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CERTAIN FRACTIONAL INTEGRALS AND IMAGE

FORMULAS OF GENERALIZED k-BESSEL FUNCTION

Praveen Agarwal, Mehar Chand, Junesang Choi, and Gurmej Singh

Abstract. We aim to establish certain Saigo hypergeometric fractional

integral formulas for a finite product of the generalized k-Bessel func-
tions, which are also used to present image formulas of several integral

transforms including beta transform, Laplace transform, and Whittaker
transform. The results presented here are potentially useful, and, being

very general, can yield a large number of special cases, only two of which

are explicitly demonstrated.

1. Introduction and preliminaries

Dı́az and Pariguan [4] introduced the k-Pochhammer symbol as follows:

(1.1) (γ)n,k :=


Γk(γ + nk)

Γk(γ)
(n ∈ N; k ∈ R+; γ ∈ C \ {0}),

γ(γ + k) · · · (γ + (n− 1)k) (n ∈ N; γ ∈ C),

where Γk is the k-gamma function which has the following relation with the
classical Euler’s gamma function Γ (see, e.g., [14, Section 1.1])

(1.2) Γk(γ) = k
γ
k
−1Γ

(γ
k

)
.

Here and in the following, let C, R, R+, N, and Z−0 be the sets of complex num-
bers, real numbers, positive real numbers, positive integers, and non-positive
integers, respectively.

Obviously, the special case k = 1 of (1.1) reduces to the familiar Pochham-
mer symbol (see, e.g., [14, pp. 2 and 5]):

(1.3) (λ)ν :=
Γ(λ+ ν)

Γ(λ)
=

{
1 (ν = 0;λ ∈ C \ {0})
λ(λ+ 1) · · · (λ+ n− 1) (ν = n ∈ N;λ ∈ C).
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2 P. AGARWAL, M. CHAND, J. CHOI, AND G. SINGH

Also, the following identity holds:

(1.4) Γs(γ) =
(s
k

) γ
s
−1

Γk

(
kγ

s

) (
γ ∈ C; k, s ∈ R+

)
,

which, upon setting k = 1 and replacing s by k, yields (1.2). Further, the
following relation holds:

(1.5) (γ)nq, s
k

=
(s
k

)nq (kγ

s

)
nq

(
n, q ∈ N; s, k ∈ R+; γ ∈ C

)
,

which, upon setting k = 1 and replacing s by k, yields

(1.6) (γ)nq,k = (k)nq
(γ
k

)
nq

(
n, q ∈ N; k ∈ R+; γ ∈ C

)
.

For more details of k-Pochhammer symbol with k-special function and frac-
tional Fourier transform, we refer the reader, for example, to [9, 10].

Recently, Romero et al. [11] (see also [2]) introduced the k-Bessel function
of the first kind

(1.7) Jγ,λk,µ (z) =

∞∑
n=0

(γ)n,k
Γk(λn+ µ+ 1)

(−1)n

(n!)2

(z
2

)n
(
γ, λ, µ ∈ C with min{<(λ),<(µ)} > 0; k ∈ R+

)
.

A more generalized form of k-Bessel function ωγ,λk,ν,b,c(z) is given as follows:

ωγ,λk,µ,b,c(z) =

∞∑
n=0

(−1)ncn(γ)n,k

Γk(λn+ µ+ b+1
2 )

(
z
2

)µ+2n

(n!)2
(1.8)

(
b, c, γ, λ, µ ∈ C with min{<(λ),<(µ)} > 0; k ∈ R+

)
.

In (1.7) and (1.8), (γ)n,k and Γk are the k-Pochhammer symbol and the k-
gamma function given in (1.1) and (1.2), respectively.

Consider the following product of (1.8)

r∏
i=1

ωγi,λiki,µi,bi,ci
(z) =

r∏
i=1

∞∑
n=0

(−1)ncni (γi)n,ki
Γki(λin+ µi + bi+1

2 )

(
z
2

)µi+2n

(n!)2
(1.9)

(
bi, ci, γi, λi, µi ∈ C with min{<(λi),<(µi)} > 0; ki ∈ R+; i = 1, . . . , r

)
,

which, upon setting bi = ci = 1 (i = 1, . . . , r), yields

r∏
i=1

ωγi,λiki,µi,1,1
(z) =

r∏
i=1

(z
2

)µi ∞∑
n=0

(−1)n(γi)n,ki
Γki(λin+ µi + 1)

