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NOVEL DECISION MAKING METHOD BASED ON
DOMINATION IN m-POLAR FUZZY GRAPHS
Muhammad Akram and Neha Waseem

Abstract. In this research article, we introduce certain concepts, including domination, total domination, strong domination, weak domination,
edge domination and total edge domination in m-polar fuzzy graphs. We
describe these concepts by several examples. We investigate some related properties of certain dominations in m-polar fuzzy graphs. We also
present a decision making method based on domination in m- polar fuzzy
graphs.

1. Introduction

ea
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Graph theory is a useful tool in solving the combinatorial problems in different areas of optimization, engineering and computer science. First idea of
domination occurred in the game of chess where the problem was to place minimum number of chess pieces so as to dominate all the squares of the chess
board. Mathematical research on the theory of domination for crisp graphs
was initiated by Ore [15] in 1962. Cockayne and Hedetnieme [9] introduced
the concept of independent domination number in graphs. Research area of
domination theory is interesting due to the diversity of applications and wide
variety of domination parameters that can be defined.
Fuzzy graph theory is one of the most developing branches of modern mathematics which has a variety of applications in different domains, including computer science, communication networks, biological sciences, social networks and
optimization problems. A fuzzy set [21] is an important mathematical structure to represent a collection of objects whose boundary is vague. Based on
Zadeh’s [22] fuzzy relations, Kauffman defined in [11] a fuzzy graph. The
fuzzy relations between fuzzy sets were also considered by Rosenfeld [18] and
he developed the structure of fuzzy graphs, obtaining analogs of several graph
theoretical concepts. Later on, Bhattacharya [7] gave some remarks on fuzzy
graphs, and some operations on fuzzy graphs were introduced by Mordeson and
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Peng. Somasundaram and Somasundaram [20] introduced several new ideas,
including dominating sets, total dominating sets and independent sets in fuzzy
graph theory. Nagoorgani and Ahamed initiated [12] the idea of strong and
weak domination in fuzzy graphs. Domination is very widely used area of fuzzy
graph theory. Several researchers published their work on domination in fuzzy
graphs (e.g., see [10, 12–14, 16, 19]).
In 2014, Chen et al. [8] introduced the notion of m-polar fuzzy sets as a
generalization of bipolar fuzzy sets and showed that bipolar fuzzy sets and 2polar fuzzy sets are cryptomorphic mathematical ideas and that we can obtain
concisely one from the corresponding one in [8]. The idea behind this is that
“multipolar information” (not just bipolar information which corresponds to
two-valued logic) exists because data for real world problems are sometimes
from n agents (n ≥ 2). For example, the exact degree of telecommunication
safety of mankind is a point in [0, 1]n (n ≈ 7 × 109) because different person has
been monitored different times. Akram et al. [1–6] has introduced many new
concepts, including bipolar fuzzy graphs, m-polar fuzzy graphs, certain metrics
in m-polar fuzzy graphs. In this research article, we introduce certain concepts,
including domination, total domination, strong domination, weak domination,
edge domination and total edge domination in m-polar fuzzy graphs. We describe these concepts by several examples. We investigate some related properties of certain dominations in m-polar fuzzy graphs. We also present a decision
