz) for all v,y € G, where 1) is the
function defined by (3.1).

Proof. We split the discussion into the cases of f and g are linearly independent
modulo V, or f and g are linearly dependent modulo V.
Case 1: f and g are linearly independent modulo V. Then, according to Lemma
31, (foo=fandgoo=g)or (foo=—fand goo =yg).

If foo= f and go o = g, then, by using similar computations as the ones
of the proof of [24, Lemma 2.1], we get that

P(z,y) =0
for all z,y € G, where 1 is the function defined in (3.1). That is f(zo(y)) =

f(@)g(y) + g(x) f(y) for all x,y € G. The result occurs in (5) of Lemma 3.2.
If foo=—fand goo =g, then by replacing y by o(y) in (3.1) we get

Y(z,o(y)) = f(zy) — f(@)g9(y) + g(x) f(y).

Interchanging x and y in the identity above we get

U(y,o(x) = flyx) = f(y)g(x) + 9(y) f(x).
By adding the two last identities we obtain

P(x,0(y) +¢(y,o(x)) = fzy) + fyz)

for all z,y € G. The result occurs in (6) of Lemma 3.2.

Case 2: f and g are linearly dependent modulo V. We prove, by a computation
adapted to that of the proof of [24, Lemma 2.2], that one of the possibilities
(1)-(6) of Lemma 3.2 holds. O

Theorem 3.3. Let G be an amenable group, o : G — G be an involutive
automorphism and let f,g: G — C be functions. The function

(z,y) = f(za(y)) — f(x)g(y) — g9(z) f(y)

is bounded if and only if one of the following assertions holds:

(1) f =0 and g is arbitrary,

(2) f.9 € B(G),

(3) f =am+b and g = m, where a : G — C is an additive function,
m : G — C is a bounded multiplicative function and b : G — C is a bounded
function such that moo =m and aoo = a,

(4) f=Am—Ab, g=2m+$b, where A € C\ {0} is a constant, b: G — C
is a bounded function and m : G — C is a multiplicative function such that
moo=m orm € B(GQ),

(5) flxa(y)) = f(x)g(y) +g(z)f(y) for all x,y € G.

Proof. First we prove the necessity. Let f,g : G — C be two functions such
that the function ¢ defined in (3.1) is bounded. Then the function

z— f(zo(y)) — f(x)g(y) — g(x) f(y)
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belongs to B(G) for all y € G. Notice that B(G) is a two-sided invariant linear
space and o-invariant. According to Lemma 3.2 we have one of the following
possibilities:

(1) f =0 and g is arbitrary, which occurs in (1) of Theorem 3.3.

(2) f,9 € B(G), which occurs in (2) of Theorem 3.3.

(3) f =Am—Ab, g = m~+ 3 b, where A € C\ {0} is a constant, m : G — C
is a multiplicative function and b € B(G). Hence,

¥(a9) = A(m(zo(y)) — blzo())) — 5 (m(z) — b())(m(y) + b(y)
~ 2 (m(y) — b(y))(m(z) + b(z))

2
= Am(z) (moa(y) —m(y)) — A(b(zo(y)) — b(z)b(y))

for all z,y € G.

Then the function (z,y) — m(z) (moo(y)—m(y)) is bounded. So, moo =m
or m is bounded. The result occurs in (4) of Theorem 3.3.

(4) g =m : G — C where m is a bounded multiplicative function. Then

(3.18) Y(x,y) = fxa(y)) — f(x)m(y) —m(z)f(y)

for all z,y € G.

If m = 0, then ¥ (z,y) = f(xo(y)) for all z,y € G. Since ¢ is bounded by
assumption so is f. The result occurs in (2) of Theorem 3.3.

If m # 0, then by replacing y by o(y) respectively x by o(z) in (3.18) we
obtain respectively

(3.19) Y(z,0(y)) = flzy) = f(@)m(a(y)) —m(z)f(o(y)),
(3.20) P(o(z),y) = flo(zy)) = flo(z))m(y) —m(o(x))f(y).

We split the discussion into the cases of m oo =m or mo o # m.
Case 1: m oo = m. By adding the identities (3.19) and (3.20) we get that

[0 0) + 0(o(@). )] = fela) — fel)mly) — m(@)fely).

Since m is a nonzero multiplicative function on the group G we get that
m(z) # 0 and m(z~') = (m(z))~! for all z € G. Hence, 3[¥(z,0(y)) +
V(o (@), ylm((zy) ™) = felay)m((zy)™) = fe(x)m(@™") = fe(y)m(y™) for
all x,y € G. Since the function ¢ is bounded so is the function (z,y) —
felzy)m((zy) 1) — fo(@)m(z=1) — fo(y)m(y~1). So, according to Hyers’s The-
orem [23, Theorem 3.1] there exist an additive function a : G — G and a
bounded function ¢ : G — G such that f.(z)m(z~!) — a(z) = ¢(z) for all
x € G. Hence, f. = (a+ ¢)m.

On the other hand, by subtracting (3.19) and (3.20) we get that 3 [ (z, 0 (y))
—(o(z),y)] = folzy) — fo(x)m(y) + m(x)fo(y) for all z,y € G. Hence, the
function (z,y) — fo(zy) — fo(z)m(y) + m(z)fo(y) is bounded. Let e be the
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identity element of G. By putting x = e we get that f, = by where by € B(G).
Hence f =am + b with b:= pm + by € B(G). So,

Y(x,y) = a(zo(y))m(zo(y)) + b(xa(y)) — [a(z)m(z) + b(z)|m(y)
= la(y)m(y) + b(y)|m(x)
= [aoo(y) — a(y)|m(zy) — m(2)b(y) — m(y)b(z) + b(zo(y)),

which implies
Yz, y)m(zy) " = aoo(y)—aly)—m(y " )b(y)—m(z~")b(x)+b(zo(y))m(zy) "

for all z,y € G. Since the functions 1, m and b are bounded so is the function
y— (aoo(y) —a(y). Since the function a oo — a is additive we get, according
to [21, Exercise 2.5(a)], that a o 0 = a. The result occurs in (3) of Theorem
3.3.

Case 2: moo # m. Since m # 0 we have m(e) = 1. By putting z = e in (3.18)
we obtain ¥(e,y) = foo(y) — fleym(y) — f(y). It follows that the function
y— =2 fo(y) — f(e)m(y) belongs to B(G). Since m € B(G) then f, € B(G).