(
z2

4

)n
(n!)2

=

r∏
i=1

(z
2

)µi
Jγi,λiki,µi

(
z2

2

)(1.10)

(
γi, λi, µi ∈ C with min{<(λi),<(µi)} > 0; ki ∈ R+; i = 1, . . . , r

)
.
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FRACTIONAL INTEGRAL FORMULAS 3

Setting bi = −1 and ci = 1 (i = 1, . . . , r), (1.9) reduces to product of the
k-Wright functions

r∏
i=1

ωγi,λiki,µi,−1,1(z) =

r∏
i=1

(z
2

)µi ∞∑
n=0

(−1)n(γi)n,ki
Γki(λin+ µi)

(
z2

4

)n
(n!)2

=

r∏
i=1

(z
2

)µi
W γi

ki,λi,µi

(
−z2

2

)(1.11)

(
γi, λi, µi ∈ C with min{<(λi),<(µi)} > 0; ki ∈ R+; i = 1, . . . , r

)
.

The Fox-Wright function pΨq is defined as follows (see, e.g., [15, p. 21])):

(1.12) pΨq

[
(α1, A1) , . . . , (αp, Ap);

(β1, B1) , . . . , (βq, Bq);
z

]
=

∞∑
k=0

∏p
j=1 Γ (αj +Ajk)∏q
j=1 Γ (βj +Bjk)

zk

k!
,

where the coefficients A1, . . . , Ap ∈ R+ and B1, . . . , Bq ∈ R+ satisfying

(1.13) 1 +

q∑
j=1

Bj −
p∑
j=1

Aj = 0.

A special case of (1.12) is

(1.14) pΨq

[
(α1, 1) , . . . , (αp, 1);

(β1, 1) , . . . , (βq, 1);
z

]
=

∏p
j=1 Γ (αj)∏q
j=1 Γ (βj)

pFq

[
α1, . . . , αp;

β1, . . . , βq;
z

]
,

where pFq is the generalized hypergeometric function (see, e.g., [14, Section
1.5]).

Very recently, Chand et al. [3] have used the following generalized k-Mittag-
Leffler function (see also [1])

(1.15) Eγ,qk,α,β(z) =

∞∑
n=0

(γ)nq,kz
n

Γk(nα+ β)n!(
k, q ∈ R+,min {<(α),<(β),<(γ)} > 0

)
to present some Saigo hypergeometric fractional integral formulas for a finite
product of the generalized k-Mittag-Leffler functions (1.15) and gave image for-
mulas of several integral transforms including Beta transform, Laplace trans-
form, and Whittaker transform. In this sequel, we aim to establish certain
Saigo hypergeometric fractional integral formulas for a finite product of the
generalized k-Bessel functions (1.8), which are also used to present image for-
mulas of several integral transforms such as Beta transform, Laplace transform,
and Whittaker transform.

Here we note the following points: The generalized k-Mittag-Leffler function
(1.15) cannot be reducible to give the generalized k-Bessel function (1.8) and
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4 P. AGARWAL, M. CHAND, J. CHOI, AND G. SINGH

vice versa; At best, the generalized k-Bessel function (1.8) is seen to reduce to

ωγ,λk,0,−1,−4(z) =

∞∑
n=0

(γ)n,k
Γk(λn+ µ)

z2n

(n!)2
.

2. Fractional integration

Here, we establish certain fractional integral formulas for the generalized k-
Bessel function. For the basic concepts and detailed results about fractional cal-
culus, among many other things, we refer the reader, for example, to Kiryakova
[7], Miller and Ross [8], and Srivastava et al. [16].

For our purpose, we recall the following pair of Saigo hypergeometric frac-
tional integral operators. For x ∈ R+, σ, ϑ, λ ∈ C with <(λ) > 0, we have(

Iλ,σ,ϑ0,x f(t)
)

(x)

=
x−λ−σ

Γ(λ)

∫ x

0

(x− t)λ−1
2F1

(
λ+ σ,−ϑ;λ; 1− t

x

)
f(t)dt

(2.1)

and (
Jλ,σ,ϑx,∞ f(t)

)
(x)

=
1

Γ(λ)

∫ ∞
x

(t− x)λ−1t−λ−σ2F1

(
λ+ σ,−ϑ;λ; 1− x

t

)
f(t)dt,

(2.2)

where 2F1(·) is the Gauss hypergeometric function (see, e.g., [14, Section 1.5]).

