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CERTAIN FRACTIONAL INTEGRALS AND IMAGE
FORMULAS OF GENERALIZED k-BESSEL FUNCTION

PRAVEEN AGARWAL, MEHAR CHAND, JUNESANG CHOI, AND GURMEJ SINGH

ABSTRACT. We aim to establish certain Saigo hypergeometric fractional
integral formulas for a finite product of the generalized k-Bessel func-
tions, which are also used to present image formulas of several integral
transforms including beta transform, Laplace transform, and Whittaker
transform. The results presented here are potentially useful, and, being
very general, can yield a large number of special cases, only two of which
are explicitly demonstrated.

1. Introduction and preliminaries

Diaz and Pariguan [4] introduced the k-Pochhammer symbol as follows:
Iy (y + nk)

(1.1) (Ynx:= Lk (7)
Yy +k)---(v+(n=1k) (neN;yeC),

where I’y is the k-gamma function which has the following relation with the
classical Euler’s gamma function T' (see, e.g., [14, Section 1.1])

(1.2) Te(y) = kEIT (%) :

Here and in the following, let C, R, R™, N, and Z; be the sets of complex num-
bers, real numbers, positive real numbers, positive integers, and non-positive
integers, respectively.

Obviously, the special case k = 1 of (1.1) reduces to the familiar Pochham-
mer symbol (see, e.g., [14, pp. 2 and 5]):

Ctoen 1 (v =0 A€ C\ {0))
(13) o == '\ JAMA+1D--(A+n—-1) (¥=neN;AeC).

(n € N;k e R;y e C\ {0}),
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Also, the following identity holds:
-1 k
(1.4) To(y) = (E) I (7> (y € C;k, s € RY),
S

which, upon setting k = 1 and replacing s by k, yields (1.2). Further, the
following relation holds:

na [k
(1.5) (Vng,z = (E) ! (g) (n,q €N;s, ke RT;y € C),
nq

which, upon setting k = 1 and replacing s by k, yields

(1.6) (Vg = ()™ (%)nq (n,q € N;k € Ry € C).

For more details of k-Pochhammer symbol with k-special function and frac-
tional Fourier transform, we refer the reader, for example, to [9,10].

Recently, Romero et al. [11] (see also [2]) introduced the k-Bessel function
of the first kind

1. 'y )\ ( d
(L7) . Zl"k)\n—i—u—&- D )2 (3)
(v, A, p € C with min{R(X\), R(n)} > 0;k € RT).
A more generalized form of k-Bessel function w;:j‘ p.o(2) is given as follows:
00 +2n
—1)"¢"(Y)n, z\H
(1) o) = 3 SN D (5)

= De(An+p+ by (n!)?

(b,¢,7,A, p € C with min{R()\), R(x)} > 0;k € R") .

n (1.7) and (1.8), (7)nx and I'y are the k-Pochhammer symbol and the k-
gamma function given in (1.1) and (1.2), respectively.
Consider the following product of (1.8)

“ i (Vi)nk; (E
(1.9) Hw; b H Z Fk /\ " _|_ i+ o ""1) 2(n!)2

i=1n=0

(bizcia’)%)\h,ui € C with mln{?ﬁ()\l),%(ul)} > 0;k; € R+;i =1,.. .,T‘) s
which, upon setting b; =¢; =1 (i =1,...,r), yields
T T (%)
z ’Yz n,k; 4
imiaale H(Q) Zr o ey i
(1.10) i=1 i=1 n=0 i Hi ) (n)
2 77,“1 2
1=1

(vis Ai, i € C with min{R(\;), R(i)} > 0;k; e R0 =1,...,7).
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Setting b; = =l and ¢; =1 (i = 1,...,7), (1.9) reduces to product of the
k-Wright functions

22 "

- Yis i - Hi " (Vi) (T>
Hwkuuu—l,l(z) Z 1)2

(1.11) i=1 z=1( ) o T ( AnJr“l) (n!)