On the other hand, by adding (3.19) and (3.20) we get that

U(z,0(y) +¢(o(z),y)
=2 fe(zy) — f(x)moo(y) —m(z)fooly) — foo(z)m(y) —moo(x)f(y)
=2 fe(xy) — 2 fe(z) me(y) + 2 fo(z) mo(y) — 2me () fe(y) + 2m0(z) foly),

hence

felzy) = fe(z)me(y) = %W(I, o(y) + (o (2), y)] = fo()mo(y) —mo(2) fo(y)

+ me(x)fe(y)

for all z,y € G.
Since the functions

= Y(x,y), = fo(2)me(y), @ me(x)fo(y) and x — me(x)fe(y)

belong to B(G) for all y € G, B(G) is a two-sided invariant and o-invariant
linear space of complex-valued functions on G, and seeing that m. is not mul-
tiplicative because m o o # m, we deduce by applying [22, Theorem] that
fe € B(G), so f € B(G). It follows that (2) of Theorem 3.3 holds.

(5) f(zo(y)) = f(x)g9(y) +g(x) f(y) for all z,y € G. The result occurs in (5)
of Theorem 3.3.

(6) Y(z,0(y)) + ¥(y,o(x)) = f(zy) + f(yz) for all z,y € G. If f =0, then
the functional equation (1.1) is satisfied, which corresponds to (5) of Theorem
3.3.

In what follows we assume that f # 0. By putting y = e in the identity
above we get

U(x,e) + (e o(x)) =2 f(x)
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for all z € G. Since the functions = — ¥ (z, e) and = — (e, z) belong to B(G)
and B(G) is o-invariant, we get that f € B(G). So, we get from (3.1) that
g € B(G), which implies (2) of Theorem 3.3.

Conversely, we check by elementary computations that if one of the asser-
tions (1)-(5) in Theorem 3.3 is satisfied, then the function ¢ defined in (3.1) is
bounded. This completes the proof of Theorem 3.3. [

By taking o(z) = z for all z € G in Theorem 3.3 we obtain the following
corollary.

Corollary 3.4 ([24, Theorem 2.3]). Let G be an amenable group and let f, g :
G — C be functions. The function

(z,y) = f(zy) — f(2)g9(y) — g(=) f(y)

is bounded if and only if one of the following assertions holds:

(1) f =0 and g is arbitrary,

(2) f,9 € B(G),

(3) f =am+b and g = m, where a : G — C is an additive function,
m : G — C is a bounded multiplicative function and b : G — C is a bounded
function,

(4) f=Am—Ab, g=2m+ 3 b, where A € C\ {0} is a constant, b: G — C
is a bounded function and m : G — C is a multiplicative function,

(5) f(zy) = f(2)g(y) + 9(x)f(y) for all z,y € G.

4. Solutions and Stability of equation (1.2)
4.1. Solutions of equation (1.2) on semigroup generated by its squares

Regular solutions of the functional equation (1.5) were described, on abelian
groups, by Aczél [1]. Poulsen and Stetkeer [19] determined, on a topological
group with continuous involutive automorphism o, the continuous solutions of
the functional equation (1.2).

In this subsection we will solve the functional equation (1.2) on a semigroup
G generated by its squares, and so, extend the results obtain by Poulsen and
Stetkeer [19].

Lemma 4.1. Let G be a semigroup generated by its squares. The solutions
f,9: G — C of the functional equation

(4.1) flxy) = f(2)f(y) —g(x)g(y), =yed

can be listed as follows:

(1) f=0and g=0.

(2) f=15zm and g = ﬁm, where A € C\ {—1,1} is a constant and
m : G — C is a nonzero multiplicative function.

_ AM++im _ M-m Loy
(3) f= ﬁ and g = DaD)i where A € C\ {0, —i,4} is a constant and

m, M : G — C are two multiplicative functions such that m # M.
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() {f:m(l—i—a) and g=ma on G\ Iy,

f=9g=0 on I,
where m : G — C is a nonzero multiplicative function and a: G\ I, = C is a
nonzero additive function.

(5) {f:m(1+a) and g=-ma on G\I,,
f=g=0 on Iy,
where m : G — C is a nonzero multiplicative function and a: G\ I, = C is a
nonzero additive function.

Proof. Let f,g: G — C satisfy the functional equation (4.1).

If f =0, then g(z)g(y) = 0 for all z,y € G, hence g = 0. This is case (1)
of Lemma 4.1. Assume that f # 0. We split the discussion into the cases of f
and ¢ are linearly dependent or f and ¢ are linearly independent.

Case 1: f and g are linearly dependent. Since f # 0 there exists a constant
¢ € C such that g = ¢ f. By substituting this in Eq. (4.1) we obtain f(zy) =
(1 — ) f(x)f(y) for all z,y € G. Since f # 0 and G is generated by its
squares we get that ¢ # 1 and ¢ # —1. From the last equation we obtain
(1—cA)f(zy) = (1 — )2 f(x) f(y) for all z,y € G, then there exists a nonzero
multiplicative function m : G — C such that (1—c?)f = m. So that f = ﬁ m

and g = %z m. The result occurs in (2) of the list of Lemma 4.1.

2
Case 2: f and g are linearly independent. By similar computations as the ones

of the proof of [21, Theorem 4.15], we get that

(4.2) g(xy) = g(x) f(y) + g(y) f(x) + ag(z)g(y)

for all x,y € G, where a, A1, A2 € C are constants such that \; and A are
the roots of the polynomial 22 + a2 + 1, and the functions m : f — A;g are
M = f — A\og are multiplicative. Notice that A\ Ao =1 and \; + Ay = —a.

If )\1 7é Ag, then

_)\M+%m M —m

and = —)
f A+ T 0+ i
where A = —i A\ = ;—; Notice that A € C\ {0, —4%,¢}. The result occurs in (3)
of the list of Lemma 4.1.
If)\l :/\27 then )\1 :/\2 =1or )\1 :)\2 =—1.
If Ay = Ay = 1, then the functional equation (4.1) becomes

(4.3) g(zy) = g(x)m(y) + g(y)m(z)

for all z,y € G. As g # 0, because f and g are linearly independent, and
G is generated by its squares we get from Eq. (4.3) that m # 0. By similar
computations as the ones in the proof of [21, Lemma 3.4] we deduce from (4.3)
that there exists a nonzero additive function a : G\ I,, — C such that ¢ = ma
on G\ I, and g = 0 on I,,, then f = m(1+a) on G\ I, and f = 0. The
result occurs in (4) of the list of Lemma 4.1.
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If Ay = Ay = —1, then, by similar arguments as above, we obtain a solution
of the form (5) of the list of Lemma 4.1.

Conversely, we check by elementary computations that the pairs (f,g) de-
scribed in Lemma 4.1 are solutions of equation (4.1). This completes the proof
of Lemma 4.1. O

Lemma 4.2. Let G be a semigroup generated by its squares. Let f,g: G — C
a solution of the functional equation (1.2). Then
(1) foo=f,i.e., f is even with respect to o, and f is central.

