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REPRESENTATIONS BY QUATERNARY QUADRATIC
FORMS WITH COEFFICIENTS 1, 2, 5 OR 10

AYSE ALACA AND MADA ALTIARY

ABSTRACT. We determine explicit formulas for the number of represen-
tations of a positive integer n by quaternary quadratic forms with coeffi-
cients 1, 2, 5 or 10. We use a modular forms approach.

1. Introduction

Let N, Np, Z and C denote the sets of positive integers, nonnegative integers,
integers and complex numbers, respectively. For n € N we set o(n) =}, d,
where d runs through the positive divisors of n. If n ¢ N we set o(n) = 0. For
ai,as,as,aq € N, and n € Ny we define

N(ala a2, a3, a4; TL)
:= card{(x1,z2,x3,24) € 72 | n = a12? + apal + aga:% + a4xi}.
It is a classical result of Jacobi [7,21] that
N(1,1,1,1;n) = 8a(n) — 320(n/4).
Formulas for N(a,as, a3, aq;n) for the quaternary quadratic forms
(ala az,as, a4) = (17 1,1, 2)a (17 1,2, 2)a (17 2,2, 2)7 (17 1,1, 5)’ (17 1,5, 5)7 (17 9,9, 5)
are in the literature, see for example [1-3,9,12-17,20].

There are twenty-six quaternary quadratic forms a;x? + a2x3 + azz? + as23,
where a1, as,as,a4 € {1,2,5,10}, a1 < as < a3z < a4 and ged(ay, az,az,aq) =1
(see Table 2.1). In this paper, we determine an explicit formula for N (a1, aq,
as,aq;n) for each of these quaternary forms in a uniform manner. We use a

modular forms approach.
For ¢ € C with |¢g| < 1, Ramanujan’s theta function ¢(q) is defined by

plo)=Y ¢

n=—oo
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2 A. ALACA AND M. ALTIARY

For aq,as,as3,as € N we have

(1.1) > N(ar,az, a3, a23n)q" = 9(¢™)e(q") (") (™).

n=1

The Dedekind eta function 7(z) is the holomorphic function defined on the
upper half plane H = {z € C | Im(z) > 0} by

n(z) _ e‘n’iz/l? H(l _ e27rinz).
n=1

Throughout the remainder of the paper we take q = ¢(2) := €2™* with 2z € H.
Thus we can express 7(z) as

oo
(1.2) n(z) =g TJ-q").
n=1
An eta quotient is defined to be a finite product of the form

fz) =]In"62),
5

where § runs through a finite set of positive integers and the exponents rs are
non-zero integers. It is known (see for example [5, Corollary 1.3.4]) that

n°(22)
n?(z)n?(4z)”

2. Modular spaces M>(T'((40), x;) with ¢ € {0,1,2,3}

(1.3) o(q) =

For n € N and Dirichlet characters x and ¢ we define oy (n) by

(2.1) ovp(n) =Y p(m)x(n/m)m.

1<m|n

If n ¢ N we set oy,4(n) = 0. Let xo denote the trivial character, that is
Xo(n) = 1 for all n € Z. Hence oy, y,(n) coincides with the sum of divisors
function o(n). Let N € N. The modular subgroup I'g(V) is defined by

Ty(N) = {( Z 2 ) ‘ a,b,c,d €Z, ad—bc=1, ¢ =0(mod N)}
Let x be a Dirichlet character of modulus dividing N and let k£ € Z. We
write My(Io(N), x) to denote the space of modular forms of weight k with
multiplier system y for I'o(N), and Ex(To(N), x) and Sx(To(N), x) to denote
the subspaces of Eisenstein forms and cusp forms of My, (I'y(V), x), respectively.
If x = xo, then we write My (To(N)) for Mi(To(N),xo0), and Sk(To(N)) for
Sk(To(N), x0)- It is known (see for example [19, p. 83]) that

(2.2) My(To(N), x) = Ex(To(N), x) © Sk(To(N), x)-
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For n € Z we define three Dirichlet characters by
5 8 40
23 = (7) em = (3) o = ()
(23) xam = (2), et = (2), xm = (5

We define the Eisenstein series

(24) L) = Bxoala) =~ + D o(n)a”

n=1
(2.5) Evopa (@) = _% + Z Txoxa (M) By ixo( Z Txi,xo )
(2.6) Evoa (@) = =5 "‘ Z Txovx2 (M) Exaxo Z Txaxo (M),
(2.7) Evoxs(@) = =T+ Z Txoixa (M) Exaxo Z Txaixo (M)

8”

(2.8) By Z Ox1x2 (NG, Evaxa () = Z Oxapa ()"

n=1
We use the following lemma to determine if certain eta quotients are modular

forms. See [6, p. 174], [10, Corollary 2.3, p. 37|, [8, Theorem 5.7, p. 101], [11]
and [18, Theorem 1.64].