A %
— Vi
11" v (55)

(’}/i, Aiy i € C with mln{?R()\l), éR(/J,l)} > 0;k; € R+;i =1,... ,7“) 5
The Fox-Wright function , ¥, is defined as follows (see, e.g., [15, p. 21])):
(alaAl), (ap, i Oéj +A k‘)z
(B1, B1) ;- (Bg; B T (8; + Bjk) k!’

where the coefficients A;,...,A, € RT and By,..., B, € RT satisfying

q p
(1.13) 1+ B;j—> A;20.
j=1 j=1

A special case of (1.12) is

(Ozl,l),...,(ap,l);z B ?zlf‘(a,) [al,...,ap;z}
(6171)7"'7(6q71); y ;1 1F(6) Bla"'vﬁq;

where ,F, is the generalized hypergeometric function (see, e.g., [14, Section
1.5)).

Very recently, Chand et al. [3] have used the following generalized k-Mittag-
Leffler function (see also [1])

1.1 EJS Vg
( 5) ko/,ﬁ Z TZO[—FB

(1.12) 2y

(1.14) 0,

(k, ¢ € RT, min {R(a), R(B), R(y)} > 0)

to present some Saigo hypergeometric fractional integral formulas for a finite
product of the generalized k-Mittag-Leffler functions (1.15) and gave image for-
mulas of several integral transforms including Beta transform, Laplace trans-
form, and Whittaker transform. In this sequel, we aim to establish certain
Saigo hypergeometric fractional integral formulas for a finite product of the
generalized k-Bessel functions (1.8), which are also used to present image for-
mulas of several integral transforms such as Beta transform, Laplace transform,
and Whittaker transform.

Here we note the following points: The generalized k-Mittag-LefHler function
(1.15) cannot be reducible to give the generalized k-Bessel function (1.8) and
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vice versa; At best, the generalized k-Bessel function (1.8) is seen to reduce to

2n

ka—l— Zrk)\n+u )

2. Fractional integration

Here, we establish certain fractional integral formulas for the generalized k-
Bessel function. For the basic concepts and detailed results about fractional cal-
culus, among many other things, we refer the reader, for example, to Kiryakova
[7], Miller and Ross [8], and Srivastava et al. [16].

For our purpose, we recall the following pair of Saigo hypergeometric frac-
tional integral operators. For z € R*, 0,9, X € C with R()\) > 0, we have

(207 1®)) ()

(21) I7A70 xT
= F(A)/O (x —t) 1Ry <>\ +o,—9; N1 — ;) f(t)dt
and
(J2ZF(1) ()
(2.2) 1

- W/y (t— 2170 F, ()\ +a, -9 N1 — %) F(0)dt,

where o F(+) is the Gauss hypergeometric function (see, e.g., [14, Section 1.5]).
The operators Ig‘ o () and J»Z%(+) contain the familiar Riemann-Liouville

fractional integral operators Ry ,.(-) and W' (:), as their respective special
cases, by means of the following relationships:

23 (Rf0) @ = (B 10) ) = o [ o= 0 o
and
1

(24)  (Wof(V) (@) = (L2 F () (@) = 1ﬂ()\)/;o(t—x)A1f(7f)dt

It is also noted that the operators (2.1) and (2.2) unify the Erdélyi-Kober
fractional integral operators as follows:

x*/\fﬁ T
25 (E2f0) @) = (52710)) @) = 5y / (z— ()t
and

v [
26) (KXLF0) (2) = (2 10) () = 55 [ (=247 p(oae

We need to recall the following formulas in Lemmas 1 and 2 (see [6]).
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Lemma 1. Let A\, p, 0,9 € C such that R(A) > 0 and R(p) > max[0, R(c —)].
Then

- L(p)L(p+d—0) , o
9. I)\,a,ﬂ p—1 — p—o 1.
27) (0@ t )(x) T(p—o)T(p+A+9)"
Lemma 2. Let A, p, 0,9 €C such that R(\) > 0 and R(p) < 1+min[R(o), R(J)].
Then

(2.8) (S22 1) (2) =

Plo—p+ DI —p+1) oy
rl—pI'A+o+9—p+1) ’

Now we are ready to present our main results asserted by Theorems 3 and
4.
Theorem 3. Letx,k;,q; € R (i =1,...,7). Alsolet \,0,9, p,7i, phi, bi,c; € C
such that ®(A) > 0, R(p) > max{0,R(c — )}, and R(w;) >0 (i =1,...,7).
Then

(2.9) (IS;? e 1H W s e (8 ><w>

1 i bitl
2k;

r k, K €T\ Mi
— mpfcrle ) (7)
moT(E) M

X v (Vl/kh1)7‘~'7(7r/k7‘»1)>
2 | k(b 1) Sk, g /) - (/e (0 1) e, 01 /)

(u+p,2r),(u+p+9 —0,2r);
(u+p—o0,2r),(utp+A+9,2r),(1,1);

L (e e/ L (g Y ) o

4 )

where
(2.10) u *Zul (reN).

