Commun. Korean Math. Soc. 0 (0), No. 0, pp. 1-0
https://doi.org/10.4134/CKMS.c170440
pISSN: 1225-1763 / eISSN: 2234-3024

DISTRIBUTIONAL FRACTIONAL POWERS
OF SIMILAR OPERATORS WITH APPLICATIONS
TO THE BESSEL OPERATORS

SANDRA MONICA MOLINA

ABSTRACT. This paper provides a method to study the nonnegativity of
certain linear operators, from other operators with similar spectral prop-
erties. If these new operators are formally self-adjoint and nonnegative,
we can study the complex powers using an appropriate locally convex
space. In this case, the initial operator also will be nonnegative and
we will be able to study its powers. In particular, we have applied this
method to Bessel-type operators.

1. Introduction

Operators of Bessel type appear in the literature related with different ver-
sions of Hankel transform (see [1,3,4,11]). We are going to consider Bessel
operators on Ry = (0,00) given by

d? d d d
1 A, = — ) D12y = p—20-1 2 2u+1 @
and

d? 4p? -1 perd oo d
(2) Suzﬁ_izlaﬂ e 2%33# %I H 2

which are related through
Su=ahtEA,pTrTE

This feature has inspired us to develop a method to study its fractional powers
based in a concept of similar operator. Similar operators have the same spectral
properties and also that of being nonnegative if one of them has this property.
This method will be applied in the contexts of Banach spaces and locally convex
spaces as follows: Let X and Y be Banach spaces. Suppose that we have an
isometric isomorphism 7' : X — Y and let 77! : Y — X be its inverse. Let A
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be a linear operator A : D(A) C X — X. Then we can consider the operator
B =TAT !, B: D(B) CY — Y with domain D(B) = {x € Y : Tz €
D(A)} given by

(3) B=TAT '

Under these conditions we will say that A and B are similar. If A and B are
similar operators, then

(2Id — B)™' =T(2Id — A)~'T~!

for a complex number z, and we deduce immediately that A is a nonnegative
operator if and only if so is B.

If A is a nonnegative operator, then for a € C such that Rea > 0, n > Rea,
n € N, and ¢ € D(A™), the Balakrisnahn operator associated with A, can be
represented by

J3g = —Lm) /wAa-l[A<A+A>-1]%dA,

L(@)I'(m —a) Jo
(see [5, Proposition 3.1.3, p. 59]).

If A is bounded, J§ can be considered as the fractional power of A, and
in another case we can consider the following representation for the fractional
power (see [5, Theorem 5.2.1, p. 114]),

A% = (A4 N)"JSA+ )™,

with «, n as above and A € p(—A).
When two operators are similar, the fractional powers also meet this prop-
erty. Thus, we have the following result:

Proposition 1.1. Let A and B be similar nonnegative operators. If a € C
such that Rea > 0, then

(4) Jg =TJRT ™,
and
(5) B® = TA*T 1,

where T is the isometric isomorphism that verifies B = TAT !,

The Bessel operator (1) appears when one considers the Laplacian operator
in polar coordinates for radial functions. In [2], the regularity of solutions to
fractional nonlocal Bessel equation given by

(=Au)"u =,

is studied in Ry. In this paper, the fractional Bessel operator (—A,,)® consid-
ered in the above formula is defined by

(6) (*A,u)au = Hﬂ(xzaHuu)a



DISTRIBUTIONAL FRACTIONAL POWERS OF SIMILAR OPERATORS 3

where H,, is the Hankel transform given by (39) (see Appendix). In [7], we
obtained the following representation in L?(R") for fractional powers of Bessel
operator (2)

(7) (=) u = hyu(|[** hyu),

where hy, is the Hankel transform given by (18) and is related to H,, through
hy () (y) = y“*‘%H#(x_“_%(b)(y). Note that the equality (6) in L?*(R7), can
be obtained from (7) using the last equality, similarity of operators S,, and A,
and Proposition 1.1.

In order to apply the method described above for similar operators to Bessel
operators (1) and (2), we study the nonnegativity of Bessel operator (2) in
weighted LP-spaces, for n = 1. Let LP(Ry, srP) for 1 < p < oo and L>®(R4,7)
be the Lebesgue spaces with the norms

1/p

llssger e = | [ 157 st @ras]
and
171 ey = 1Sl -
respectively, and s and r given by

(8) s =" /e,

(9) r=gxh2

with ¢, = 2*T'(u + 1). For p = 2, the LP(R, sr?) coincides with L?(R).
We will denote by S, , the part of S, in LP(R,, sr?); namely, the operator
Sy, with domain

D (Sup) ={f € LP(Ry,s7) : S f € LP(Ry, s17)}

and given by S, ,f = S, f.
Analogously, by S, o we will denote the part of S, in L>°(Ry,r); namely,
the operator S, with domain

D (Su0c) ={f€L®Ry,r): Suf € L=(Ry,7)}
and S, o f = S, f. Under these conditions we obtained the following result:

Theorem 1.2. Given yu > —%. Then
(1) The operators S, , and S,  are closed.
(2) The operators —S,,, and —S,, « are nonnegative.