Lemma 2.1 (Ligozat). Let N € N and f(z) = [[;<5nn"(02) be an eta
quotient. Lets = H1§5|N Slmsl and k = 3 Zl§5|N rs. Suppose that the following
conditions are satisfied:

(L1) >oi<5n 675 =0(mod 24),

(L2) X<y & 75 = 0(mod 24),

L3) Xi<sn w > 0 for each positive divisor d of N,

(L4) k is an integer.
Then f(z) € My(To(N), x), where the character x is given by x(m) = (%)

(L3)" In addition to the above conditions, if the inequality in (L3) is strict
for each positive divisor d of N, then f(z) € Sp(To(N), x)-

In Table 2.1, we group our twenty-six quaternary forms (ai,as,as,a4) ac-
cording to modular spaces M (T'0(40), x) to which (g% ) (g*?)e(q*®)p(q*)
belong.

Formulas N (a1, az, as, as;n) for the forms with a checkmark (v') in Table 2.1
are known. Of the remaining nineteen forms, four are universal and identified
with an asterisk ().

We deduce from [19, Sec. 6.1, p. 93] that

(2.9) dim(E»(T'9(40))) = 7, dim(S(To(40))) = 3.
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Table 2.1
M3 (T'g(40)) | Ma(T0(40), x1) | M2(T'0(40), x2) | M2(I'9(40), x3)
1,1,1,0)v | (1,1,1,5)V 1,1,1,2)v (1,1,1,10)
(1,1,2,2)v | (1,1,2,10)% (1,1,5,10) (1,1,2,5)%
(1,1,5,5)v" | (1,2,2,5)« (1,2,2,2)v (1,2,2,10)
(1,1,10,10) | (1,5,5,5)v (1,2,5,5) (1,5,5,10)
(1,2,5,10)% | (1,5,10,10) (1,2,10, 10) (1,10, 10, 10)
(2,2,5,5) | (2,5,5,10) (2,2,5,10) (2,2,2,5)
(2’ 5’ 57 5)
(2,5, 10, 10)
We also deduce from [19, Sec. 6.3, p. 98] that
(210) dlm( Q(F()( ) 1)) = 8, dlm(SQ(F0(4O), X1 ) = 2,
(2.11) dim(E5(I'o(40), x2)) = 4, dim(S2(I'0(40), x2)) = 4,
(2.12) dim(FE2(T(40), x3)) = 4, dim(S2(T¢(40), x3)) = 4
Theorem 2.1. Let x1, X2, X3 be as in (2.3). If (a1,a2,a3,a4) is in the first,

second, third or fourth column of Table 2.1, then

e(q™)e(q*)e(q")e(q™) € Ma(T'o(40)),
e(q*)e(q™)p(q®)e(q*) € M(I'o(40), x1),
e(a™)p(a*)e(q”) (™) € M2(T'o(40), x2),
e(a™)p(a*)e(q”) (™) € Ma(T'o(40), x3),

respectively.

Proof. The assertion directly follows from (1.3) and Lemma 2.1. O

Let n € N. We define the eta quotients Ax(q), Bk(q), Cr(q), Dr(q) and
integers ax(n), bg(n), cx(n), dp(n) as follows:

(2.13) Ay (q) = Z ar(n)q" = 1°(22)n*(102),
(2.14) As(q) Z 72 (42)1%(202),
A n _ 1°(42)n(102)7%(40z)
(2.15) A3(q) = Z ax(mg" = e o m207)
N () = 122)nt(202)
(2.16) Bi(g) = bi(n)q" = n(102)
- i* (42)n(10z)

(2.17) Byfg) = 3 ba(m)g” = T
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(2.18) Ci(q) = i ci(n)q" = n? (2)n(82)n*(102)n(402)