Proof. Let .# be the left-hand side of (2.9). Using (1.9) and changing the order
of integration and summation, which is verified under the conditions given in
the theorem, we have

I = H {Z — )" (Vi) ok, (é)”i+2n}
(2.11) =1 {n=0 Ty, (gin + pi + blT+1) (n12

bl

(I(if,ﬁtul+...+H,.+2nr+p71) (:U)

which, upon applying (2.7), yields

" (Vi)nx (%)W?n
j 1)Mn Ky
H{Zrk (gim + pi + 2Ly (n)? }
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D(pa+ -+ pr + 200 + p)D(pn + -+ pr + 200 4+ p+ 9 — 0)

D(py 4+ pr + 207+ p— 0)0(pr + -+ o + 207 + p+ XA+ 0)
w pHitotpet2nrtp—o—1

(2.12) x

We simplify (2.12) to give

r 1*%*17;1:1 ) oS T (l +n)
7 = ] ki (E)” 3 ki
i=1 I (%) 2 n=0 I (’;j + bt 4 %)
(2.13) % C(pi+4pr+p+2nr)C(pi+-+pr+p+9—042nr)

C(pr4-+prt+p—o+2nr)U(p1+--+pr+p+A+9+2nr)0(n+1)

L (el )"
X — i )
n! 4

which, with the help of (1.12), is expressed in terms of , oW, 3 function to
yield the right-hand side of (2.9). O

Theorem 4. Let x,k;,q; € RT (i =1,...,7). Alsolet A\, 0,9, p,7Vi, pi, bi,c; € C
such that R(A) > 0, R(p) < 1+ min{R(c),R(})}, and R(p;) >0 (E=1,...,r).
Then

T
(2.14) (Ji,’é;’ﬁtp_l [Twdifis. 1/ t)) ()
i=1
1— m bi+1

r ¥ % Hi
= 'Tpfo'fl H kZ <1)
i=1 I (%‘) 2z
X 2\:[/ 3 (71/1{171)7'"7(77'/1{7'71)7
rt T+ (Ml/kl+(b1+1)/k17q1/k1)7~~~7(/"r/kr+(br+1)/kr7Q'f/kT)7

(I+o+u—p,2r),1+9+u—p,2r);
(I+u—p2r),(1+X+0+9+u—p,2r),(1,1);
(701)1{(11—41/1:1)_“(707')1{5'17%/1“)

42T

)

where u is given as in (2.10).
Proof. The proof is parallel to that of Theorem 3. We omit the details. (]

The results given in (2.9) and (2.14), being very general, can yield a large
number of special cases by assigning some suitable values to the involved pa-
rameters. We demonstrate only two formulas as in Corollaries 1 and 2.

Setting r =1 and k; =k, p; = p, v =7, ¢ = ¢, b; = b, and ¢; = ¢ in (2.9)
and (2.14), we obtain the following two formulas in Corollaries 1 and 2.

Corollary 1. Let z,k,q € RT. Also let \,0,9,p,7,u,b,c € C such that
min{R(A), R(x)} > 0 and R(p) > max{0,R(c —J)}. Then

(215) (7"t () ()
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. _U_lkl_%_b;Tl T\ M

= T (1) (5)
% U (/& 1), (1 + p,2), (4 p+9 — 0,2);
SR (u/k+ (b+1)/k,q/k), (n+p—0,2), (1t + p+ A +9,2), (1, 1);

(,C)k(lﬂz/k)aj2
e

Corollary 2. Let z,q,k € RT. Also let \,0,9,p,7,u,b,c € C such that
min{R(\), R(x)} > 0 and R(p) < 1 + min{R(0), R(I)}. Then

(216) (2%, (1/0) ()

p—o— 1k1777b;rkl (1>#
-7 r(1) 2x

% 20 (v/e1),(I+o+p—p2),1+J+pu—p,2);
3T (k4 (b+1)/k,q/%), 14+ p—p,2),(L+A+0+0+p—p,2),(1,1);

42

(,C)k(lfq/k) :|

3. Image formulas associated with integral transforms

Here, by using the results in previous section, we establish certain interesting
image formulas associated with such integral transforms as Beta transform,
Laplace transform, and Whittaker transform.