Moreover, another feature of operators S, and A, is that one of them is
formally self-adjoint (considering the inner product in the usual L?(R,)), and
the other is not. In order to define the complex powers of a differential operator
in distributional spaces is important that this operator be formally self-adjoint.
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It would therefore be interesting to obtain an operator similar and formally self-
adjoint from a given initial operator. In this case S, is formally self-adjoint,
and we obtain the following duality formula

(=(8u)T,¢) = (T, (=(Su))"¢), (€ BT B,
where B is a suitable locally convex space and B’ is its corresponding strong dual

defined in Sections 5 and 6. In Theorem 5.5 we established the nonnegativity
of —(S,,) in B from where we infer immediately the nonnegativity of —(S,) in
/

In Section 2 we will review some of the standard facts about Hankel trans-
forms, convolution and Bessel operators in distributional and Lebesgue spaces,
which are fundamental to establish the nonnegativity of Bessel operator. In
Section 3 we will provide the proof of Proposition 1.1. Moreover, we will extend
this idea to locally convex spaces and apply these ideas to the Bessel operators.

In Section 4 we will establish a series of lemmas which will be used in the
proof of Theorem 1.2. In Sections 5 and 6 we will establish the nonnegativity
of S, in a suitable locally convex space and in its dual space.

For the convenience of the reader, we have added an Appendix with the
proofs of some results about the theory related with Hankel transform, thus
making our exposition self-contained.

2. Some preliminaries on Hankel transform and convolution

In this section we introduce the distributional spaces necessary for our pur-
poses.

By D(R.) we denote the space of functions in C°°(R,) with compact sup-
port in Ry and with the usual topology, and by D’(R.) the space of classical
distributions in R .

Throughout this paper we assume p > —2%. We will consider the Hankel

2
transform defined in a suitable functional space denoted by H, and given by

z€ERY

H, = {d) € C*°(R4) : sup xm(x_lD)kx_”_%qS(x)‘ <oo:mk=0,1,2,.. }

endowed with the family of seminorms {77’; k} , given by

(10) 'yffl7k(¢) = sup xm(mle)kx*“*%(b(:p)

rER

M, is a Fréchet space (see [11, Lemma 5.2-2, p. 131]).
Now we consider the weighted Lebesgue spaces LP(R, srP) with 1 < p < oo
and L*°(Ry,r) given in the Introduction. We have the following lemma:

)

Lemma 2.1. It holds that
(11) H, € L'(Ry,sr)NL®(R,,7) C LP(Ry,srP), 1<p< oo,
with s and r given by (8) and (9).
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Proof. The inclusion H,, C L*(R,r) is immediate and also

(12) H¢||L°°(R+,r) = 7&0((?)’ (b € H}L'
It also verifies that H, C L'(Ry,sr) as

e’} 1 o)
/ || srdx = / |x_“_%¢>\x2“+lc;l dx +/ xm|x_“_%¢>\x_m+2“+lc;1 dxz
0 0 1
< 0

ifm>2p+2, and
(13) MLt @y sr) < C{Y00(D) +Vmo(@)}, ¢ € Hy

It also verifies that

101120 oy = § / o7 folrs )

p=1 1
{ ||¢HL1(]R+,51‘) }
and by (12) and (13) we can consider a constant C’ such that

(14)
< {1l }

(15) Hd)“LOO(]R_,.,r) < Cl [75,0(@5) + ng,O(QS):I ’ ¢ € H}u

(16) H¢||L1(R+,sr) <c [W&o(@ + ’751,0(¢):| , PEH,

and by (14), (15) and (16) we finally conclude that

(17) H¢||LP(]R+737*P) < [75,0(¢) + 751,0(¢)] y P EH,. O

If J,, denote the Bessel function of first kind and order p, we consider the
Hankel transform h, given by

(18) hy(a) = /0 " T (ay)é(y)dy
for ¢ € H,,.

Remark 2.2. If ¢ € L'(Ry,sr), then Hankel transform h,¢ is well defined
because the kernel (zy)~*.J,(zy) is bounded if p > —3 (see [10, (1), p. 49]).
By Lemma 2.1, h,¢ is well defined for all ¢ € H,, and is an automorphism of
H,(see [11, Theorem 5.4-1, p. 141]).

The space of the continuous linear functions 1" : H,, — C is denoted by HL.
We call a function f € L} (Ry) a regular element of #H,, if the application

loc

Ty € H,),, where Ty(¢) = [ f¢, ¢ € Hy.

Remark 2.3. Given T € H,;,, we can consider the restriction of 7' to D(R)
as a member of D'(R} ), because convergence in D(R ) implies convergence in
H,. But D(Ry) is not dense in H,, (see [11]), consequently the behavior of an
element u € #Hj, over D(R,) not determines univocally the behavior of u as

element of 7—[;, If a locally integrable function f defines a regular element of
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’HL and Tf‘D(R” =0, then f =0, a.e. in R;. So, regular distributions in ’HL
are included in injective way in D’(R).
Lemma 2.4. Suppose that 1< p< co. A function in L (R4, sr?) or L= (R, r)

is a regular element of ’HL In particular, the functions in H,, can be considered
as reqular elements of ’HL.