The operators Iλ,σ,ϑ0,x (·) and Jλ,σ,ϑx,∞ (·) contain the familiar Riemann-Liouville

fractional integral operators Rλ0,x(·) and Wλ
x,∞(·), as their respective special

cases, by means of the following relationships:

(2.3)
(
Rλ0,xf(t)

)
(x) =

(
Iλ,−λ,ϑ0,x f(t)

)
(x) =

1

Γ(λ)

∫ x

0

(x− t)λ−1f(t)dt

and

(2.4)
(
Wλ
x,∞f(t)

)
(x) =

(
Jλ,−λ,ϑx,∞ f(t)

)
(x) =

1

Γ(λ)

∫ ∞
x

(t− x)λ−1f(t)dt.

It is also noted that the operators (2.1) and (2.2) unify the Erdêlyi-Kober
fractional integral operators as follows:

(2.5)
(
Eλ,ϑ0,x f(t)

)
(x) =

(
Iλ,0,ϑ0,x f(t)

)
(x) =

x−λ−ϑ

Γ(λ)

∫ x

0

(x− t)λ−1tηf(t)dt

and

(2.6)
(
Kλ,ϑ
x,∞f(t)

)
(x) =

(
Jλ,0,ϑx,∞ f(t)

)
(x) =

xϑ

Γ(λ)

∫ ∞
x

(t− x)λ−1t−λ−ϑf(t)dt.

We need to recall the following formulas in Lemmas 1 and 2 (see [6]).
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FRACTIONAL INTEGRAL FORMULAS 5

Lemma 1. Let λ, ρ, σ, ϑ ∈ C such that <(λ) > 0 and <(ρ) > max[0,<(σ−ϑ)].
Then (

Iλ,σ,ϑ0,x tρ−1
)

(x) =
Γ(ρ)Γ(ρ+ ϑ− σ)

Γ(ρ− σ)Γ(ρ+ λ+ ϑ)
xρ−σ−1.(2.7)

Lemma 2. Let λ, ρ, σ, ϑ∈C such that <(λ) > 0 and <(ρ) < 1+min[<(σ),<(ϑ)].
Then (

Jλ,σ,ϑx,∞ tρ−1
)

(x) =
Γ(σ − ρ+ 1)Γ(ϑ− ρ+ 1)

Γ(1− ρ)Γ(λ+ σ + ϑ− ρ+ 1)
xρ−σ−1.(2.8)

Now we are ready to present our main results asserted by Theorems 3 and
4.

Theorem 3. Let x, ki, qi ∈ R+ (i = 1, . . . , r). Also let λ, σ, ϑ, ρ, γi, µi, bi, ci ∈ C
such that <(λ) > 0, <(ρ) > max{0,<(σ − ϑ)}, and <(µi) > 0 (i = 1, . . . , r).
Then (

Iλ,σ,ϑ0,x tρ−1
r∏
i=1

ωγi,qiki,µi,bi,ci
(t)

)
(x)(2.9)

= xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (x
2

)µi
× r+2Ψr+3

[
(γ1/k1, 1) , . . . , (γr/kr, 1) ,

(µ1/k1+(b1+1)/k1, q1/k1) , . . . , (µr/kr+(br+1)/kr, qr/kr) ,

(u + ρ, 2r), (u + ρ+ ϑ− σ, 2r);
(u + ρ− σ, 2r), (u + ρ+ λ+ ϑ, 2r), (1, 1);

1
4 (−c1)k

(1−q1/k1)
1 · · · (−cr)k(1−qr/kr)

r x2r

]
,

where

(2.10) u :=

r∑
i=1

µi (r ∈ N).

Proof. Let I be the left-hand side of (2.9). Using (1.9) and changing the order
of integration and summation, which is verified under the conditions given in
the theorem, we have

(2.11)
I =

r∏
i=1

{ ∞∑
n=0

(−1)ncni (γi)n,ki
Γki(qin+ µi + bi+1

2 )

(
1
2

)µi+2n

(n!)2

}
×
(
Iλ,σ,ϑ0,x tµ1+···+µr+2nr+ρ−1

)
(x),

which, upon applying (2.7), yields

I =

r∏
i=1

{ ∞∑
n=0

(−1)ncni (γi)n,ki
Γki(qin+ µi + bi+1

2 )

(
1
2

)µi+2n

(n!)2

}

Ah
ea

d 
of

 P
rin

t



6 P. AGARWAL, M. CHAND, J. CHOI, AND G. SINGH

× Γ(µ1 + · · ·+ µr + 2nr + ρ)Γ(µ1 + · · ·+ µr + 2nr + ρ+ ϑ− σ)

Γ(µ1 + · · ·+ µr + 2nr + ρ− σ)Γ(µ1 + · · ·+ µr + 2nr + ρ+ λ+ ϑ)
(2.12)

× xµ1+···+µr+2nr+ρ−σ−1.