We recall the Beta transform of f(z) defined by (see [12])

1
(3.1) B{f(#) : a,b} = / 22711 = 2)P 71 f(2)dz

0
Theorem 5. Letx,k;,q; € R (i =1,...,r). Alsolet \,0,9, p, s, i, bi,c; € C
such that R(A) > 0, R(p) > max{0,R(c — )} and R(u;) >0 (1 =1,...,r).
Further let I,m € C with ®(m) > 0 and ?R(l +30 ,ui) > 0. Then

(32) B { (I’\ 00 4p—1 Hw;ll‘f b“cl ) (z) : l,m}

_ K4 bi+1

k;

mat T 1II ) -(3)"
(10, 1), - (e 1),

“”%“{wm+m+wamwwwm+w+wam7

(u+p,2r),(u+p+9—0,2r),(+u,?2r),
(u+p—0,2r),(u+p+A+9,2r),(l+m+u,2r),(1,1);

(—cl)ksl(“/kl)m(—er)ks_lq"'/k")$2ri|
1 )
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where u is given as in (2.10).

Proof. Let % be the left-hand side of (3.2). Using the definition of Beta trans-
form, we have

(3.3) B = / 11 -2) (Ié\j Dyt ng"zz by (12) ) (z)dz,

which, using (1.9) and changing the order of integration and summation, which
is valid under the conditions of Theorem 3, yields

o IS o, Q)
b Fk qm+u + bitly  (nl)?

1
(34) x (Ia\y’z"’ﬁtm+-~~+u7-+2nr+pfl) (x)/ Zl+m+~~+ur+2nr—1(1 _ Z)mﬂdz.
0

Applying (2.7) to (3.4), after a little simplification, we obtain

b,'+l
ﬁ— 5 ) oo (X )
= 11—[ <£>u Z (ki +n
) " L (Eet )
C(p1++pr+p+2nr)T (g1 +--+pr+p+9—0+42nr)
C(pi+-Fpr+p—o+2nr)T(p1 4+ pr+p+A+04+2nr)I'(n+1)

2r (1—qi/ks) \ " 1
xi' (m (_Ci)i(i > }/ Zitmtetpe =1 _ ym=1g,
n. 0

Applying the beta function B(a, ) defined by (see, e.g., [14, Section 1.1])

(3.5) X

/1 11— )F Lt (R(a) > 0:R(B) > 0)
0

@6 Blas =il
e (o, B€C\Zy),
T(a+p)
o (3.5), we get
*;bebfrl [eS) Ji >
P~ 1H (E)Ml Z F(kz+n
) W B
(3.7) C(p1+--Apr+p+2nr)C(pi+---+pr+p+9—o0+2nr)
) X Tt Fprtp— cr+2n7")1“(u1+ A+ pFA+FI42n7)T (n41)
L (@ (e TN T DUt e e+ 200)T (m)
n! 4 Cl+m+py+-+ pr +2nr)°

which, upon expressing in terms of the Fox-Wright function (1.12), yields the
right-hand side of (3.2). O
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Theorem 6. Let z,k;,q; € RT (i =1,...,7). Alsolet \,0,9, p, i, Vi, bi,c; € C
such that R(X) > 0, R(p) < 1+ min{R(o), R(I)} and R(p;) >0 (i=1,...,r).
Further let [,m € C with ®(m) > 0 and %(l +>0 ui) > 0. Then

A e | EEINET) PR

i=1

1 bi_ bifl
k; 2k;

= F(m)xp—a—l 11[1 kiF <l> ' (2133)“
i= ki

(Vl/klv 1) IR} ('Yr/k'm 1)7

x 7"+3\Ij7"+4 (.ul/kl + (bl + 1)/1{17111/1(1) IR} (ﬂr/kr + (b'r‘ + 1)/k7"QT/k7‘) )

(1+U+u*pv27')a(1+/L9+u7f)727')a(l+u727')§
(I4+u—p2r),I14+X+0+9+u—p,2r),(l+m+u,2r),(1,1);

427

(_Cl)kgl—ql/kl)‘._(_Cr)kg‘lfqr/kr) ‘|
)

where u is giwen as in (2.10).