Proof. Let f € L>®(R4,r) and ¢ € H,,. Since
H, C LRy, s7) = L' Ry, 771 /ey,
then ¢ € L'(Ry,r~!) and (Tf,¢) = [;° f¢ is well defined. So, by (13)
[(Ty, 9) < ||f||L°°(R+,r) H(ZSHLl(]R_,_,r*l) = Cu Hf||Loo(R+,r) H¢||L1(R+,sr)
< Coullfll poomy ) [V6.0(0) + Vim0(0)] -

Consequently, f is a regular element of "H;L.
Now, let f € LP(R4,sr?) with 1 <p < co and ¢ € H,,, then

9) (7.0l < | 1ol = / Tl (el s = / T 1D (eur 0l .

Since r|f| € LP(R4,s) and r|¢| € LI(R4,s), being g the conjugate of p, by
Holder inequality and (17) we obtain that
T, ) < el o s o 19l s
< Ceplfll o (ry sre) [96.0(9) + Vi 0(0)]

with m a positive integer m > 2u + 2. So, f is a regular element of H:L O

Given f, g defined in R, the Hankel convolution ffg is defined formally by

(20) (fr9) @ = [ [ Dty 1 wigle) ddz,
o Jo
where, for every z,y,z € Ry, D, (z,y, 2) is given by

(21)
2u71($yz)—u+%

Dm,y,z):{ el (fay, )t i eyl <z<aty

0 if 0<z<|z—y|lorz>x+y.

A(z,y, z) is the measure of area of the triangle with sides z,y,z € Ry. Note
that | —y| < z < +y is the condition for such a triangle to exist, and in this

case A(w,y,2) = 3/[(w +y)? = 22][z% - (z — y)?].
The two following lemmas arise from adapting the classical result of [3] to
this context.
Lemma 2.5. Let f € L'(Ry,sr).
(1) If g € L>® (R, 1), then the convolution fig(x) exists for every x € Ry,
and ftg € LRy, r) with

(22) ||fﬁ9||Loo(]R+,r) < ||f||L1(]R+,sr) ||g||L°°(R+,r) :
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(2) If g € LP(Ry, srP) (1 < p < o0), then the convolution fig(x) exists for
a.e. © € Ry, and ftg € LP(Ry, srP) with

(23) 17890 Lo myorry < IS Ly sm) 191 Loy sre -
Lemma 2.6. Let f,g € L*(R,,sr). Then
(24) . (f89) = rhu(f)h(g)-

The following lemma may be found dispersed in different classical papers of
Hankel transforms, for which we consider it convenient to add a prove in the
Appendix.

Lemma 2.7. Let {¢,} C L*(Ry,rs) such that

(1) d)n Z 0 in R+,

(2) [y én(@)r(z)s(z) do =1 for all n,

(3) For 6> 0, lim, o0 [ ¢n(2)r(z)s(z) du = 0.
Let f € L>®(R4,r) and continuous in xg € Ry. Then lim,_ o fid,(xo) =
f(xo). Further, if rf is uniformly continuous in Ry, then lim, o || fion(z) —

F@)r= @, =0
2.1. The Bessel operator S,

In this section we summarize some elementary properties of S, on the spaces
H, and H;,. For most of the proofs we refer the reader to [11].

Lemma 2.8. (1) The operator S, : H,, — H,, is continuous.
(2) If X >0, the operator

#,

H, —
¢ — (A+a?)o

18 continuous.
(3) If A > 0, the operator
H, — H,
¢ — (A+2*)7'e
15 continuous.
Lemma 2.9. Let ¢ € H,. Then

(1) husuﬁb = _yQ (hu¢)
(2) Sphuo = h/t(*z2¢)~

Lemma 2.10. The following continuous operators in H, can be extended to
H,, in the following way:
(1) The Hankel transform hy,
(hutts @) = (u, b)), w € Hipsd € Hps

and hy, : H,, — H,, is a bijective mapping.
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(2) The differential operator S,
(Suu, @) = (u, Sp), we ’H;“¢ € Hyu.
(3) The product by (A + 2>
(A +2%)u,¢) = (
(4) The product by (X + x>
(A+2)) 7, ¢) = (u,(A+2%)7"9), uweH, ¢ecH,.
Lemma 2.11. Ifu € H),, then

(1) h,Suu=—z*h,u.
(2) Suhyu = hu(—y*u).

) for A>0
u, A+ 22)p), w€ Hi 0 € Hy
)

Lfor A >0

Lemma 2.12. The following equalities are valid in H,, and H,, forn =1,2,...,
AeC
(1) (=S, +A)"hy = hu(y* + \)™.
Moreover if A >0,
(2) hu(=Su + )" = (y* + X) " hy.
(3) Pu(=Su(=5u + A)_l)n = y2n(92 +A) "y

Proof. (1) is immediate consequence of item (2) of Lemma 2.11.