We simplify (2.12) to give

(2.13)

I = xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (x
2

)µi 
∞∑
n=0

Γ
(
γi
ki

+ n
)

Γ
(
µi
ki

+ bi+1
ki

+ qin
ki

)
× Γ(µ1+···+µr+ρ+2nr)Γ(µ1+···+µr+ρ+ϑ−σ+2nr)

Γ(µ1+···+µr+ρ−σ+2nr)Γ(µ1+···+µr+ρ+λ+ϑ+2nr)Γ(n+1)

× 1

n!

(
x2r(−ci)k(1−qi/ki)

i

4

)n}
,

which, with the help of (1.12), is expressed in terms of r+2Ψr+3 function to
yield the right-hand side of (2.9). �

Theorem 4. Let x, ki, qi ∈ R+ (i = 1, . . . , r). Also let λ, σ, ϑ, ρ, γi, µi, bi, ci ∈ C
such that <(λ) > 0, <(ρ) < 1 + min{<(σ),<(ϑ)}, and <(µi) > 0 (i = 1, . . . , r).
Then (

Jλ,σ,ϑx,∞ tρ−1
r∏
i=1

ωγi,qiki,µi,bi,ci
(1/t)

)
(x)(2.14)

= xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (
1

2x

)µi
× r+2Ψr+3

[
(γ1/k1, 1) , . . . , (γr/kr, 1) ,

(µ1/k1 + (b1 + 1)/k1, q1/k1) , . . . , (µr/kr + (br + 1)/kr, qr/kr) ,

(1 + σ + u− ρ, 2r), (1 + ϑ+ u− ρ, 2r);
(1 + u− ρ, 2r), (1 + λ+ σ + ϑ+ u− ρ, 2r), (1, 1);

(−c1)k
(1−q1/k1)
1 ···(−cr)k(1−qr/kr)r

4x2r

]
,

where u is given as in (2.10).

Proof. The proof is parallel to that of Theorem 3. We omit the details. �

The results given in (2.9) and (2.14), being very general, can yield a large
number of special cases by assigning some suitable values to the involved pa-
rameters. We demonstrate only two formulas as in Corollaries 1 and 2.

Setting r = 1 and ki = k, µi = µ, γi = γ, qi = q, bi = b, and ci = c in (2.9)
and (2.14), we obtain the following two formulas in Corollaries 1 and 2.

Corollary 1. Let x, k, q ∈ R+. Also let λ, σ, ϑ, ρ, γ, µ, b, c ∈ C such that
min{<(λ),<(µ)} > 0 and <(ρ) > max{0,<(σ − ϑ)}. Then(

Iλ,σ,ϑ0,x tρ−1ωγ,qk,µ,b,c(t)
)

(x)(2.15)
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FRACTIONAL INTEGRAL FORMULAS 7

= xρ−σ−1 k
1−µ

k
− b+1

2k

Γ
(
γ
k

) (x
2

)µ
× 3Ψ4

[
(γ/k, 1) , (µ+ ρ, 2), (µ+ ρ+ ϑ− σ, 2);

(µ/k + (b+ 1)/k, q/k) , (µ+ ρ− σ, 2), (µ+ ρ+ λ+ ϑ, 2), (1, 1);

(−c)k(1−q/k)x2

4

]
.

Corollary 2. Let x, q, k ∈ R+. Also let λ, σ, ϑ, ρ, γ, µ, b, c ∈ C such that
min{<(λ),<(µ)} > 0 and <(ρ) < 1 + min{<(σ),<(ϑ)}. Then(

Jλ,σ,ϑx,∞ tρ−1ωγ,qk,µ,b,c(1/t)
)

(x)(2.16)

= xρ−σ−1 k
1−µ

k
− b+1

2k

Γ
(
γ
k

) (
1

2x

)µ
× 3Ψ4

[
(γ/k, 1) , (1 + σ + µ− ρ, 2), (1 + ϑ+ µ− ρ, 2);

(µ/k + (b+ 1)/k, q/k) , (1 + µ− ρ, 2), (1 + λ+ σ + ϑ+ µ− ρ, 2), (1, 1);

(−c)k(1−q/k)
4x2

]
.