P 1(22)n(202) ’
(2.19) Ca(q) = ni c2(n)q" = n(z)n(;(z):;(félz()):)?@()"«“),
(2.20) Cs(q) = ni c3(n)q" = T’Zgiiizgggzzzﬁgf)

o0 642
(2.21) Calg) =D ealn)g" = 22%322523%33

(2.22) Di(q) = i dy(n)g" = n(z 776(42:)77(202:)7

n=1 773(22)772(82)
(2.23) Ds(q) = ;d2(n)qn - 772(52)77(8;()2770(21)()Z)n(40z)7
= L n(2)n(52)n(202)n% (402
(2.24) Ds(q) = ;ds(n)q _ n(z)n( 7)77()§OZ))T) ( )7
- " 2)n(42)n(52)n%(8z
(2.25) Da(q) = nz::ld4(n)q _ n(z)n( 77)(772(2) )n*(82)
Theorem 2.2. Let X1, X2, x3 be as in (2.3). Then
{A1(q), A2(q), As(9)}, {Bi(q), B2(q)},

{Cl(Q)v CQ(Q)? CB(Q)a C4(Q)}v {Dl(Q)a D2(q)7 D3(q)7 D4(q)}

are bases for Sa(I'0(40)), S2(T'0(40), x1), S2(I'0(40), x2) and S2(I'9(40), x3),
respectively.

Proof. The set {A1(q), A2(q), A3(q)} is linearly independent over C. By Lemma
2.1, we have Ay(q) € S2(I'0(40)) for k = 1,2,3. The assertion now follows from
(2.9). Similarly, the remaining three assertions follow from (2.10), (2.11), (2.12)
and Lemma 2.1. O

Theorem 2.3. Let xo be the trivial character and x1,x2, X3 be as in (2.3).
Then

{L(q) —tL(q") | t = 2,4,5,8,10, 20,40},

{Exoxa (@) Exixo(d) [t =1,2,4,8},

{Exox2(d"): Exaxo(d') [ £ = 1,5},

{Exo.xs (0)s Exi x2(0)s B 31 (0, Exs x0 (0}

are bases for E2(I'9(40)), Ea(I'0(40),x1), E2(I'0(40),x2) and E2(I'o(40), x3),
respectively.
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Proof. The assertions follow from [19, Theorem 5.9] with x = ¢ = xo; € =

x1 and x,9 € {xo.x1}; € = x2 and x,¥ € {xo0,Xx2}; € = x3 and x,¢ €
{X07X17X27X3}7 respectively. O

Theorem 2.4. Let xo be the trivial character and x1,x2, X3 be as in (2.3).
Then

{L(q) —tL(¢") | t = 2,4,5,8,10,20,40} U {A;(q), A2(q), A3(q)},
{Exoxi(4), Bxixo (@) [ £ =1,2,4,8} U {Bi(q), B2(q)},
{Exox(@"): Exaxo(d) [t = 1,5y U{Ck(q) | k =1,2,3,4},

{EXme 0), Exy x (q>7EX2,X1(Q)aEX3,Xo (@)} U{Dr(q) | k=1,2,3,4}

are bases for M>(Ty(40)), M2(T(40), x1), M2(T0(40), x2), M2(Ty(40), x3), re-
spectively.

Proof. The assertions follow from (2.2), Theorems 2.2 and 2.3. O

We now give four theorems (Theorems 2.5-2.8) from which the theorems of
Section 3 (Theorems 3.1-3.4) follow.

Theorem 2.5. We have
©*(q) = 8L(q) — 32L(q"),
¢*(9)*(4*) = 4L(q) — 4L(¢*) + 8L(q") — 32L(¢"),

P (@) = 510 ~ 5 L) + 3 L")~ SLE) + 5 ifa),
P()¢*(a") = SLa) - L) + 5 Ta") + S L&) ~ 5 L)
- 1gOL(qm) + ?L(qzo) - %L(q@) + %OAl(q)

8
+ §A2(Q) + 4A3(q),

o(@)e(d®)e(q®) (") = L(q) — L(¢*) — 2L(¢*) — 5L(¢") + 8L(¢®)
+5L(¢"%) + 10L(¢*°) — 40L(¢*) + A1(q) + 245(q),