Since (y* + A) and (y> + X)~! are multipliers in #,, and H/,, (Lemma 2.8),
then hy,(y*> + A\)~'h, is inverse operator of —S,, + X. Thus, (2) is obtained by
a simple application of Proposition 7.2 (see Appendix) and induction over n.

Equality (3) follows immediately by item (2) of Lemma 2.11 and induction
over n. O

3. Similar operators and nonnegativity

In this section we include a brief review of nonnegative operators in Banach
spaces and in locally convex spaces.

Let X be a Banach space (real or complex). Let A be a closed linear operator
A: D(A) C X — X and p(A) the resolvent set of A. We say that A is
nonnegative if (—o00,0) C p(A) and

sup {||IA(A+ A)_lH} < 00.
)\GR+

Now, we will give the definition of nonnegative operator in the context of
locally convex spaces. Let X be a locally convex space with a Hausdorff topol-
ogy generated by a directed family of seminorms {|| || }aca. A family of linear
operators {Ax}aer, Ax : D(4)) C X — X, is equicontinuous if for each o € A
there are 8 = f(a) € A and a constant C = C, > 0 such that for all A € T’

[Axdlla < Cliolls, ¢€X.
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Under the above conditions, we say that a closed linear operator A : D(A) C
X — X is nonnegative if (—o0,0) C p(A) and the family of operators

A+ A4)  her,
is equicontinuous.
With the same notation as the Introduction, let A and B be similar opera-

tors, i.e.,
B=TAT !

with T' an isometric isomorphism 7" : X — Y and A : D(A) C X — X
B=TAT~ !, B: D(B) CY — Y and X, Y Banach spaces. In this section we
prove Proposition 1.1.

Proof of Proposition 1.1. Let a € C such that Rea > 0 and n € N, n > Re a.
We observe that if B =TAT !, then B" = TA"T~! and
D(TJST N ={xcY : T lae D)} ={recY T 'z c D(A™)}
= D(B") = D(Jp),

and (4) is immediate from properties of Bochner integral. In (5) the equality
of domains is evident and

BY=(B+AN"J§(B+ N "= (TAT ' + \"TJST Y TAT* +\)™"

=T(A+N"T'TIST'T(A+\)""T~ ' =TAT". 0
In the same way as for Banach spaces, one can consider similar operators in

locally convex spaces, i.e., given A: D(A) C X - X and B: D(B)CY =Y
linear operators in the locally convex spaces X and Y, and

B=TAT !,
with T : X — Y an isomorphism of locally convex spaces, then A and B are
similar operators. In this case we obtain again the nonnegativity of B from

that of A and Theorem 1.1 can be easily extended to the case of nonnegative
operators in locally convex spaces.

3.1. Applications to Bessel operator

Given pu > f%, we consider the differential operator A, given by (1) in R..

We are now going to apply the observations considered in the previous sec-
tion to the operator A,. First, we calculate the Sturm-Liouville form of A,
thereby obtaining the operator

T, = x2“+1AM

which is formally self-adjoint (in the same sense as in Section 1). Operators of
type fT,f, with f € C>°(R,), are still formally self-adjoint. If we want the
new operator to be similar to A,, namely type r~'A,r, we have to consider
r =z 2. Thus the operator

(25) Su=altE A a7
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is formally self-adjoint and similar to A, and hence with the same spectral
properties.

Since mappings L, : LP(Ry,rPs) — LP(Ry,s) with 1 < p < oo (or L,
L>®(Ry,r) = L>(Ry)) given by L,.(f) = rf are isometric isomorphisms, if we
consider the part of the distributional operator A, in the spaces LP(R., s) (or
L>*(Ry)), i.e., the operator with domain

D((Ap)rr(ry.s) ={f € LP(Ry, ) : A f € LP(Ry, 5)},

and given by (A,)rr &, s)f = Auf. Then, applying the ideas developed in the
previous section, it is enough to study the operator S, in the spaces L? (R, srP)
(o L= (R, 7).

4. Fractional powers of S, in Lebesgue spaces

In this section we will prove Theorem 1.2 enunciated in the Introduction.
This theorem establish the nonnegativity of the parts in LP(R4, srP) and in
L>*(Ry,r) of distributional differential operator S,, given by (2).

Let 1 < p < oo. We will denote by S, ;, the part of S, in LP(Ry, sr?); i.e.,
the operator S, with domain

D(S,p)={f € LP(Ry,sr?): S, f € LP(Ry, srP)}

and given by S, pf = S, f.
Analogously, by S, o we will denote the part of S, in L>°(R,r); namely,
the operator S, with domain

D (Suoo) ={f € LRy, 7): Spuf € L=(Ry,7)}

and Sy, o f =S, f.
In order to study the nonnegativity of operators —5,, o and —S,, , we con-
sider the following function:

_ Ll v [, L2 dt
(26) Ky(x)—g(ix)/o e prasy

for x € R4. Since for v < 0

o0 o0
/ —t=g7 vl gy </ etV dt < o
0 0

1’2 . . .
and for v > 0 the function e7*~ % ¢t~*~! is bounded in a neighborhood of zero,

K, is well defined for v € R and K, > 0.