making method based on domination in m-polar fuzzy graphs.
2. Preliminaries
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Let X be a non-empty set. Let V × V denote the collection of all 2-elements
subsets of V . A pair G∗ = (V, E), where E ⊆ V × V , is called a graph. A fuzzy
set µ in a universe V is a mapping µ : V → [0, 1]. A fuzzy relation on V is a
fuzzy set ν in V × V . Let µ be a fuzzy set in V and ν a fuzzy relation on V .
We call ν is a fuzzy relation on µ if ν(xy) ≤ min{µ(x), µ(y)}, ∀x, y ∈ V . A
fuzzy graph [18] is a pair G = (µ, ν), where µ and ν are fuzzy sets on V and
V × V , respectively such that ν(xy) ≤ min{µ(x), µ(y)} for all x, y ∈ V. Note
that ν is a fuzzy relation on µ, and ν(xy) = 0 for all xy ∈ V × V − E. Let
G = (µ, ν) be a fuzzy graph of a graph G∗ = (V, E). For any two vertices u,
v ∈ V, we say that u dominates [20] v in G if ν(uv) = min{µ(u), µ(v)}. A
subset D of V is called a dominating set [20] of a fuzzy graph G if for every
v∈
/ V , there exists u ∈ D such that u dominates v. The smallest number of
nodes in any dominating set of G is called domination number [20] of a fuzzy
graph G and is denoted by γ(G). A dominating set D of a fuzzy graph G is
called a minimal dominating set [20] if no proper subset of D is dominating
set of G. A set S of vertices of a fuzzy graph G is called independent [20] if
ν(uv) < min{µ(u), µ(v)} ∀u, v ∈ S. An independent set M of a fuzzy graph G
is called maximal independent set [20] if for every vertex v ∈ V − M , the set
M ∪ {v} is not independent. The independence number [20] is the minimum
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cardinality among all maximal independent sets of a fuzzy graph G and is
denoted by i(G). For any two vertices u, v ∈ V, we say that u strongly dominates
[12] v in G if ν(uv) = min{µ(u), µ(v)} and dG (u) ≥ dG (v). A subset D of V is
called a strong dominating set [12] of a fuzzy graph G if for every v ∈
/ V , there
exists u ∈ D such that u strongly dominates v. For any two vertices u, v ∈ V,
we say that u weakly dominates [12] v in G if ν(uv) = min{µ(u), µ(v)} and
dG (u) ≤ dG (v). A subset D of V is called a weak dominating set [12] of a fuzzy
graph G if for every v ∈
/ V , there exists u ∈ D such that u weakly dominates
v. A set D′ ⊆ E is called an edge dominating set [17] of a fuzzy graph G
if every edge in E − D′ is adjacent to at least one effective edge in D′ . The
minimum cardinality of an edge dominating set of a fuzzy graph G is called
edge domination number [17] and is denoted by γ ′ (G). An edge dominating set
D′ ⊆ E is called minimal edge dominating set [17] of a fuzzy graph G if for
every edge e ∈ D′ , the set D′ − {e} is not edge dominating. An edge e of a
fuzzy graph G is called an isolated edge [17] if no effective edges incident with
vertices of e. A set M ′ ⊆ E of a fuzzy graph G is called an edge independent
set [17] if for each edge e ∈ M ′ , no effective edge of M ′ is incident with the
vertices of e. The minimum cardinality of an edge independent set is called
edge independence number [17] and is denoted by i′ (G). An edge independent
set M ′ ⊆ E is called maximal edge independent set [17] of a fuzzy graph G if
for every edge e ∈ E − M ′ , the set M ′ ∪ {e} is not edge independent. A set
D′ ⊆ E is called total edge dominating set [17] of a fuzzy graph G if every edge
in E is adjacent to at least one effective edge in D′ . The minimum cardinality
of a total edge dominating set is called total edge domination number [17] and
is denoted by γt′ (G).
m