(2) goog=gorgoo=—g.

Proof. (1) Let x,y,z € S be arbitrary. By interchanging x and y in (1.2) we
get that f(zo(y)) = f(yo(x)). By replacing = by o(z) in the last identity we
obtain f o o(zy) = f(o(z)o(y)) = f(yx). So, foo(xyz) = foo(x(yz)) =
f(yzx) = f oo(zxy) = f(xyz). Since G is generated by its squares there exist
T1,...,2, € G such that z = 2% ---22. So, we have foo(x) = foo(z? - 22).

If n =1 we obtain foo(z) = foo(z?) = f(2?) = f(x).

If n > 2 we get that foo(x) = foo(xim(23---22)) = f(myz1(23 - 22)) =
f(z). In both cases we get that foo(z) = f(z). Since x is arbitrary, we deduce
that f oo = f. Moreover, since f oo(zy) = f(yx) for all z,y € G, we get that
flxy) = f(yx) for all x,y € G. Hence, f is central. This is the result (1) of
Lemma 4.2.

(2) By applying Eq. (1.2) to the pairs (z,0(y)) and (o(z),y), and taking
into account that f oo = f, we get respectively

flzy) = f(@)f(y) — g(x)goo(y)
and

flay) = f(@)f(y) —goa(z)g(y).
Hence, g(z)goo(y) = goo(x)g(y) for all 2,y € G, which implies that the two
functions g and g o o are linearly dependent. Since o o g(x) =z for all z € G,
we get goo = g or go o = —g, which is the result (2) of Lemma 4.2 and
completes the proof of Lemma 4.2. ([

Theorem 4.3. Let G be a semigroup generated by its squares. The solutions
fyg: G — C of the functional equation (1.2) can be listed as follows:

(1) f=0and g=0.

(2) f=12zm and g = 25 m, where A € C\ {-1,1} is a constant and
m : G — C is a nonzero multiplicative function such that m oo = m.

1

3) f= %# and g = (1/‘\/1+_£')’i, where A € C\ {0, —i,4} is a constant and
A A

m, M : G — C are two different multiplicative functions such that moo =m

and M oo = M.

(4) {fzm(1+a) and g=ma on G\ In,

f = g - 0 on Im,
where m : G — C is a nonzero multiplicative function and a : G\ I, — C is
an nonzero additive function such that moo =m and aoo = a.
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(5) f=m(l+a) and g=-ma on G\ I,
f=9g=0 on Iy,
where m : G — C is a nonzero multiplicative function and a : G\ I, :— C is
a nonzero additive function such that mooc =m and aoo = a.
(6) f = BHET gnd g = =% where m : G — C is a multiplicative
function such that mo o # m.

Proof. Let f,g : G — C satisty the functional equation (1.2). According to
Lemma 4.2(2) we have two cases: goog =g or goo = —g.

Case 1: goo = g. By applying (1.2) to the pair (x,0(y)) we get, according to
Lemma 4.2(1), that

flzy) = f(2)f(y) — g(x)g(y)

for all z,y € G. According to Lemma 4.1 we get that one of the following
possibilities holds:

(1) f =0 and g = 0, which is (1) of Theorem 4.3.

(2) f = 2zm and g = 2zm, where A € C\ {—1,1} is a constant and
m : G — C is a nonzero multiplicative function. Since f oo = f we get that
moo =m. So, we obtain a solution of the form (2) in Theorem 4.3.

AM++m M—m .o
3) f= ﬁ and g = o where A € C\ {0,—¢,4} is a constant
and m, M : G — C are two multiplicative functions such that m # M. Since
foo=f goo=gand \#0, we get that moo + \2M oo =m + A\2M and
Moo —moo = M —m, which implies (1+A?)(M —Moo) =0. As1+A? #0
we get that M oo = M, and then m oo = m. The solution occurs in (3) of the
list of Theorem 4.3.
(4) f=m(l+a) and g=ma on G\ L,
f=9g=0 on I,
where m : G — C is a nonzero multiplicative function and a: G\ I, = C is a
nonzero additive function. Since foo = f, goo = g we get that moo aoco = ma
and moo+moocaooc =m+ maon G\ I, which implies m oo = m on
G\ I, and a o 0 = a. Moreover, o(I,,) C I,,,. Indeed, if there exists x € I,
such that o(x) € G\ Iy, then f(o(z)) = m(o(z)) +m(o(z))a(o(z)), f(z) =0,
g(o(x)) =m(o(x))a(o(z)) and g(z) = 0. We infer from foo = f and goo =g
that m(o(z)) = 0, which is a contradiction. Hence, o(I,,) C I,,. We deduce
that moo(z) = m(o(x)) = 0, and then moo(x) = m(z) for all « € I,,,. Hence,
m oo =m. The solution occurs in (4) of Theorem 4.3.
5 f=m(l+4+a) and g=-ma on G\ I,
) f=9=0 on I,
where m : G — C is a nonzero multiplicative function and a : G\ I,,, — C is
a nonzero additive function. As in the case (4) we prove that m oo = m and
a oo = a. The solution occurs in (5) of Theorem 4.3.
Case 2: goo = —g. By applying (1.2) to the pair (z,0(y)) we get, according
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to Lemma 4.2(1), that
flzy) = f(@)f(y) + 9(x)g(y)

for all z,y € G. By writing 4g instead of g we go back to the functional equation
(4.1). So, as in case 1, we have the following possibilities:

(1) f =0 and g = 0, which is (1) of Theorem 4.3.

(2) f = 12zm and ig = 2zm, where A € C\ {—1,1} is a constant and
m : G — C is a nonzero multiplicative function. Since foo = f and goo = —g
we get that A = 0 and m oo = m. It follows that f = m and ¢ = 0 with
m oo =m which (2) of Theorem 4.3.

AM+Lm . M—m Loy .
(3) f= ﬁ and ig = FESSTE where A € C\ {0, —i,4} is a constant and
m, M : G — C are two multiplicative functions such that m # M. Hence, f =
mlt:‘/\?/[ and g = ﬁ(m_M)' Since goo = —g we get moo+m = Moo+ M.
According to [21, Corollary 3.19] and taking into account that m # M, we get
that M = m oo, and then mo o # m. So, f = %ﬁ(’;w Since foo = f we
deduce that (A2 —1)(m —mo o) = 0. Hence A\? = 1.

If X\ =1, then f = ™+ and g = M=% The solution occurs in (6) of
Theorem 4.3.