Remark 4.1. For noninteger values of v, I, (see [10, (15), p. 183]), coincides
with the Macdonald’s function K, (see [ , (6) and (7), p. 78]) given by

ZI—V(fE) —1,(z)

Kl/ == -
() 2 sinvw

ZEER.;”
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with I, is the modified Bessel function over Ry (see [10, (2), p. 77]). For
integers values of v, K, is defined by

K,(z) = lmK,(z), zeRj.
v—n
Now, given A > 0, we consider the function
Ny(z) = )\%x%lC#(\f)\x), x €Ry.

The following lemmas describe properties of the kernel Ny which are crucial
for the study of the nonnegativity of Bessel operator (for proofs see Appendix).

Lemma 4.2. Given p > —% and A > 0. Then

a) Ny € LRy, sr) = L'(Ry, =) and
1
HN>\|‘L1(R+,S’I‘) = X
b)
hu N et
w Ay) = W

Lemma 4.3. Let 1 < p < oo. If f € LP(Ry,srP) or L°(Ry,r). Then the

following equality holds on H,,
1
(27) WAL = 5 )

Now, we can prove Theorem 1.2:
Proof of Theorem 1.2. (1) Let {f,}52; C D (Su,0) such that
lim f, = f and lim Sy ccfn =49
n—oo n—oo

in L (R4, 7). Since convergence in L (R, r) implies convergence in D' (R.),
then given ¢ € D(R;)

(Sufa (b) = (fa Sﬂ(b) > nh—>néo(fn’ Su¢)

so, Suf = g and S}, « is closed. The case of S, , is similar.
(2) Let A > 0 and f € D(Su o) such that (A — S,) f = 0. Then
(A= Sp00) f € L(Ry,7) and is null as regular element of #;,, so

B (A= Spoof) =0
in H},. By Lemma 2.11, we obtain that
A+ y*)huf =0
in H;,, and hence by Lemma 2.10
huf = A+ 33" A+y°)hf = 0.

h_{I;o(Sana ¢) = (ga ¢>7

n
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Then, f = 0 as element of H:i and by Remark 2.3 we conclude that f =0 a.e.
in (0,00) and, A — S,  is injective. Now, let f € L®(Ry,r) and g = Nt f.
Then, by Lemma 2.5, g € L (R, r) and

hu(()‘ - Su,oo)g) = (/\ + y2) hug = (/\ + yZ) hu(N)\ﬁ f) = uf-
By injectivity of Hankel transform in H/u we obtain that

()‘_Su,oo)g:fa

50, A — Sy, is onto. Also,

= 8007 1] = 9l e g1y = INAEF Il L oe iy )

Loo(Ry )

1
SANA 2@y sy Il oo vy ) = 3 Il oo ey )
hence —5,, o is nonnegative. The proof of nonnegativity of —5,, , is similar. [

Remark 4.4. In [7], the result of theorem above has been obtained for the
particular case p = 2 and in R .

Now, in view of nonnegativity of —S, o and —S,, we can consider the
complex fractional powers. If « € C, Rea > 0 and n > Re «, then the
fractional power of —S,, o can be represented by:

(_SM,OO)a = (_S/t’oo + 1)”];(—5'”’00 +1)"

(see [5, (5.20), p. 114]), where with J< we denote the Balakrishnan operator
associated to —S, o given by:

o —& OO a—1|__ y IR
jm¢_F(a)F(n—a)/0 A 1[ Sprco(A = Spoe) M| G dA

for o and n in the previous conditions and ¢ € D((—S, )") (see [5, (3.4),
p. 59]). The case of (=S, ) is analogous.

5. Nonnegativity of Bessel operator S,, in the space B

In order to study non-negativity of Bessel operator in a locally convex space,
we begin with the following observation:

Remark 5.1. The continuous operator —S,, : H,, — H, is not nonnegative.

Indeed, if we suppose that —S,, is nonnegative in H,,, by the continuity of
—S, inH,, given a € C, 0 < a < 1 and according to [5, Chapter 5, p. 105 and
134]), we have that fractional power (—5,)* would be given by

(28) (=870 = [T x50 - 5,) g
and D((—S,)*) = D(—S,) = H,. Applying the Hankel transform in (28) we
obtain

sin o

sin o

e((=50°6) ) = =227 [ 3, (=800 - 8,)716)

™
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sinar [ _ _
= / AP+ y?) T hd(y) dA
0

= (") huo(y),

where we have consider the interchange between the Bochner integral and con-
tinuous operators in the first equality. We have used (3) of Lemma 2.12 in
the second equality and [5, Remark 3.1.1]) in the last equality. In this case
it would mean that (y*)*h,¢(y) € H,, which is false in general (just consider
d(y) =y* eV and a = ]).

Now, we consider the Banach space Y = LY(R,, sr) N L>®(Ry,r) with the
norm

171y = mae (11151 gy oy 1l )
and the part of the Bessel operator in Y, (S,,)y, with domain

D[(Su)y] ={feY:S.feY}

From Theorem 1.2 it is evident that —(S,)y is closed and nonnegative. We
have the following proposition:

Proposition 5.2. D[(S,)y] C Co(Ry).