PP)PE) = 21a) ~ L) + 5 L) + F L) ~ L)
- 1goL(qm) + ?L(q%) - ?L(qm) - §A1(q)

+542(0) — 444(0)

Proof. Let (a1, a2, a3, aq) be any of the quaternary quadratic forms listed in the
first column of Table 2.1. By Theorem 2.1 we have ¢ (g™ )o(q*2)p(q*®)p(q™) €
M5(T'0(40)). By Theorem 2.4, ©(q* )¢ (q*?)p(q*®)p(g*) must be a linear com-
bination of L(q) — tL(q") (t = 2,4,5,8,10,20,40) and Ax(q) (k € {1,2,3}),
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namely

(g (g™ )e(a*)e(g™)
= x1(L(q) — 2L(¢%)) + z2(L(q) — 4L(¢"))
+x3(L(g) — 5L(¢°)) + z4(L(q) — 8L(g"))
(226) +x5(L(q) — 10L(¢"")) + z6(L(q) — 20L(¢g™"))
+27(L(q) — 40L(¢")) + y141(q) + y2A2(q) + y3As(q).

We only prove the last equation in the theorem as the others can be proven
similarly. Let (a1, as2,a3,a4) = (2,2,5,5). Appealing to [8, Theorem 3.13],
we find that the Sturm bound for the modular space Ms(T'((40)) is 12. So,
equating the coefficients of ¢" for 0 < n < 12 on both sides of (2.26), we find
a system of linear equations with the unknowns z; (1 <4 <7), y1, y2 and ys.
Using MAPLE we solve the system and find that

1 1 2 2 8
TI=T5 =3, Tp=T6="5, T3=Y1= "5, 4 =T7=73, 2 =3, ys = —4.
Substituting these values back in (2.26), and with the obvious simplifications,
we find the asserted equation. [l

Corollary 2.1. Let n € N. We have
N(1,1,10,10;n) = N(2,2,5,5;n) if n = 0 (mod 2).
Proof. From Theorem 2.5, we have
(2.27) ¢*(@)9*(a") = ¢* ()¢ (¢°) = 441 (q) + 8A3(q).
It is clear from (1.2), (2.13) and (2.15) that
(2.28) a1(n) = az(n) =0 if n =0 (mod 2).
The assertion now follows from (1.1), (2.27) and (2.28). O

Similarly to Theorem 2.5, Theorems 2.6-2.8 follow from Theorems 2.1 and
2.4.

Theorem 2.6. Let xo be the trivial character and x1 be as in (2.3). Then

Sﬁg(q)sﬁ(qs) = EX07X1 (q) - ZEXOaXl (q2) - 4EX07X1 (q4) + 5EX17X0 (Q)
+ 10EX17X0 (q2) - 20EX17X0 (q4)a

1 1
902((])90((]2)90(5110) = - §EX0,X1 (q) + iEXO-,Xl (q2) - EX07X1 ((]4)
5 5
- 4EX0,X1(Q8) + §EX1,X0 (q) + §EX11X0 (q2)
+ 5EX1,X0 (q4) - 20EX17X0 (qg) + 232((]),
1

@) (@)06") = 5 Erom (@)~ 5 From (22) ~ Exoa (4
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5 5
- 4EX0,X1((18) + §EX1,><0 (q) + §EX11X0 (q2)

- 5EX1,X0 (q4) + 2OEXhXo (q8) + 531((]) - B2(q)u
P09 (4°) = Exox (@) = 2By 5, (67) = 4By x, (6%) + By xo (0)
+2EX1,X0( ) 4EX1 Xo( )7

1 1
<p(q)<p(q5)<p2(q10) = 7EX0,X1 (q) - 7EX07X1 (q2) - EX07X1 (q4)
2

2
8 1 1 2
- 4EX07X1 (q ) + §EX17X0 (q) + §EX11X0(q )

- EX17X0 (q4) + 4EX1 Xo( 8) - Bl(Q) + Bz(q),

1
<P(q2)902(q5)§0(q10) = - §EX0;X1(q) + 2EXOyX1( ) Exox: (q4)

1
- 4EXO;X1 (qS) + §EX17X0 (Q) + 2EX1,X0( )

+ EXl,Xo (q4) - 4EX1,X0 (qS) — 2B, (q)
Theorem 2.7. Let xo be the trivial character and x2 be as in (2.3). Then
P@)e(q) = — 2By x(2) +8Bax0(0):