3. Image formulas associated with integral transforms

Here, by using the results in previous section, we establish certain interesting
image formulas associated with such integral transforms as Beta transform,
Laplace transform, and Whittaker transform.

We recall the Beta transform of f(z) defined by (see [12])

B{f(z) : a, b} =

∫ 1

0

za−1(1− z)b−1f(z)dz.(3.1)

Theorem 5. Let x, ki, qi ∈ R+ (i = 1, . . . , r). Also let λ, σ, ϑ, ρ, µi, γi, bi, ci ∈ C
such that <(λ) > 0, <(ρ) > max{0,<(σ − ϑ)} and <(µi) > 0 (i = 1, . . . , r).

Further let l,m ∈ C with <(m) > 0 and <
(
l +
∑r
i=1 µi

)
> 0. Then

B

{(
Iλ,σ,ϑ0,x tρ−1

r∏
i=1

ωγi,qiki,µi,bi,ci
(t)

)
(x) : l,m

}
(3.2)

= Γ(m)xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (x
2

)µi
× r+3Ψr+4

[
(γ1/k1, 1) , . . . , (γr/kr, 1) ,

(µ1/k1 + (b1 + 1)/k1, q1/k1) , . . . , (µr/kr + (br + 1)/kr, qr/kr) ,

(u + ρ, 2r), (u + ρ+ ϑ− σ, 2r), (l + u, 2r);
(u + ρ− σ, 2r), (u + ρ+ λ+ ϑ, 2r), (l +m+ u, 2r), (1, 1);

(−c1)k
(1−q1/k1)
1 ···(−cr)k(1−qr/kr)r x2r

4

]
,
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8 P. AGARWAL, M. CHAND, J. CHOI, AND G. SINGH

where u is given as in (2.10).

Proof. Let B be the left-hand side of (3.2). Using the definition of Beta trans-
form, we have

(3.3) B =

∫ 1

0

zl−1(1− z)m−1

(
Iλ,σ,ϑ0,x tρ−1

r∏
i=1

ωγi,qiki,µi,bi,ci
(tz)

)
(x)dz,

which, using (1.9) and changing the order of integration and summation, which
is valid under the conditions of Theorem 3, yields

B =

r∏
i=1

{ ∞∑
n=0

(−1)ncni (γi)n,ki
Γki(qin+ µi + bi+1

2 )

(
1
2

)µi+2n

(n!)2

}

×
(
Iλ,σ,ϑ0,x tµ1+···+µr+2nr+ρ−1

)
(x)

∫ 1

0

zl+µ1+···+µr+2nr−1(1− z)m−1dz.(3.4)

Applying (2.7) to (3.4), after a little simplification, we obtain

B = xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (x
2

)µi
∞∑
n=0

Γ
(
γi
ki

+ n
)

Γ
(
µi
ki

+ bi+1
ki

+ qin
ki

)
× Γ(µ1+···+µr+ρ+2nr)Γ(µ1+···+µr+ρ+ϑ−σ+2nr)

Γ(µ1+···+µr+ρ−σ+2nr)Γ(µ1+···+µr+ρ+λ+ϑ+2nr)Γ(n+1)(3.5)

× 1

n!

(
x2r(−ci)k(1−qi/ki)

i

4

)n}∫ 1

0

zl+µ1+···+µr+2nr−1(1− z)m−1dz.

Applying the beta function B(α, β) defined by (see, e.g., [14, Section 1.1])

(3.6) B(α, β) =


∫ 1

0

tα−1(1− t)β−1dt (<(α) > 0;<(β) > 0)

Γ(α)Γ(β)

Γ(α+ β)

(
α, β ∈ C \ Z−0

)
,

to (3.5), we get

B = xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (x
2

)µi 
∞∑
n=0

Γ
(
γi
ki

+ n
)

Γ
(
µi
ki

+ bi+1
ki

+ qin
ki

)
× Γ(µ1+···+µr+ρ+2nr)Γ(µ1+···+µr+ρ+ϑ−σ+2nr)

Γ(µ1+···+µr+ρ−σ+2nr)Γ(µ1+···+µr+ρ+λ+ϑ+2nr)Γ(n+1)(3.7)

× 1

n!