If A\ = —1, then f = 21T and g = M= By writing m o o instead of

m, we obtain a solution of the form (6) of Theorem 4.3.
) {fm(1+a) and g=—ima on G\ Ly,

f=9=0 on I,
where m : G — C is a nonzero multiplicative function and a : G\ I,,, — C is
a nonzero additive function. As in (4) of case 1, we check that o(I,,,) C Iy.
So, o being an involution, we obtain (G \ I;,) = G \ I,. Since foo = f and
goo = —g we get that

m(o(2))(1 + a(z)) = m(z)(1 + a(z))

and
m(o(z))a(o(x)) = —m(z)a(z)
for all z € G\ I,,.

By adding the two last identity, we obtain moo (z)+2 moo(x) aco(x) = m(x)
for all z € G\ I,,. So that m(z)—moo(z) = 2moo(z)aoco(x) for all z € G\ I;,.
Since G\ I, is a semigroup, then, according to [3, Lemma 4.4] (due to Stetkeer)
and using that m o o(x) # 0 for all z € G\ I,,, we get that a(o(x)) = 0, and
then m o o(x) = m(z) for all x € G\ I,,. So, o being an involution and
o(G\ I,) = G\ I, we obtain a(z) = 0 for all z € G\ I,,,, which contradicts
the fact that a a nonzero function on G\ I,,. Hence, the functional equation
(1.2) has no solution in this case.

(5) f=m(l+a) and g=ma on G\ I,
f =g=0 on I,
where m : G — C is a nonzero multiplicative function and a : G\ I, — C is
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a nonzero additive function. Proceeding as above we prove that the functional
equation (1.2) has no solution in this case.

Conversely, we check by elementary computations that the pairs (f,g) de-
scribed in Theorem 4.3 are solutions of equation (1.2). This completes the
proof of Theorem 4.3. (]

4.2. Stability of equation (1.2) on amenable groups

The stability of the functional equation (1.5) was established by Székelyhidi
[24, Theorem 3.3] on an amenable group. In this subsection we will study the
stability of the functional equation (1.2) on an amenable group. The results
obtained are generalizations of those in [24, Theorem 3.3].

By using similar computations to the ones of the proofs of [24, Lemma 3.1
and Lemma 3.2] we get the following lemma.

Lemma 4.4. Let G be a semigroup, f,g : G — C be functions and let V be
a two-sided invariant linear space of complez-valued functions on G. If the
functions

z— f(zo(y)) — f(z)f(y) + g(x)g(y)
and
z = f(xo(y)) — f(yo(z))

belong to V for all y € G, then we have one of the following possibilities:
(1) f,geV,
(2) f is multiplicative and g € V,
(3) f+ g or f — g is multiplicative in V,
2
4) f= ﬁm— ﬁ(p and g = ﬁm— ﬁ(p, where A € C\ {-1,1}
is a constant, m : G — C is multiplicative and p € V,

(5) f(za(y)) = f(x)f(y) — g(x)g(y) for all z,y € G.

Theorem 4.5. Let G be an amenable group, o : G — G be an involutive
automorphism and let f,g: G — C be functions. The function

(z,y) = f(za(y)) — f(2)f(y) + g(x)g(y)

is bounded if and only if one of the following assertions holds:

(1) f,9 € B(G),

(2) f is multiplicative and g € B(G),

B)f=0+a)ym+bandg=am+b, or f=am+bandg=(1—a)m—Db,
where a : G — C is additive, m : G — C is a bounded multiplicative function

and b € B(G) such that moo =m and aoo = a,
4 f= Ag\ilm—ﬁb and g = 55 m— 55 b, where A € C\ {~1,1} is
a constant, m : G — C is multiplicative and b : G — C is a bounded function,

(5) f(za(y)) = f(x)f(y) — g(x)g(y) for all v,y € G.

Proof. First we prove the necessity. We define the function

(4.4) F(z,y) = f(za(y)) — f(=)f(y) + g(x)g(y)




16 O. AJEBBAR AND E. ELQORACHI

for z,y € G. Since F is bounded then the functions

z = flzo(y)) — f(2)f(y) + 9(x)g(y)
and
x> fzo(y)) — flyo(z))
belong to B(G) for all y € G. Since B(G) is a two-sided invariant linear space
we have, according to Lemma 4.4, one of the following possibilities:

(1) f,9 € B(G), which occurs in (1) of Theorem 4.5.

(2) f is multiplicative and g € B(G), which is (2) of Theorem 4.5.

(3) f+g or f—gis multiplicative in B(G). We will study the case f —g =m
with m multiplicative in B(G). The case f + g multiplicative in B(G) go back
to the first one by writing —g instead of g.

If m =0, then F(x,y) = f(zo(y)) for all z,y € G, and consequently f,g €
B(G). The result occurs in (1) of Theorem 4.5.

If m # 0, then

F(z,y) = f(zo(y)) — f(@)f(y) + [f(2) = m(2)][f(y) — m(y)]
= fza(y)) — f(x)m(y) —m(x)f(y) + m(z)m(y)
for all z,y € G. So,

Fz,0(y)) = f(zy) — f2)m(o(y)) —m(x)f(o(y)) + m(z)m(o(y))

and

F(o(z),y) = foo(zy) — flo(z)m(y) — m(o(z))f(y) + m(o(z))m(y).

We split the discussion into the cases of m oo =m or mo o # m.
Case A: moo =m. Let z,y € G. The identities above become

(4.5) F(z,0(y)) = f(zy) — f(@)m(y) —m(z)f(o(y)) + m(z)m(y)

and

(4.6)  Flo(z),y) = foaley) — flo(x))m(y) —m(z)f(y) +m(x)m(y)

for all z,y € G.
By adding the identities (4.5) and (4.6), and using the fact that m is multi-
plicative, we obtain

F(x,0(y)) + Fo(z),y) =2 fe(zy) — 2 fe(x)m(y) — 2m(2) fe(y) + 2m(zy).

As m is a nonzero multiplicative function on the group G we get that m(z) # 0
and m(z~1) = (m(x))~! for all z € G. So,
1

5@ o) + Flo(@), y)lm((y) ™)

= fe(wy)(m(zy)) ™" = fe(@)(m() ™" = fe(y)(m(y) ™" +1
= [fe(zy)(m(zy)) " = 1] = [fe(x)(m(z) " = 1] = [fe(y)(m(y)) " = 1].
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On the other hand, by subtracting (4.6) from (4.5), we get similarly that

1

5 [F@,0() = Flo(@), y)lm((y) )

= folzy)(m(zy))™") = folz)(m(z)) ™" = foly)(m(y))~".