2
?*(@)2(@)9(a") = 15 (2x0 x2(2) = 15Bx0,x:(0") + 8Fx 0 (9)

60y, 00 (6)) + 15 (6C1(0) — 4Cs(q) ~ 3Cs(a)

+4Cy(q)),
@(Q)‘ps((f) = = 2EX07X2( )+4EX2,X0( )
PAP)P) = 15— BBy na0) ~ 10y (6°) + 12y (0)
O B €)=~ 205(a) — 5C3(a) + Ca(a).
Pa)pla)*(0") = = (~ 3rua(@) =~ 10By0(6%) + 6o (@)

A B nal@) + 5 (201(a) — 205(a) + 5Ca(a).
PP)Pla")0(0) = 15 (2Froa(a) ~ 15y (6”) + 1By 4)

4 30B,, 00(¢7)) + —(— 4C1(q) + 12Ca(q) + 8Cs(q)

13
—3C4(q)).

Theorem 2.8. Let xo be the trivial character and x1,x2,x3 be as in (2.3).
Then

= (= Exoixs (@) = 5By, 5o (@) + 4By, v, (@) + 20Ey, (1))

)=

©*(q)plq
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+2(~8Du(0) +15Da(a) ~ 15D3(0) + 9D4(a)).

¢ (9)e(a*)p(q”) = %( — Eyoixa (9) + 5By, 32 (0) = 4B, 30 (0) + 20Ey, 1, (0))
+ %( — D1(q) +2D4(q)),

p(@)¢*(@*)e(e") ;( — Eyoixa (9) = 5Ex, 32 (9) + 2B 3, (9) + 10Ey, 5, (0))
+ 2(D1(@) + 5Dala) + 5D5(a) + Da(a)).

@) ()P(0) = 2 (~ Brora(@) ~ Fra xa 0) +4Bxix (0) + 4By 0, )
+ g(Dz(q) — D3(q) + Da(q)),

P(@9* (@) = = = (Brona(@) + Byyos (0) = 2By, (@) = 2By, 110 (0))

EN|

+ g(Dz(q) + Ds(q) + Da(9)),

1
803(‘12)S0(q5) = ?( — Exoxs (q) + 5By, x» (q) — 2Ey, xa (q) + 10Ey; xo (q)

—12D1(q)),
AP ) = 2 (~ Bronal@) + Byins (0) = 1By (@) + 1By 0(0)
~ 2 (Dilg) + Dala) + 3Ds(a) — Da(a)).

( — Eyoxs (q) + Exy xs (¢) — 2By, x1 (q) + 2By, xo (Q))

(= D1(g) + D2(q) — 3Ds(q) + Da(q)).

S
—~
S
S—
S
—
S
(o33
S~—
AN
()
—~
S
-
S
—
|
| =

+
RIS

3. Main results

Theorem 3.1. Let n € N. We have

N(1,1,5,5m) = 50(n) — 5 o(n/4) + Fa(n/5) = Lo(n/20) + zar(n),
N(1,1,10,10;n) = 2o(n >—Zo<n/2>+§ (n/4) + o (n/3) —~ Foln/s)
10 20 80 10
~ Da(n10) + Zon/20) - Do(n/10) + Harn)

37
8
+ gag(n) + 4az(n),

N(1,2,5,10;n) = o(n) — o(n/2) — 20(n/4) — 50(n/5) + 8a(n/8)
+ 50(n/10) + 100(n/20) — 400 (n/40) + a1(n) + 2a3(n),
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N(2,2,5,5;n) = ga(n) - %a(n/?) + ga(n/él) + ?J(n/f)) - ?U(H/S)
— ?o(n/lO) + ?a(n/?O) — ?J(n/m) 2

— gal(n)
+ gag(n) —4as(n).

Proof. The assertions follow from (1.1), (2.4) and Theorem 2.5.