(
x2r(−ci)k(1−qi/ki)

i

4

)n}
Γ(l + µ1 + · · ·+ µr + 2nr)Γ(m)

Γ(l +m+ µ1 + · · ·+ µr + 2nr)
,

which, upon expressing in terms of the Fox-Wright function (1.12), yields the
right-hand side of (3.2). �
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Theorem 6. Let x, ki, qi ∈ R+ (i = 1, . . . , r). Also let λ, σ, ϑ, ρ, µi, γi, bi, ci ∈ C
such that <(λ) > 0, <(ρ) < 1 + min{<(σ),<(ϑ)} and <(µi) > 0 (i = 1, . . . , r).

Further let l,m ∈ C with <(m) > 0 and <
(
l +
∑r
i=1 µi

)
> 0. Then

B

{(
Jλ,σ,ϑx,∞ tρ−1

r∏
i=1

ωγi,qiki,µi,bi,ci
(z/t)

)
(x) : l,m

}
(3.8)

= Γ(m)xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (
1

2x

)µi

× r+3Ψr+4

[
(γ1/k1, 1) , . . . , (γr/kr, 1) ,

(µ1/k1 + (b1 + 1)/k1, q1/k1) , . . . , (µr/kr + (br + 1)/kr, qr/kr) ,

(1 + σ + u− ρ, 2r), (1 + ϑ+ u− ρ, 2r), (l + u, 2r);
(1 + u− ρ, 2r), (1 + λ+ σ + ϑ+ u− ρ, 2r), (l +m+ u, 2r), (1, 1);

(−c1)k
(1−q1/k1)
1 ···(−cr)k(1−qr/kr)r

4x2r

]
,

where u is given as in (2.10).

Proof. A similar argument as in the proof of Theorem 5 will establish this
theorem. We omit the details. �

We recall the Laplace transform of f(z) (see, e.g., [12, 13]).

L{f(z)} =

∫ ∞
0

e−szf(z)dz.(3.9)

Theorem 7. Let x, ki, qi ∈ R+ (i = 1, . . . , r). Also let λ, σ, ϑ, ρ, µi, γi, bi, ci ∈ C
such that <(λ) > 0, <(ρ) > max{0,<(σ − ϑ)}, and <(µi) > 0 (i = 1, . . . , r).

Further let s, l ∈ C with <(s) > 0 and <
(
l +
∑r
i=1 µi

)
> 0. Then

L

{
zl−1

(
Iλ,σ,ϑ0,x tρ−1

r∏
i=1

ωγi,qiki,µi,bi,ci
(tz)

)
(x)

}
(3.10)

=
xρ−σ−1

sl

r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) ( x
2s

)µi
× r+3Ψr+3

[
(γ1/k1, 1) , . . . , (γr/kr, 1) ,

(µ1/k1 + (b1 + 1)/k1, q1/k1) , . . . , (µr/kr + (br + 1)/kr, qr/kr) ,

(u + ρ, 2r), (u + ρ+ ϑ− σ, 2r), (l + u, 2r);
(u + ρ− σ, 2r), (u + ρ+ λ+ ϑ, 2r), (1, 1);

(−c1)k
(1−q1/k1)
1 ···(−cr)k(1−qr/kr)r

4

(
x
s

)2r]
,

where u is given as in (2.10).
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Proof. Let L be the left-hand side of (3.10). Applying the Laplace transform
(3.9), using (1.9), and changing the order of integration and summation, which
is valid under the conditions of Theorem 7, we have

L = xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (x
2

)µi 
∞∑
n=0

Γ
(
γi
ki

+ n
)

Γ
(
µi
ki

+ bi+1
ki

+ qin
ki

)(3.11)

× Γ(µ1+···+µr+ρ+2nr)Γ(µ1+···+µr+ρ+ϑ−σ+2nr)
Γ(µ1+···+µr+ρ−σ+2nr)Γ(µ1+···+µr+ρ+λ+ϑ+2nr)Γ(n+1)

× 1

n!