Proof. A similar argument as in the proof of Theorem 5 will establish this
theorem. We omit the details. (I

We recall the Laplace transform of f(z) (see, e.g., [12,13]).
(3.9 L{f(2)} = / e ¥ f(2)dz.
0

Theorem 7. Let z,k;,q; € RT (i =1,...,7r). Alsolet \,0,9, p, i, Vi, bi,c; € C
such that R(A) > 0, R(p) > max{0,R(c —I)}, and R(u;) >0 (i =1,...,7).
Further let s,1 € C with R(s) > 0 and %(l +>0 ui) > 0. Then

_ Ao, 0, p— i,
(3~10) L {Zl ! (IO,QC tP ' ngi,/jz‘,bmci (tZ)) (.T)}
1=1

1_&_ b;+1
p—o—1 X; 2k;
z i

G

=1
. (VI/klvl)v"'7(7r/kra1)7
X”””4uwm+w+whmmmMMWm+@+Wm@&m

(u+p,20), (ut p+ 0 — 0,20, (I + u,20);
(ut+p—o0,2r),(u+p+r+9,2r),(1,1);

(7c1)k(117q1/k1>'-~(7c,»)k§1"""/k7'> 227
1 )7

where u is giwen as in (2.10).
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Proof. Let £ be the left-hand side of (3.10). Applying the Laplace transform

(3.9), using (1.9), and changing the order of integration and summation, which
is valid under the conditions of Theorem 7, we have

EE e T(E4n
@) 2= B ) Bk &)

POl (44 bl g an)

C(p1+-Fpr+p+2nr) (14 +pr+p+9—o0+42nr)
X Tt artp— 0+2m“)1“(u1+ “FprtptA+9+2nr)T(n+1)

2r (1—qi /%) 00
Xl xz (_Ci)ki / e*SZZlJFMl+"'+Mr+2””*1dz
n! 4 0

RICE O

ol (4 4 bt 4 2m)

L(pa+--+pr+pt+2nr)L(pa+-+pp+p+9—o+2nr)
X Tuit et p—o+2nm)T (1t pr+p+ A+ 0+2nm) D (nt1)

xi (352T(—cl-)kl(41 ql/kl)) } P+ pr+ -+ pr + 2n7)

n! 4 gltuit-+pr+2nr ’
which, upon using (1.12), leads to the right-hand side of (3.10). O

Theorem 8. Letx,k;,q; € R (i =1,...,7). Alsolet A\, 0,9, p, s, Vi, bi,c; € C
such that R(A) > 0, R(p) < 1+ min[R(o), R(I)], and R(u;) >0 (i =1,...,r).
Further let s,1 € C with R(s) > 0 and ?R(l +3 ,ui) > 0. Then

(3.12) L{ (J”ﬁt” ' HWZZ i (2 )> (x)}

B bl
B xﬁ—o—l 17_I kz’ k; 2k, ( 1 )Hi
- l . DY
st T <%) 2xs
% 3\:[/ 3 ('71/k171)7'“7('77'/1{7'71)7
T+ rt (Ml/kl+(bl+1)/k1?(J1/k1)7"‘77(p’7‘/k7‘+(bT+1)/k7‘7QT‘/kT)7

(I+o+u—p2r),Q1+94+u—p,2r),(+u,2r);
(1+u7/)72/")7(1+/\+U+79+u7/)727')a(171)§

(701)1{(11—41/1{1)_“(7Cr)k5\1—q,,./k,,v)
4(ws)2r ’
where u is given as in (2.10).

Proof. The proof would run parallel to that of Theorem 7. We omit the details.
O
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We recall the following formula (see, e.g., [5, p. 816, Entry 11])

e -1 -1, F%Buréfav
(3.13) /0 2T IW, (2)dz = ( +FJ(F1—)nJ(ru) - (R(v£0) > —3),

where W, 4(-) denote the Whittaker functions (see, e.g., [5, Sections 9.22-9.23]).