O
Theorem 3.2. Let n € N. Let oy, \,(n) be as in (2.1) fori,j € {0,1}. We
have

N1 1,1,5:n) = 0xp,x, (1) = 20x,x: (7/2) = 40y, x, (n/4)

+ 50y, o (n) + 100y, 1o (n/2) — 200y, v, (n/4),
1
N(1,1,2,10;n) =

1
20-X07X1 (TL) + §O'X07X1 (n/Q) ~ Oxo,x1 (Tl/4)

5 5
- 4GX07X1 (n/8) + §UX1,X0 (TL) + §UX17X0 (n/2)

+ 50)(17)(0 (n/4) - 200X1,X0 (n/8) + 2b2 (n)7
1
N(1,2,2,5;n) =

QO—XOqu (n) - §0X0,X1 (n/2) ~ Oxo,x1 (n/4) - 4UX07X1 (n/8)
5 5
+ gaxmm (n) + §O—X17X0 (1/2) — 50y, x0(1/4)

+ 200—X1»X0 (n/8) + 5b; (n) — by (n)a
N(l, 9,9,9; n) = Oxo,x1 (n) — 20301 (n/2) - 4UX0,X1 (n/4)
+ Ox1,Xx0 (n) + 2UX1,X0 (n/2) - 4UX17X0 (n/4)’
1
N(lv 57 107 10; n) = 5%xo0.x1 (TL) - §UX07X1 (TL/2) ~ Oxo,x1 (n/4) - 40—X0,X1 (n/8)
1 1
+ §O—X17X0 (n) + §UX17X0 (n/Q) ~ Ox1,x0 (n/4)
+ 40y, %0 (n/8) —b (n) + b2 (n),
1
N(27 57 5a 107 n) = - 50-)(07)(1 (n) + EUX07X1 (n/Q) ~ Oxo0,x1 (n/4)
1 1
. 40-X07X1 (n/S) + §UX1yX0 (’I’L) + §O-X17X0 (n/2)
+ 0x1,x0 (M/4) = 40y, 3o (n/8) — 2b1(n).
Proof. The assertions follow from (1.1), (2.5) and Theorem 2.6. O
Theorem 3.3. Letn € N. Let oy, y,(n) be as in (2.1) for i,j € {0,2}. Then
N(lv 1,1,2 n) 2 2UX0,X2 (n) + 80X2,Xo(n)7
2
N(l, 1a 5a 10; n) = 73 (20X07X2 (TL) - 150X07X2 (n/5) + 80X2,X0 (TL)
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+ 600y5,x0 (n/5)) + Ll (6¢1(n) — 4cz(n) — 3cs(n)

13
+ 464(71)),
N(l’ 2,2,2; n) - - 20—X07X2 (n) + 4UX27X0 (n)v
2
N(l, 27 5a 5; n) = - ﬁ(3UXO,X2 (n) + 1OUX0,X2 (n/5) - 120)(27)(0 (n)
8
+ 400y, v, (n/5)) + E( — 2¢o(n) — bez(n) + 04(71)),
2
N(1,2,10,10;n) :E( = 30x0,x2 (M) — 100y,x5 (11/5) + 6055 x, (12)

—2007y,,x0 (n/5)) + % (2¢1(n) — 2¢3(n) + 5ea(n)),

2
N(Q, 2,5, 10; n) = (20—X07X2 (n) - 150—X07X2 (n/5) =+ 4UX2,X0 (n)

3
4
+ 300y5,x0 (n/5)) + 1—3( —4c1(n) 4+ 12¢2(n) + 8cs(n)
— 3ca(n)).
Proof. The assertions follow from (1.1), (2.6) and Theorem 2.7. O

Theorem 3.4. Let n € N. Let oy, ,(n) be as in (2.1) fori,j € {0,1,2,3}.
Then

N(1,1,1,10;n) = %( — Oyo,xs (1) = DOy s (1) + 40y, (1) + 200745 1o (1))
+ é( — 3dy(n) + 15d2(n) — 15d3(n) + 9da(n)),
N1 1,2,550) = 2= 0 (1) 50, 1 (1) = 4035,1, () + 2001, 1)
2 (= dim) + 2da()),
N(1,2,2,10;n) = %( — Oxoixs (1) = B0xy x> (1) + 204, x, (1) + 10045 o (7))
+ 2 () + 5da(m) + Bd(n) + (),
N(1,5,5,10:) = 2= 0y (1) = O yat) + 4073, (0) + 40,1 ()
2 (dan) — dy(n) + da(m),
N(1,10,10,10:1) = 2 (= 0y10(1) = G (1) + 20331, (0) + 20310, (1)
42 (dal0) + dy () + ds(),

N(27 2a 2a 5a n) = ( - UX07X3 (n) + 5UX1,X2 (TL) - 20-X27X1 (’I’L) + 100-X37X0 (’I’L))

=
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12
- 7d1 (n)a
1
N(2,5,5,5;n) = ?( ~ Oxo,x3 (n) + Ox1,x2 (n) — 4035 31 (n) + 40y3,x0 (n))

+ 172( —di(n) — da(n) — 3dz(n) + d4(n))a

N(2,5,10,10;n) == ( = 0xg.xs (1) + Oy ixa (1) = 2035 41 (1) + 20,10 (R))

| =

+ 3( — di(n) + dz(n) — 3ds(n) + da(n)).