Since the functions F' and m are bounded, and B(G) is a two-sided invariant
and o-invariant linear space of complex-valued functions on G, we get that
the right hand side of the identity above is bounded as a function in (z,y).
Moreover, G being an amenable group, we get, according to Hyers’s Theorem
[23, Theorem 3.1], that there exist two additive functions a;, as : G — C and
two functions b1, be € B(G) such that fo = (14 a1)m+b; and f, = ag m + bs.
Hence, f = (1+a)m+b and g = am + b, where a := a1 + a5 is additive and
b := by +bs is a bounded function on G. Substituting this into (4.4), and taking
into account that a is additive and m is multiplicative such that m o o = m,
we get that

Fa,y) = (L +a(zo(y)))m(zo(y)) + b(zo(y)) — |
X [(1+a(y))m(y) +b(y)] + [a(z)m(z) + bz
= (aca(y) — a(y))m(zy) — m(x)b(y) — m(y)b(z) + b(zo

for all z,y € G.
As m(z) # 0 and m(z~t) = (m(x))~! for all z € G, we get that

F(z,y)(m(zy)~") = [aoa(y) — a(y)Im(z) — m(y)b(y) — m(z)b(x)
+b(xo(y))(m(zy)~")

for all z,y € G. Since the functions F';, m and b are bounded so is the function
(z,y) = (aoo(y)—a(y))m(x). Since m # 0, we deduce that the function aoo—a
is bounded. Since aoo —a is additive we get, according to [21, Exercise 2.5(a)],
that @ o 0 = a. The result obtained in this case occurs in (3) of Theorem 4.5.
Case B: moo # m. By similar computations to the ones in Case 2 of the proof
of Theorem 3.3 we prove that f € B(G) and then g € B(G), which occurs in
(1) of Theorem 4.5.

(ZL)‘/”:AQ)‘—i1 — g band g = A7 m — 527 b, where A € C\ {-1,1}
is a constant, m : G — C is multiplicative and b € B(G). The result occurs in
(4) of Theorem 4.5.

(5) f(zo(y)) = f(x)f(y) —g(x)g(y) for all z,y € G. The result occurs in (5)
of Theorem 4.5.

Conversely, we check by elementary computations that if one of assertions
(1)-(4) in Theorem 4.5 is satisfied, then the function F is bounded. This
completes the proof of Theorem 4.5. (]

By taking o(z) = « for all z € G in Theorem 4.5 we obtain the following
corollary.
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Corollary 4.6 ([24, Theorem 3.3]). Let G be an amenable group and let f, g :
G — C be functions. The function

(z,y) = fzy) — f(2)f(y) + 9(x)g(y)
is bounded if and only if one of the following assertions holds:

(1) f.9 € B(G),

(2) f is multiplicative and g € B(G),

B)f=0+a)ym+bandg=am-+b, or f =am+bandg= (1—a)m—0>,
where a : G — C is additive, m : G — C is a bounded multiplicative function
and b € B(G),

4) f= )\;\—ilm—ﬁb and g = 5 m— 57 b, where A\ € C\ {—1,1} is
a constant, m : G — C is multiplicative and b : G — C is a bounded function,

(5) flzy) = f(z)f(y) — g(x)g(y) for allz,y € G.

5. Solutions and stability of equation (1.3)

The general solution of the functional equation f(z —y) = f(x)g(y) —
g(x) f(y) is given by Aczél and Dhombres in [2, p. 217, Theorem 11] on abelian
group. Stetkeer determined in [21, Theorem 4.12] the continuous solutions of
the functional equation (1.3) on a topological group with o a continuous invo-
lutive automorphism of G.

Chung et al. [9, Theorem 2] proved the Hyers-Ulam stability of (1.3) on
an abelian 2-divisible group [9, Theorem 9]. In [7, Theorem 2.3] Chang and
Chung proved the Hyers-Ulam stability of the functional equation f(x —y) =
f(@)g(y) — g(x)f(y) on an abelian 2-divisible group. They proved the Hyers-
Ulam stability of the same equation on an abelian group [8, Theorem 2.5].

In this section we generalize the cited results by solving the functional equa-
tion (1.3) on a semigroup generated by its squares, and proving the Hyers-Ulam
stability of (1.3) on an amenable group.

5.1. Solutions of equation (1.3) on semigroup generated by its squares

In this subsection we assume that G is a semigroup generated by its squares.
By using similar computations used in the proof of Lemma 4.2 we get the
following result

Lemma 5.1. Let G be a semigroup generated by its squares. Let f,g: G — C
be a solution of the functional equation (1.3). Then

(1) foo=—f, ie., f is odd with respect to o.

(2) f(zy) = f(yz) for allz,y € S, i.e., f is central.

Theorem 5.2. The solutions f,g: G — C of the functional equation (1.3) can
be listed as follows:

(A) f =0 and g is arbitrary.

(B) f = M50 gnd g = BAERT 4 p(m—2mocr), where a,p € C are two
constants with a # 0, and m : G — C is a multiplicative function such that

moo # m-
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=ma and g=m(l+Ba) on G\ I,
f=9= on  Inm,
where B € G is a constant, m : G — C is a nonzero multiplicative function
and a : G\ I, — C is a nonzero additive function such that m oo = m and
aoo = —a.

Proof. Let f,g: G — C be a solution of the functional equation (1.3). If f =0,
then ¢ is arbitrary, and the solution occurs in (A) of Theorem 5.2. So, in what
follows we assume that f # 0. Since f is central and odd with respect to o,
then by using similar computations to the of the proof of [21, Theorem 4.12]
we get that there exists a constant 8 € C such

(5.1) 9o = Bf
and that
(5.2) f(xy) = f(2)ge(y) + ge(x) f(y), 2,y € G.

According to [12, Lemma 3.4] there exist two multiplicative functions my, ms :
G%Csuchge:w.

If my # my, then there exists a constant o € C\ {0} such that f = ™=r2,
Since gc 00 = ge and foo = —f we get that my oo —mgyoo = mo — my
and mj oo + mg oo = my + ms. It follows that meo = mjoo. So, f =

momos and g = ™4 where m := m;. Taking (5.2) into account we get

that g, = ’6(7”2_;"00) = ”(m;mw), where p = g As g = g. + g, we obtain

g = Ao 4 p(m;mw). The solution occurs in (B) of the list of Theorem 5.2.
If m; = mg, then letting m := m; we get go = m. Since f # 0 and G is
generated by its squares we deduce, from (5.2), that m # 0 and there exists a
nonzero additive function a : G \ I, — C such that f = ma on G\ I, and
f =0on I,. Hence, we get from (5.1) that g, = Bma on G\ I, and g, =0
on I,. It follows that g = m (1 + fa) on G\ I, and g = 0 on I,,,. Moreover
moo = g.oo = g =m, then 0(G\ I,,) = G\ I,,. Let z € G\ I,;, be arbitrary.
Since f oo = —f we get that m(o(z))a(o(x)) = —m(z) a(z), which implies
m(z)aoo(x)=—a(x). As m(z) # 0 we obtain a o o(x) = —a(x). We deduce
that @ o 0 = —a. The solution occurs in (C) of the list of Theorem 5.2.
Conversely, if f and g are of the forms (A)-(C) in Theorem 5.2, we check
by elementary computations that f and g satisfy the functional equation (1.3).
This completes the proof of Theorem 5.2. ]

5.2. Stability of equation (1.3) on amenable groups

Lemma 5.3. Let G be a semigroup, f,g: G — C be functions and let V be a
two-sided invariant linear space of complex-valued functions on G such that V
is o-invariant. Suppose that f and g are linearly independent modulo V. If the
function

z— f(zo(y)) — f(x)g(y) + g(x)f(y)
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belongs to V for all y € G, then

foo=f and goo=yg
or

foo=—f and g,=nf,
where v € C is a constant.