(
x2r(−ci)k(1−qi/ki)

i

4

)n}∫ ∞
0

e−szzl+µ1+···+µr+2nr−1dz

= xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (x
2

)µi 
∞∑
n=0

Γ
(
γi
ki

+ n
)

Γ
(
µi
ki

+ bi+1
ki

+ qin
ki

)
× Γ(µ1+···+µr+ρ+2nr)Γ(µ1+···+µr+ρ+ϑ−σ+2nr)

Γ(µ1+···+µr+ρ−σ+2nr)Γ(µ1+···+µr+ρ+λ+ϑ+2nr)Γ(n+1)

× 1

n!

(
x2r(−ci)k(1−qi/ki)

i

4

)n}
Γ(l + µ1 + · · ·+ µr + 2nr)

sl+µ1+···+µr+2nr
,

which, upon using (1.12), leads to the right-hand side of (3.10). �

Theorem 8. Let x, ki, qi ∈ R+ (i = 1, . . . , r). Also let λ, σ, ϑ, ρ, µi, γi, bi, ci ∈ C
such that <(λ) > 0, <(ρ) < 1 + min[<(σ),<(ϑ)], and <(µi) > 0 (i = 1, . . . , r).

Further let s, l ∈ C with <(s) > 0 and <
(
l +
∑r
i=1 µi

)
> 0. Then

L

{
zl−1

(
Jλ,σ,ϑx,∞ tρ−1

r∏
i=1

ωγi,qiki,µi,bi,ci
(z/t)

)
(x)

}
(3.12)

=
xρ−σ−1

sl

r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (
1

2xs

)µi

× r+3Ψr+3

[
(γ1/k1, 1) , . . . , (γr/kr, 1) ,

(µ1/k1 + (b1 + 1)/k1, q1/k1) , . . . , , (µr/kr + (br + 1)/kr, qr/kr) ,

(1 + σ + u− ρ, 2r), (1 + ϑ+ u− ρ, 2r), (l + u, 2r);
(1 + u− ρ, 2r), (1 + λ+ σ + ϑ+ u− ρ, 2r), (1, 1);

(−c1)k
(1−q1/k1)
1 ···(−cr)k(1−qr/kr)r

4(xs)2r

]
,

where u is given as in (2.10).

Proof. The proof would run parallel to that of Theorem 7. We omit the details.
�
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We recall the following formula (see, e.g., [5, p. 816, Entry 11])

(3.13)

∫ ∞
0

zν−1e−
1
2 zWη,θ(z)dz =

Γ( 1
2 +θ+ν)Γ( 1

2−θ+ν)
Γ(1−η+ν)

(
<(ν ± θ) > − 1

2

)
,

whereWη,θ(·) denote the Whittaker functions (see, e.g., [5, Sections 9.22-9.23]).

Theorem 9. Let x, ki, qi ∈ R+ (i = 1, . . . , r). Also, let λ, σ, ϑ, ρ, µi, γi, bi, ci ∈
C such that <(λ) > 0, <(ρ) > max{0,<(σ − ϑ)}, and <(µi) > 0 (i = 1, . . . , r).

Further, let ξ, η, τ, ω,∈ C with <(η) > 0 and <
(
ξ + ω

)
> − 1

2 . Then∫ ∞
0

zξ−1e−ηz/2Wτ,ω(ηz)

{(
Iλ,σ,ϑ0,x tρ−1

r∏
i=1

ωγi,qiki,µi,bi,ci
(tz)

)
(x)

}
dz(3.14)

=
xρ−σ−1

ηξ

r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (
x

2η

)µi

× r+4Ψr+4

[
(γ1/k1, 1) , . . . , (γr/kr, 1) ,

(µ1/k1 + (b1 + 1)/k1, q1/k1) , . . . , (µr/kr + (br + 1)/kr, qr/kr) ,

(u + ρ, 2r), (u + ρ+ ϑ− σ, 2r), (1/2 + ω + ξ + u, 2r), (1/2− ω + ξ + u, 2r);
(u + ρ− σ, 2r), (u + ρ+ λ+ ϑ, 2r), (1− τ + ξ + u, 2r), (1, 1);

(−c1)k
(1−q1/k1)
1 ···(−cr)k(1−qr/kr)r

4

(
x
η

)2r

]
,

where u is given as in (2.10).