Theorem 9. Let z,k;,q; € RT (i=1,...,7). Also, let \,0,9,p, i1i, Vi, bi, ;i €
C such that R(X) > 0, R(p) > max{0,R(c — I)}, and R(p;) >0 (i=1,...,r).
Further, let £, n,7,w, € C with R(n) > 0 and 8%(5 —i—w) > —%. Then

(3.14) /0 zgflefnz/zwﬂw(nz) { (I&fﬁ Pt legl b“cl ) (x)} dz

I R T z \ M
— 3
~ T ()
nt o r(%) 2n

X 7‘+4‘11r+4

(’Yl/klv 1) PR (Vr/krv 1) 5
(p1/k + (br + 1) /ki, g1 /1) oy (SR + (B + 1) /%, G /1)

(u+p,2r),(u+p+9—0,2r),(1/2+w+E+u,2r),(1/2 —w + £+ u,2r);
(u+p—02r),(u+p+A+9,2r), (1—7+§+u 2r), (1,1);

(761)1(51*111/kl)_.'(767‘)1(5‘1—(1,,./1(,,.) © 2r
4 n )

where u is gwen as in (2.10).

Proof. Let # be the left-hand side of the result (3.14). By using (1.9) and
changing the order of integration and summation, which is valid under the
conditions of Theorem 9, we have

ﬁ b+1 ;
= r(een)

H ( ) (5) TLZ—OF(M—'—W—’—M)

C(pi4-Fpr+p2nr)C(p1 - +pr+p+9—042nr)
X T+t tp— 0+2nT)F(u1+ A pr+p+AFI9+2nr)T (n+1)

1 2r(_ oy (14 /%) g . 1 —
w— [z ( c,,)ZZ Z§+u1+-» +pr+2nr 16 ”Z/QWT’w(nz)dz,
0

n!

which, upon replacing nz by ¢, yields
(3.15)

r R o 2
W = xp—o—lnu (f)m Z r (kl +n) T(py + -+ pr + p + 207)
o r(z) Y ST (e s w) Tt b p— ot 20r)

2r (=g k) \ 7
D(p1+-+prt+p+d—o+2nr) i 7" (—cq)k,
n!

X T+ forFpFAFOF2nr)T (n+1) 1
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1 > q
. 77§+H1+"‘+Mr+2n7’/ (S e g/2WT,w(<)d§~
0

Upon applying (3.13) to the involved integral in (3.15), we obtain

g b+l )
» pp—o—1 ﬁ k:_[kT_ b ( z )M i r (%‘ +n)
S i=1 F(L) 2n n:oF(“—?+b7‘—f1+ﬂ)
C(p1+-Apr+p+2nr)C(pi+--+pr+p+9—o0+2nr)
X Tt thurtp—ot+2nr)L(ur++pr+ptAro+2nr)D(nt1)

F(1/2+w+§+u1+ A pr42nr)0(1/2—w+E+p1 4+ pr+2n7)
INGES T+§+u1+ A 207)

1 .’L'QT,(—C‘)k(-l qi/ki)
X — kA ,
n! 4,,’21“

which, upon expressing in terms of (1.12), leads to the right-hand side of (3.14).
O

Theorem 10. Let z,k;,q; € RT (i=1,...,7). Also, let X\, 0,9, p, j1;,7i, bi, ¢; €
C such that R(N\) > 0, R(p) < 1+min[R(c), R(D)], and R(p;) >0 (i=1,...,7).
Further, let &, n, 7,w, € C with R(n) > 0 and 5}2(5 + w) > —%. Then

(3.16)

/0 Zﬁfle*nz/2WT7w(nz) { <J£\,,g<;19tp1 le‘(y;:giubi,ci (z/t)) (:C)} dz
=1

1M bitl
S | E ( 1 >f
=T 41 F(;’—) 2xn
(’Yl/kl ) 'Yr/krvl)
X aWrta | (e 4 (b0 4 )k qu/i) o (il + (b + 1)k )

(I4+o+u—p2r),1+94+u—p2r),(1/24w+E+u,2r),(1/2 —w+£+u,2r);
(I4+u-p2r),Q1+A+0+0+u—p,2r), (1—T+§+u 2r), (1,1);

(—cﬂk%km/kl)“-(*Cr)k(rlf‘”/k” :|
)

4(zn)?"

where u is given as in (2.10).

Proof. Here, using (2.2), a similar argument as in the proof of Theorem 9 will
establish (3.16). So its detailed account is omitted. O
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