Proof. By (11) and (41), LY(Ry,sr) N L>®(R4,r) € LYRy) N L3(Ry), then
for f € D[(Su)y}, fand S, f are in L'(Ry). By Remark 7.4 (see Appendix)
then hy, f — h,S,f are in L>(Ry). By (1) of Lemma 2.11 we have that

(L + )k fl < M,

so, h,f € LY(Ry).
We have thus proved that for f € D[(S,)y] then f and h,(f) are in
LY(Ry)N L*(Ry). Then, by Remark 7.3 (see Appendix), we obtain that

hu(ha(f)(@) = f(a), ae. ey

Since h,(f) € L'(Ry) then by Proposition 7.5 (see Appendix), f = g a.e.
in R+ with g € CO(R+) O

Now, we consider the following space:

oo

B={feY:(S)ffeY for k=0,1,2..}=()D[(S)v)"],
k=0

with the seminorms

pm(f) = jmax (1(5,)"fllv), m=0,1,2,....

Remark 5.3. From Proposition 5.2 it is evident that B C C°(R1) [ Co(Ry).
Moreover, it is clear from (11) that B C LP(R,sr?) for all 1 < p < oo, and
considering (1) of Proposition 2.8 we have that H, C B and the topology of



14 S. M. MOLINA

H,, induced by B is weaker than the usual topology given in Section 2. Indeed,
from (15) and (16) we have that

(29) lolly < C [3o(0) +fo(@)] . o €M,

for k > 24442, and by continuity of S, in H,,, we deduce that given a seminorm
Pm there exist a finite set of seminorms {fyf;l k, }i—1 and constants cy, .. ., ¢, such
that

pm(®) <D et 1 (0), ¢ €My
Moreover, from the density of D(R,) in B we deduce the density of #,, in B.

Proposition 5.4. B is not normable.

Proof. Suppose that B is normable. Then B is locally bounded and conse-
quently 0 has a bounded neighborhood (see [9], Theorem 1.39). Since p,, is
a increasing family of seminorms, then there exists an integer positive n such
that the set

1
Va={0€B:p(0) <=},
are bounded. Consequently, there exists a constant ¢, > 0 such that
Let ¢ € Band ¢ = ((n+ l)pn(¢))_1¢. Then ¢ € V,, and by (30) (t,) 1y €
Viesr, and hence pr ()~ 9) < 3y, s0

Given a constant [ > 0 and f,g € C?(R,) related by f(z) = g(lz), we have
that

(32) (Su)" f(z) = (1)*((S)*9) (I).
Now, let ¢ € B such that (S,)"*1¢ is not an identically vanishing function

and a constant s > 1. Then ¥(z) = ¢(s~'z) remains in B and verified that
(S,)" "' is not an identically vanishing function and ¢(z) = 1(sz). Then,

(S | oo gy = 5772572 HD)(S,)™ | e ey )
< s_“_%s_z("ﬂ)tnpn((b)
< sTHTR gAY gty gy (V)
=5 tupn ().
Since (33) is verified for all s > 1, taking s — oo, we conclude that
||(S#)n+1w”L°°(R+,r) =0

which contradicts the assumption about . Then the proposition follows. [

(33)

We denote with (S,,)s the part of Bessel operator S, in B. By definition of
B, it is evident that the domain of (S,)g is B and the following result holds.



DISTRIBUTIONAL FRACTIONAL POWERS OF SIMILAR OPERATORS 15

Theorem 5.5. B is a Fréchet space and —(S,,)5 is continuous and nonnegative
operator on B.

Proof. The proof is immediate by Proposition 1.4.2 given in [5]. O

6. Nonnegativity of Bessel operator S, in the distributional
space B’

In this section we study the nonnegativity of Bessel operator in the topo-
logical dual space of B with the strong topology, i.e., the space B’ with the
seminorms {|.| g}, where the sets B are in the family of bounded sets in B, and
are given by

T|s = sup [(T.6)]. T €B.
¢peB

Remark 6.1. As in [6, Remark 3.4, p. 263], B’ is sequentially complete because
B is not normable. Moreover, for 1 < p < oo we have LP(R,,sr?) C B'.
To prove this, we observe that given f € LP(R,sr?) and ¢ € B and ¢ the
conjugate of p then

o |[ el =| [ es s

and

< ||fHLP(]R+,srP) ||¢571T7PHLQ(R+,STP)7

1

[eS) 1 oo 1
s~ r P || Loy srr) = {/ |¢S_1r_p|q87“p}q = {/ \¢|q(cu7“27"_p)q37"p}q
0 0

(33) —af [ pptremrrg) o, f |

Moreover, by (14) we have that

(36) [0l e sra) < po(6),

and from (34), (35) and (36) we obtain that f € B'.
Now, let B be a bounded set in B then

1
oltsr} .