Proof. Let W be the left-hand side of the result (3.14). By using (1.9) and
changing the order of integration and summation, which is valid under the
conditions of Theorem 9, we have

W = xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (x
2

)µi
∞∑
n=0

Γ
(
γi
ki

+ n
)

Γ
(
µi
ki

+ bi+1
ki

+ qin
ki

)
× Γ(µ1+···+µr+ρ+2nr)Γ(µ1+···+µr+ρ+ϑ−σ+2nr)

Γ(µ1+···+µr+ρ−σ+2nr)Γ(µ1+···+µr+ρ+λ+ϑ+2nr)Γ(n+1)

× 1

n!

(
x2r(−ci)k

(1−qi/ki)
i

4

)n}∫ ∞
0

zξ+µ1+···+µr+2nr−1e−ηz/2Wτ,ω(ηz)dz,

which, upon replacing ηz by ς, yields

W = xρ−σ−1
r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (x
2

)µi 
∞∑
n=0

Γ
(
γi
ki

+ n
)

Γ
(
µi
ki

+ bi+1
ki

+ qin
ki

) Γ(µ1 + · · ·+ µr + ρ+ 2nr)

Γ(µ1 + · · ·+ µr + ρ− σ + 2nr)

(3.15)

× Γ(µ1+···+µr+ρ+ϑ−σ+2nr)
Γ(µ1+···+µr+ρ+λ+ϑ+2nr)Γ(n+1)

1
n!

(
x2r(−ci)k

(1−qi/ki)
i

4

)n}
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12 P. AGARWAL, M. CHAND, J. CHOI, AND G. SINGH

× 1

ηξ+µ1+···+µr+2nr

∫ ∞
0

ςξ+µ1+···+µr+2nr−1e−ς/2Wτ,ω(ς)dς.

Upon applying (3.13) to the involved integral in (3.15), we obtain

W =
xρ−σ−1

ηξ

r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (
x

2η

)µi
∞∑
n=0

Γ
(
γi
ki

+ n
)

Γ
(
µi
ki

+ bi+1
ki

+ qin
ki

)
× Γ(µ1+···+µr+ρ+2nr)Γ(µ1+···+µr+ρ+ϑ−σ+2nr)

Γ(µ1+···+µr+ρ−σ+2nr)Γ(µ1+···+µr+ρ+λ+ϑ+2nr)Γ(n+1)

× Γ(1/2+ω+ξ+µ1+···+µr+2nr)Γ(1/2−ω+ξ+µ1+···+µr+2nr)
Γ(1−τ+ξ+µ1+···+µr+2nr)

× 1

n!

(
x2r(−ci)k(1−qi/ki)

i

4η2r

)n}
,

which, upon expressing in terms of (1.12), leads to the right-hand side of (3.14).
�

Theorem 10. Let x, ki, qi ∈ R+ (i = 1, . . . , r). Also, let λ, σ, ϑ, ρ, µi, γi, bi, ci ∈
C such that <(λ) > 0, <(ρ) < 1+min[<(σ),<(ϑ)], and <(µi) > 0 (i = 1, . . . , r).

Further, let ξ, η, τ, ω,∈ C with <(η) > 0 and <
(
ξ + ω

)
> − 1

2 . Then

(3.16)∫ ∞
0

zξ−1e−ηz/2Wτ,ω(ηz)

{(
Jλ,σ,ϑx,∞ tρ−1

r∏
i=1

ωγi,qiki,µi,bi,ci
(z/t)

)
(x)

}
dz

=
xρ−σ−1

ηξ

r∏
i=1

k
1−µi

ki
− bi+1

2ki
i

Γ
(
γi
ki

) (
1

2xη

)µi

× r+4Ψr+4

[
(γ1/k1, 1) , . . . , (γr/kr, 1) ,

(µ1/k1 + (b1 + 1)/k1, q1/k1) , . . . , (µr/kr + (br + 1)/kr, qr/kr) ,

(1 + σ + u− ρ, 2r), (1 + ϑ+ u− ρ, 2r), (1/2 + ω + ξ + u, 2r), (1/2− ω + ξ + u, 2r);
(1 + u− ρ, 2r), (1 + λ+ σ + ϑ+ u− ρ, 2r), (1− τ + ξ + u, 2r), (1, 1);

(−c1)k
(1−q1/k1)
1 ···(−cr)k(1−qr/kr)r

4(xη)2r

]
,

where u is given as in (2.10).

Proof. Here, using (2.2), a similar argument as in the proof of Theorem 9 will
establish (3.16). So its detailed account is omitted. �
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