Proof. Let I be the function defined by
(5.3) F(xz,y) = f(zo(y)) — f(2)9(y) + 9(2) f (y)

for x,y € G. Using similar computations as the ones of the proof of Lemma
3.1 we prove that there exist yo € G and Mg, A7 € C such that the function
@1 defined by ¢1(z) = —Xo f(x) + M f(ayo) + g(z) for x € G, satisfies the
following functional equations

(5-4) F(z,y) + F(z,0(y)) = 2 fe(y) p1(x)

and

(5.5)  F(z,0(y) — F(z,y) = 4 f(2) go(y) + 49(x) fo(y) + 2fo(y) ¢1(2)
for all z,y € G.

If foo # —f, then f. # 0. So, there exists y; € G such that f.(y1) # 0. By
replacing y by y; in (5.4) and using the fact that the function = — F(x,y1) +
F(z,0(y1)) belongs to V we get that

(5.6) p1 € V.

Let y € G be arbitrary. Equations (5.5) and (5.6) implies that the function
x = f(x) go(y) + g(x) fo(y) belongs to V. As f and g are linearly independent
modulo V we get that g,(y) = fo(y) = 0. So, y being arbitrary, we deduce that
foo=fand goo=yg.

If foo=—f, then

F(z,0(y)) = f(zy) — f(z) gooly) —g(z) f(y)
and
F(o(z),y) = —f(zy) + f(@) 9(y) + g0 o(x) f(y)
for all x,y € G. By adding the identities above we get that
(5.7) F(z,0(y)) + F(o(z),y) =2 f(x) go(y) — 290(2) f(y)-

On the other hand f # 0, because f and g are linearly independent mod-
ulo V, so there exists zp € G such that f(z9) # 0. Moreover, the functions
x — F(x,0(20)) and x — F(x,z) belong to V. Since V is o-invariant the
function x — F(o(z), z0) belongs to V, so does the function z — F(x,0(z0)) +
F(o(z),20). By replacing y by zp in (5.7) and dividing by f(zo) we get that
there exist a constant v € C and a function h € V such that

(5.8) go=7f+h.
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Let y € G be arbitrary. Substituting (5.8) back into (5.7) we obtain
F(z,0(y)) + F(o(x),y) =2 f(@)(vf(y) + h(y)) = 2(vf(x) + h(z)) f ()
=2 f(x)h(y) — 2h(z) f(y)
for all x € G.
Since the functions z — F(z,0(y)) + F(o(x),y) and = — h(z) belong to V,
we deduce from the identity above that the function z — f(x)h(y) belongs to
V. As f ¢ V we infer that h(y) = 0. So, y being arbitrary, we deduce that

h = 0. Hence (5.8) becomes g, = ~f. This completes the proof of Lemma
5.3. (I

Lemma 5.4. Let G be a semigroup, f,g: G — C be functions and let V be a
two-sided invariant linear space of complex-valued functions on G such that V
is o-invariant. If the function

z— f(zo(y)) — f(x)g(y) +g(z) f(y)

belongs to V for all y € G, then we have one of the following possibilities:

(1) f =0 and g is arbitrary,

(2) f,geV,

(3) f €V, g€V and g is multiplicative,

4) f¢V,g¢V and g =19 f+m, where d € C\{0} is a constant and m € V
is a multiplicative function,

(5) f(za(y)) = f(z)g(y) — g(x)f(y) for all z,y € G,

(6) F(z,0(y)) + F(y,0(z)) = f(zy) + f(yz) for all z,y € G, where F is the
function defined in (5.3).

Proof. We use a similar computation as the one of the proof of [24, Lemma
2.1]. Let F be the function defined in (5.3). We split the discussion into the
cases of f and g are linearly independent modulo V, or f and g are linearly
dependent modulo V.

Case 1: f and g are linearly independent modulo V. Then, according to Lemma
5.3, we have one of the following subcases:

Subcase 1.1: foo = —f and g, = v f, where v € C is a constant.

Since f and g are linearly independent modulo V, then f # 0. So, there exists
Yo € G such that f(yog) # 0. Let z,y,z € G. By similar computation as the
one of the proof of equations (3.2) and (3.6) (See the proof of Lemma 3.1) we
prove that there exist two constants Ag, A1 € C such that

(5.9) g(x) = Xo f(z) = A1 f(za(yo)) + M1 F(z,90),
(5.10) f(yz) = f(y)g(z) — Ao f(y) f(2) + A1 flyyo) f(2)
and

(5.11) 9(yz) = 9(x)g9(2) = Ao g()f(2) + M1 g(yyo) f(2).

By replacing = by o(y) in (5.9) and using that f oo = —f we get that
9(a(y)) = o f(y) + M f(yyo) + M F(o(y), o)
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so that

9(a(y)) = M F(a(y),y0) = o f(y) + A1 f(yyo)-
Substituting this back into (5.10) we obtain

(5.12) fyz) = f(y)g(2) + g(o(y)) f(2) — M F(o(y),y0) f(2).