(o)
sup| [ 79| < cullflio@ycersy 0 6] ot sre) < L oem) 52 0(6).
peB'Jo peB $eB

Consequently, the topology in LP (R, sr?) induced by B’ with strong topology
is weaker than the usual topology.

Remark 6.2. By Remark 5.3, B C H’,,. Moreover, from the continuity of the
Bessel operator in B, we can consider S, in B’ as adjoint operator of S, in B,
that is

(S, T,¢)=(T,S.¢), TeB, ¢eh,

and we denote with (S,)p the part of Bessel operator in B'.

Theorem 6.3. The operator —(S,,)p: is continuous and nonnegative consid-
ering the strong topology in B’.
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Proof. The proof of continuity is identical to the proof given in [6, Theorem
3.5, p. 264] for the Laplacean operator and the nonnegativity is a consequence
of theory of fractional powers in distributional spaces (see [5, p. 24]). O

Remark 6.4. The operator (S,)p is not injective because the function zhte s
solution of S, = 0 and belongs to B, in fact

@2, 8)] < culldllir@a.sn) < cupo(6), (6 € B).

According to representation of fractional powers of operators in locally con-
vex spaces given in [5], for Reaw > 0, n > Rea, T € B, (—(S,)p)® is given
by

F(n) - a—1|__ , y ; 1 Z
F@)T(n —a) / X (S (= (S)m) 7] T

From the general theory of fractional power in sequentially complete locally
convex spaces (see [5, p. 134]), we deduce immediately some properties of pow-
ers such as multiplicativity, spectral mapping theorem, and

1) If Rea > 0, then

(37) (08)°) = ((=Se)) "

Since (—(S,)B)* = —(Su)p then from (37) we obtain the following duality
formula

(—=(Su)s )T =

((=(S))*T,¢) = (T, (=(Su)B)*¢), (¢ € B, T €B).

2) Since the usual topology in LP(R,,srP) is stronger than the topology
induced by B’ then we can deduce that

[(_(SH)B/)O(]LP(R+,STP) = ((_(Su,p))aa
if Rea > 0, (see [5, Theorem 12.1.6, p. 284]).

7. Appendix
7.1. Some properties of Hankel transform in Lebesgue spaces

Proposition 7.1. Let f,g € L*(Ry,sr). Then
(1) hof € L(r).
(2)

(38) / T hfo = / " fhya.

Proof. The proof is immediate. (I

In [3] is studied a version of Hankel transform given by:

(30) H,(£)(z) = e, / " (ay) " () () s(y)dy
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for f € L'(Ry,s). H, is related whit h,, by

h(f) =~ Hy(rf)
for f € LY(R4,sr) (r and s like as in Section 2). From this relation and the

inversion theorem for H,, (see [3, Corollary 2e, p. 316]), we obtain the following
inversion theorem for A,,.

Proposition 7.2. If f € L*(R4,sr) and h,(f) € L*(R4, sr) then f may be
redefined on a set of measure zero so that it is continuous in Ry and

(40) f(x) :/0 VEyu(@y) b (f) (W) dy = hy (b (f)) ().
Remark 7.3. From the above proposition we deduce immediately the validity
of equality h,h,f = fin H, and H',,.

With LP(R,) we denote the usual Lebesgue space of functions defined in

R, and with norm:
B / flz P dx E,

Remark 7.4. Since the function (z)%Ju(z) is bounded in R for y > —1, then
for f € L'(R) we have that h, f is continuous and ||h, f|lec < C| £l

As usual, we denote with Cy(R;) the set of continuous functions defined in
R, and vanishes at infinity. We have the following proposition:

Proposition 7.5. h,(L*(R;)) C Co(Ry).

Proof. First, we observe that

(41) L*Ry,sr)NL>®R,,r) C LY(R,).
Indeed,

00 oo 1 e
/ |f] dx:/ |flrr1 dx:/ | flrrt d:rJr/ |f|rrt dx
0 0 0 1

1 o0
< Hf||L°°(R+,r)/O r! dl‘-i-/l |flr—" da

= Clfllr®y,r) + cul fllor @y rs)s

because r < 1 in [1,00), p + % >0 and rs = c;lr_l.

By (41) and (11) we deduce that H,, C L'(Ry). Since D(R;) C H, then
H,, is dense in L' (Ry). Given f € L'(R;) and {¢,,} C H,, such that ¢,, — f in
L*(R.) then by Remark 7.4 h,(¢,,) — hy,(f) uniformly. Since hy,(¢,) € Co(R4)

then h#(f) € C()(R+). [l

Remark 7.6. For > —%, M, is a dense subset of L*(R..) and for ¢ € H, we
have that

1hudll2 = ll¢]l2.
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So, we can consider the extension to L*(R.) of h, and

[ fllz2 = [ fll2
for f € L2(Ry).
7.2. Hankel convolution

In this section, we prove Lemma 2.7. Before this we observe that the kernel
D, (z,y, z) of Hankel convolution satisfies that D, (z,y,z) > 0 and

[ee]
(42) /0 3D, (2,y,2) dz = cljlm“%yw%

for z,y,z € (0, 00).