Proof. The assertions follow from (1.1), (2.7), (2.8) and Theorem 2.8.

4. Remarks

Remark 4.1. Replacing ¢ by —¢q in ¢(q)p(¢®) in Theorem 2.6, we have
@3(_‘1)90(_615) = By (—9) — QEXO;Xl(qZ) - 4EX0,X1(q4)

(4'1) + 5EX17X0(7q) + 10EX17X0 (q2) - 20EX17X0 (q4)'
Appealing to Theorem 2.3, we obtain

(4.2) Eyox (—q) = —Eyoxa (q) - 2By <q2) +4Ey)x (q4),
(4'3) EXhXo (*Q) = 7EX17X0 (Q) + 2EX17X0 (q2) + 4EX1,X0 (q4)'

Substituting (4.2) and (4.3) in (4.1), we obtain
(4.4) ¢*(—q)p(—=¢")= —Eropa (@)= 4By x, (¢*) - 5By, xo (@) + 20Ey, x, (a*)-

It can easily be seen that

(45) = By () — 4By (?) = 1+ i (Z(q)%%)d) 7,

n=1 dln
46) B @)+ 4Ble?) = 3 (S0 () )
n=1 dn

Now, appealing to (1.1) and (4.4)—(4.6), we obtain
> ON(1,1,1,5n)(—)"
n=0
= ¢*(—9)o(—a")

(DO 5 (T (e
=1 dn =1 dn
from which we deduce

N(1,1,1,5;n) = Z(q)”*ﬂl(g)d + 5%(1)””(736[)51,

d|n
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which agrees with known results, see for example [3, Theorem 5.1]. Similarly,
one can show that our formula for N(1,5,5,5;n) given in Theorem 3.2 agrees
with the result in [3, Theorem 6.1].

Remark 4.2. Appealing to Lemma 2.1 and Theorem 2.3, we obtain the following
identities:

L(g) — 4L(¢") = é ngggaz),

Evopa (@) —é Zig

Exix0(a) n;i?

Bl = —3 TEMEITLE),

By olq) = n3(22)zg%3?72(82)

B (@) + 4B () = ~ LI,

B+ By ) = TELIIAC)

Braola) ~ 4By () = TELOITHC)

Brsal@) ~ 2B (0) = 3 L 0T
1 (22

Prooa@) = 4B @ =75 4wy

) 4 5(22)n7(102
Eyoxi (@) = 2By, 5, (@7) — 4By 1, (¢7) = n(g)q;](4(z)77)3n(5(z)773)(20Z)’

o _ _ n(2)n’(102)
Byiixo(9) + 2By, 50 (6%) = 4By xo (¢) = n3(2)n3 (42)n(52)n(20z)

Remark 4.3. Set a := ¢(q), b:= ¢(q?), ¢ := p(¢°) and d := ¢(q'?). We obtain
the following identities from Theorem 2.8:

ad(f 2 - b2 + 5¢% — 5d?) + be(5a? — 8b? — 5?4 10d?) = 12D (q),
ad(2a — 4% + d?) + be(—a® + b* — 5c? + 7d%) = 24Dy(q),

ad(—a® + 2b2 7¢2 +10d?) + be(—a? + 4% + ¢* — 8d?) = 48D3(q),

ad(a® — 8b? — 5¢* 4 20d?) + be(Ta® — 1002 + 5c? — 10d?) = 48 Dy(q).

Remark 4.4. Tt would be interesting to determine general formulas for the
number of representations of a positive integer n by the quaternary quadratic
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forms with coefficients in {1, p, ¢, pq}, where p and q are distinct prime numbers.
The case when p =2 and ¢ = 7 is treated in [4].
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