Moreover, from (5.3) we have

flyo(2)) = f(y)g(2) — g(W) f(2) + F(y, 2).
By replacing y by o(y) in the identity above and using that f oo = —f we get

(5.13) fyz) = f(y)g(2) + 9(o(y))f(2) — F(o(y), 2)-
From (5.12) and (5.13) we deduce that
(5.14) F(y,z) =M F(y,y0)f(2)

for all y, z € G.
By applying (5.10) to the pair (o(x),y) and using that foo = —f we get
that

flxa(y)) = f(@)g(y) — Ao f(2)f(y) + A1 f (2o (yo)) f(y)
= f(@)g(y) — FW)[Xo f(x) — A1 f(zo(yo))]-
Moreover, the identity (5.9) implies Ao f(x)— A1 f(zo(yo)) = g(z)— A1 F(x,yo).
Hence,
(5.15) F(o(y)) = F@)gly) — FWlale) — M F(z,0))

Computing f(xzo(y)o(z)) first as f((xo(y))o(z)) and then as f(xo(yz)), by
using (5.15) and a computation adapted to that of the proof of [24, Lemma
2.1], we derive

(@) f(y) + M F(zo(y), yo)

(5.16) =M F(o(y),50)9(x) + M F(x,90)9(0(y)) — AT F(z,50) F(y,%0)
f(@)d(y),

where

Y(z) := Ao g(@) — A1 g(zyo)
for all x € G.
By interchanging = and y in (5.16) we get

—Y(y) f(x) + M F(yo(x),yo)
(5.17) =X F(o(2),50)9(y) + M\ F(y,y0)g(o(x)) — AT F(z, 40) F (y, o)
— f(W)y(2).
By adding (5. 16) and (5.17) we obtain
M [F(zo(y),y0) + F(yo (), yo)]
(5.18) =M F(a(y),y0)g(z) + 1 F(y,y0)9(c(x)) + M\ F(z,90)9(c(y))
+ M1 F(o(2),50)9(y) — 227 F(x,40) F (4, yo)
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Let y € G be arbitrary. Since V a two-sided invariant and o-invariant linear
space of complex-valued functions on G, and the function x — F(z,yo) belongs
to V by assumption, we derive that the functions z — F(xo(y),y0), © —
F(yo(z),y0) and  — F(o(x),yo) belong to V. So, taking (5.18) into account,
the function = — A F(o(y),y0)g9(x) + A1 F(y,y0)g o o(x) belongs to V. As
go = v [ we get that goo = g — 2~ f. It follows that the function = —
M [F(o(y),v0) + Fy,y0)]g(x) + 27 A1 F(y,y0)f(z) belongs to V. Since f and
g are linearly independent modulo V and y being arbitrary, we obtain

(5.19) YA F(y,y0) =0

for all y € G.

If v # 0, then we get, from (5.19), that A; F(y,yo) = 0. It follows, from
(5.14), that F(y,z) =0 for all y, z € G. Hence, f(zo(y)) = f(x)g(y) —g(x)f(y)
for all z,y € G. The result occurs in (5) of Lemma 5.4.

If v = 0, then gy = 0, which implies that goo = g. So, F(z,0(y)) =
flxy) — f(x)g(y) — g(x) f(y) for all z,y € G. Hence, the function z — f(xy) —
f(z)g(y)—g(z) f(y) belongs to V for each fixed y in G. According to [24, Lemma
2.1] we get that

flay) = f(@)g(y) + g9(2) f(y)
for all z,y € G. By applying this functional equation to the pair (z,o(y)) we
get that
flxo(y)) = f(x)g(y) — 9(x) f(y)

for all z,y € G. The result occurs in (5) of Lemma 5.4.
Subcase 1.2: foo = fand goo = g. Let x,y € G. By applying (5.3) to the
pairs (y,o(x)) and (o(x),y) we obtain respectively

Fly,o(x)) = f(yz) — f(y)g(x) + g(y) f(x)
and

F(o(z),y) = f(zy) — f(@)g(y) + 9(x) f(y).
By adding the last identities we get that

Flo(x),y) + F(y,0(x)) = f(zy) + f(yx)
for all z,y € G, which occurs in (6) of Lemma 5.4.
Case 2: f and g are linearly dependent modulo V. Then, there exist two
constants p, v € C, not both zero, and a function h € V such that pu f+v g = h.

If f =0, then g is arbitrary. This is (1) of Lemma 5.4.

IffégVandgéeV, then p # 0and v # 0. So g = 6 f + [, where
§:=—L e C\ {0} is a constant and [ := —1 h € V. Hence,

Fz,0(y)) = f(zy) = f(@)[0 f(o(y) + 1o (y)] + [0 f(x) + ()] f(a(y))
= fzy) = f(@)loa(y) +U(z)f(a(y))

for all x,y € G. Let y € G be arbitrary. Since the functions = — F(x,0(y))
and z — l(z) f(o(y)) belong to V so does the function z — f(zy) — f(x)loo(y).
As f €V we derive, according to [22, Theorem], that [ o o is a multiplicative
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function, so is . Hence g = § f + m, where m € V is multiplicative. The result
occurs in (4) of Lemma 5.4.

If f eV and f # 0, then the function x — g(z)f(y) belongs to V for all
y € G, because the functions = — F(z,y) and  — f(x)g(y) belong also to V.
As f # 0 we derive that g € V. So we obtain the result (2) of Lemma 5.4.

If ge Vand f € V. Let y be arbitrary. We have f(zy) — f(x)goo(y) =
F(z,0(y))—g(x)f(o(y)) for all z € G. Since the functions z — F(x,0(y)) and
x> g(x)f(o(y)) belong to V so does the function x — f(xy)— f(x)goo(y). As
f €V we get, according to [22, Theorem]|, that ¢ is a multiplicative function.
The result occurs in (3) of Lemma 5.4. This completes the proof of Lemma
5.4. ]

Theorem 5.5. Let G be an amenable group, o : G — G be an involutive
automorphism and let f,g: G — C be functions. The function

(z,y) = f(xa(y)) — f(x)g(y) + g(x) f(y)

is bounded if and only if one of the following assertions holds:

(1) f =0 and g is arbitrary,

(2) f,9 € B(G),

(3) f € B(G), g€ B(GQ), and f =am+b and g = (14 da)m + 0 b, where
0 € C is a constant, b : G — C is a bounded function, a : G — C is nonzero
additive function and m : G — C is a nonzero bounded multiplicative function
such that moo =m and aoo = —a,

(4) f(za(y)) = f(x)g(y) — g9(x) f(y) for all z,y € G.

Proof. First we prove the necessity. Let F' be the function defined in (5.3).
Since F' is bounded, then the function

z— f(za(y)) — f(x)g(y) + g(x) f(y)

belongs to B(G) for every y € G. Notice that B(G) is a two-sided invariant
and o-invariant linear space of complex-valued functions on G. According to
Lemma 5.4 we have one of the following possibilities:

(1) f =0 and g is arbitrary, which occurs in (1) of Theorem 5.5.

(2) f,g9 € B(G), the result occurs in (2) of Theorem 5.5.

(3) g € B(G) and g is multiplicative. Let m := g. If m = 0, then F(z,y) =
f(zo(y)) for all z,y € G. Since F is bounded so is f. The result occurs in (2)
of Theorem 5.5.