Proof. By hypothesis and (42) we have that
/ / - H+2D (‘Toayaz)(bn(z) dydz =1,

then
Jtion(x0) — f(20)

/ / Dy (0,9, 2)bn(2)y* 2 (5™ £ (y) — 29" % f(20) dyd.

T
By continuity of f in z¢ let § > 0 such that \y—ﬂ—%f(y) — H72 ()| < e if
|y — x0| < J, and we consider

| fidn(z0) — fxo)| < || + T2,

where

J poo L L Y
(43) |11|=| / / D0,y 2)bn (25 (42 1 (y) — g™ f(w0)) dydz],

(44) |I2|=

/5 / Dy (0,5, 2)bn (2" E (5 # 2 £ (y) — 29" * f(0)) dydz|.

Since D, (x0,y,2) # 0 only if |zg — 2| < y < z9 + 2, and if 0 < z < J, then
(lzo — 2|, o + 2) C (xo — 8,20 + §), then we obtain in (43) that

Il < 5/ | Dty yonely e < el
On the other hand
|I2] < 2Hf||L°°(1R+,T»)/ / D#(Io,y,z)qbn(z)ywr% dydz

41 [ 1
O ey 2 /5 el (2) d
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s0, |Iz] — 0 when n — oo and the first assertion has been proven. The second
affirmation follows from the previous proof and the uniformly continuity of
rf. O

7.3. Properties of Ny
Proof of Lemma 4.2. a)

1 [ e 1 1

INAN 2wy ) = g ; A2z, (VA )zt 2 de
Cu \2 0 0 Lt
1 oo

= — 2"\ (p + 1)/ e tdt = \7h
Cu 0
For b), in virtue of the following equality
Rl 22 2
0

(see [8, (5.9), p. 46]), setting y = (y/a)~'r with a,7 > 0, and considering the
change of variable s = %7 then we obtain that
o0 2 r Hti 2
1 as T
/ (Vas)“tze "2 \/sr J,(sr)ads = <> e 2
0

S0,

2

> {152 r
(46) / shtle™ 2 J,(sr)ds=a " lrie 2
0
for all @ > 0. Then,

h,Ny(y) = /OO )\%x%IC#(\fA x)/ry Ju(zy) do
(47) ’

171\ ptl ° > 22 di
_ : +1 —t—222
=Ny (2) /0 xh [/0 e i tu“] Jyu(zy) dz.
Since that

[ 0o ) dt
_/0 LCM+1 |;/O e t— 47 t/t+1:| \Ju(xy)| dx
oo oo y 3 B B dt
— y“/o [/0 e “at :cQ”“’(:ry) ”J#(asyﬂ dm] et pEsy < 0,

we can reverse the order of integration in (47) and applying (46) we obtain that

A A el Y (222 _, dt
huNa(y) = N y2 (5) /0 [/0 o trem (2T ] (zy) d:c} € ttﬂ+1

A AV Rl A Tt ty? dt
— \yz (= -z He="x ¢t
- y2(2) /0 (2t> yre t e e

™
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o0
=1 y“+% / e_t(l*‘%) dt.
0

Considering the change of variable s = ¢(1 + %) in the last integral we obtain
finally

e’} 2, -1
e e —s g
huNa(y) = A~L it /0 e (1+ A) ds

2

A

>—1 y#+%

=\ “+2<1+ = .
A+ y? O

Proof of Lemma 4.3. Suppose that f € LP(R,,sr?) and ¢ € H,, we claim
that

(48) /OOO (Natf) ()9 (x)dw = /OOO f(2) (Nat9) (2)dz

Indeed, we first observe that the following integral is finite

/OOO )] [ / ) / TN 19@)| Dy, 2)dady| dz.

In fact, given a integer ¢ such that % + % =1, the function

2= / h / " INA@)) [6(@)| Do,y 2)dedy

is in L9(R,,sr?) because it is the convolution of |Ny(y)| € L*(R,sr) and
|(z)| € LRy, sr?). Since f € LP(R4, srP) then

/ T 1) Gz = / T )G (2)s d < oo

because r |f| € LP(R4,s) and s~ 'r7'G = ¢,7G € LY(R,,s). Then

/f (Nato) (2 dzf/ [/ / )N Do, y, 2)dz dy | (z)da

- / (N3t £)(@)i(x)de

and we thus get (48). The proof for f € L>®(Ry,r) is similar.
Now, given ¢ € H, and f € LP(Ry,sr?) or L*(Ry,r), by (48), we have
that

(49) (hu(NAE f), ) = (NAR f), hu¢) = /Ooo f(@) Nt b () dae

By Lemma 2.6, Proposition 7.2 and item b) of Lemma 4.2 we obtain that

9(y)
Aty?

hu(NAﬂh;L¢)(y) = rhu(NA)hu(huﬁb)(y) =
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So,

(50) Nat o = m(ﬁ )

Finally, from (49) and (50) we obtain that for ¢ € H,, that

(hu(NxE f), @ / f(x) Naf hyuo(x diﬂ—/ f(z ¢2)(x)dx

- mw)(x)ab(x)dw:(ﬁ’wm)‘ -
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