Suppose that m # 0. Let x,y € G, we have

(5.20) F(x,0(y)) = f(zy) — f(x)moo(y) + m(x)foo(y)
and
(5.21) F(o(x),y) = foa(vy) — fooa(z)m(y) +moa(z)f(y).

We discuss two cases: m oo =m, and mo o # m.
Case 1: m oo = m, then by adding the equations (5.20) and (5.21) we get

H(z,y) = fe(zy) = fe(x)m(y) + m(z)fe(y),
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where H(x,y) := %[F(U(l‘), y) + F(z,0(y))]. So,

H(l‘,y) + H(yw) = fe(wy) + fe(yx)'

Let e be the identity element of the group G. By putting y = e in the identity
above we get that

(522) ole) = S H(z,e) + Hie,x)

for all z € G.

Since the function F is bounded so is the function z — 1[H (z,e)+ H (e, z)].
Hence, we deduce from (5.22) that
(5.23) fe € B(G).

On the other hand, by subtracting (5.20) from (5.21) and taking into account
that m o 0 = m, we get that

F(:E, G(y)) - F(O’(.’E),y) = 2fo(xy) - fo(z)m(y) - m(x)fo(y)
Since m is a nonzero multiplicative function on the group G we get that m(z) #

0 and m(z~1) = (m(z))~?! for all z € G. Hence, multiplying the last equation
by $m((zy)~'), we get that

1 _
5 F (@ o) = Flo(@), y)m((zy) )

= folzy)(m(zy)) ™" = fola)(m(z))™" = foly)(m(y)) "

Since the functions F' and m are bounded so are the right hand sides of the
identity above as a function in (x,y). As G is an amenable group we get,
according to Hyers’s theorem [23, Theorem 3.1], that there exist an additive
function a : G — C and a function b; € B(G) such that f,(x)m(z)~ —a(z) =
b1 (z) for all x € G. Hence,
(5.24) fo=(a+by)m.

We derive from (5.23) and (5.24) that f = am + b, where b := f. + bym is a
bounded function.

On the other hand, using that f = am + b, ¢ = m, a is additive, m is
multiplicative and m o o = m, we obtain from (5.3) that

F(z,y) = a(za(y))m(zo(y)) + b(zo(y)) — la(z)m(z) + b(z)]m(y)
+ [a(y)m(y) + b(y)m(z)
= [a(z) + aoo(y)m(zy) — a(z)m(zy) + a(y)m(zy) — b(x)m(y)
+ b(y)m(z) + b(xo(y))
= [aoo(y) + aly)m(zy) — b(z)m(y) + b(y)m(z) + b(zo(y))

for all z,y € G. As m is a nonzero multiplicative function on the group G we
get that m(x) # 0 and m(z~!) = (m(z))~?! for all € G. So,

F(x,y)m((zy)~") = aoo(y) + aly) — b(x)m(z~") + bly)m(y~")

Y)
Y)
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+b(xo(y))m((zy) ™).

Let € G be fixed. Since the functions y — F(z,y), y — m((zy)~!) and b
belong to B(G) so does the function y — a o o(y) + a(y). Since ao o + a is
additive we get, according to [21, Exercise 2.5(a)], that a o 0 = —a. The result
occurs in (3) of Theorem 5.5.

Case 2: mo o # m. Since m # 0 we have m(e) = 1. Hence,

Fle,y) = fooly) — f(e)m(y) + fy) = 2 fe(y) — f(e)m(y)

for all y € G. Since the functions y — F(e,y), y — f(e)m(y) belong to B(G)
we get that

(5.25) fe € B(G).
On the other hand, by subtracting (5.20) from (5.21) we obtain

F(z,0(y)) — F(o(z),y)
=2 fo(xy) — fx)moo(y) +m(z)fooly) + foo(x)m(y) —mooa(x)f(y)

for all =,y € G. Notice that f = fo + fo, foo = fo — fo, m = me + m, and
moo =me—m,. So,we have

S P, 0(9) = Flo@), )

= fo(zy) = fo(x)me(y) + mo(x) fe(y) — me(z) fo(y) + fe(x)me(y)

for all z,y € G. Let y € G be arbitrary. Since the functions x — F(z,o(y)),
x = Fo(z),y), z = me(x) fe(y), = me(z) foly) and & — fo(x)m.(y) belong
to B(G) so does the function = — f,(zy) — fo(x)me(y). As B(G) is a two-
sided invariant linear space of complex-valued functions on G and m. is not
multiplicative, because moo # m, we deduce, according to [22, Theorem], that

(5.26) fo € B(G).

We deduce from (5.23) and (5.24) that f € B(G). The result occurs in (2) of
Theorem 5.5.
4) f € B(G), g € B(G) and g = 6 f + m, where § € C\{0} is a constant

and m € B(G) is a multiplicative function. Then

F(z,y) = f(zo(y)) — f(@)[0 f(y) + m(y)] + ()]0 f(z) + m(z)]
= f(za(y)) = f@)m(y) + m(z)f(y)
for all z,y € G. So we go back to (3) (see page 21).

If m =0, then g = ¢ f. Hence, F(z,y) = f(zo(y)) for all z,y € G. Sine the
function (z,y) — F(z,y) is bounded so are f and g, which contradicts that
f ¢ B(G) and g & B(G).

If m # 0, then, proceeding exactly as in (3) (see page 21), and seeing
that f & B(G) and g ¢ B(G) we prove that there exist an additive function
a: G — C and a function b € B(G) such that f =am+b, g=(1+da)m+4b,
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moo =m and a oo = —a. Moreover a is nonzero because f ¢ B(G). The
result occurs in (3) of Theorem 5.5.

(5) f(zo(y)) = f(x)g(y) — g(z)f(y) for all z,y € G, which is the assertion
(4) of Theorem 5.5.

(6) F(z,0(y)) + F(y,o(z)) = f(zy) + f(yx) for all z,y € G. If f =0, then
the functional equation (1.3) is satisfied, which corresponds to (4) of Theorem
5.5. In what follows we assume that f # 0. By putting y = e in the identity
above we get

Fl,e) + Fle,o(x)) =2 f(2)
for all x € G. Since the functions z — F(x,¢) and x — F(e, x) belong to B(G)
and B(G) is o-invariant, we get that f € B(G). So, we get from the identity

F(z,y) = f(xa(y)) — f(x)g9(y) + 9(z) f(y),

that g € B(G). The result occurs in (2) of Theorem 5.5.
Conversely, we check by elementary computations that if one of the asser-
tions (1)-(4) in Theorem 5.5 is satisfied, then the function

(@,y) = f(zo(y)) — f(@)g(y) + 9(x) f(y)
is bounded. This completes the proof of Theorem 5.5. O
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