Definition 2.1 ([8]). An m-polar fuzzy set (or a [0, 1] -set) on X is a mapping
m
A : X → [0, 1] . The set of all m-polar fuzzy sets on X is denoted by m(X).
Note that [0, 1]m (m-power of [0, 1]) is considered a poset with the point-wise
order ≤, where m is an arbitrary ordinal number (we make an appointment that
m = {n | n < m} when m > 0), ≤ is defined by x ≤ y ⇔ pi (x) ≤ pi (y) for each
i ∈ m (x, y ∈ [0, 1]m ), and pi : [0, 1]m → [0, 1] is the ith projection mapping
(i ∈ m). 0 = (0, 0, . . . , 0) is the smallest element in [0, 1]m and 1 = (1, 1, . . . , 1)
is the largest element in [0, 1]m .

ea

An m-polar fuzzy relation is a generalization of a bipolar fuzzy relation.
Akram and Neha [5] defined an m-polar fuzzy relation as follows:

Definition 2.2. Let C be an m-polar fuzzy subset of a non-empty set V . An
m-polar fuzzy relation on C is an m-polar fuzzy subset D of V × V defined
by the mapping D : V × V → [0, 1]m such that for all u, v ∈ V , pi ◦ D(uv) ≤
inf{pi ◦ C(u), pi ◦ C(v)}, i = 1, 2, 3, . . . , m, where pi ◦ C(u) denotes the i-th
degree of membership of the vertex u and pi ◦ D(uv) denotes the i-th degree of
membership of the edge uv.
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Chen et al. [8] defined the concept of an m-polar fuzzy graph as follows:
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Definition 2.3. An m-polar fuzzy graph of a graph G∗ = (V, E) is a pair G =
(C, D), where C : V → [0, 1]m is an m-polar fuzzy set in V and D : E → [0, 1]m
is an m-polar fuzzy relation on V such that
pi ◦ D(uv) ≤ inf{pi ◦ C(u), pi ◦ C(v)}
for all u, v ∈ V .

We note that pi ◦ D(uv) = 0 for all uv ∈ V × V − E, i = 1, 2, 3, . . . , m.
C is called the m-polar fuzzy vertex set of G and D is called the m-polar
fuzzy edge set of G, respectively. An m-polar fuzzy relation D on V is called
symmetric if pi ◦ D(uv) = pi ◦ D(vu) for all u, v ∈ V . An m-polar fuzzy
graph G is said to be strong [8] if pi ◦ D(uv) = inf{pi ◦ C(u), pi ◦ C(v)} for
all uv ∈ E, i = 1, 2, 3, . . . , m. An m-polar fuzzy graph G is said to be complete
[5] if pi ◦ D(uv) = inf{pi ◦ C(u), pi ◦ C(v)} for all u, v ∈ V, i = 1,P
2, 3, . . . , m.
The m-polar fuzzy vertex cardinality of C is defined by |C| =
pi ◦ C(u)
for
all
u
∈
V.
The
m-polar
fuzzy
edge
cardinality
of
D
is
defined
by
|D| =
P
pi ◦ D(uv) for all uv ∈ E. The order [5] of an m-polar fuzzy graph
G is
P
defined by O(G) = (O1 (G), O2 (G), . . . , Om (G)), where Oi (G) =
v∈V pi ◦
C(v), i = 1, 2, 3, . . . , m. The size [5] of an m-polar fuzzy
graph
G
is
defined
P
by S(G) = (S1 (G), S2 (G), . . . , Sm (G)), where Si (G) = vw∈E pi ◦ D(vw), i =
1, 2, 3, . . . , m. The complement [8] of an m-polar fuzzy graph G = (C, D) is an
m-polar fuzzy graph G = (C, D), where,

do

(i) C = C,
(ii) pi ◦ D(uv) = 0 when pi ◦ D(uv) > 0,
(iii) pi ◦ D(uv) = inf{pi ◦ C(u), pi ◦ C(v)} when pi ◦ D(uv) = 0.

An m-polar fuzzy graph G is called m-polar fuzzy bipartite if the vertex set V
can be partitioned into two nonempty sets V1 and V2 such that pi ◦ D(uv) = 0
if u, v ∈ V1 or u, v ∈ V2 . These sets are called m-polar fuzzy bipartition of V .
Further if pi ◦ D(uv) = inf{pi ◦ C(u), pi ◦ C(v)} for all u ∈ V1 and v ∈ V2 , i =
1, 2, 3, . . . , m, then G is called complete m-polar fuzzy bipartite graph and is
denoted by KC1 ,C2 , where C1 and C2 are, respectively, the restrictions of C to
V1 and V2 .

ea

3. Domination in m-polar fuzzy graphs

Definition 3.1. Let G = (C, D) be an m-polar fuzzy graph of a graph G∗ =
(V, E). An edge e = uv of an m-polar fuzzy graph G is called an effective edge
if pi ◦ D(uv) = inf{pi ◦ C(u), pi ◦ C(v)}.

Ah

Definition 3.2. The sum of the weights of the effective edges incident at
u is called the effective degree of a vertex u and it is denoted by dE (u).
The minimum effective degree of a vertex u is, denoted by δN (G), defined
by δN (G) = inf{dE (u) : u ∈ V }. The maximum effective degree of a vertex u
is, denoted by ∆N (G), defined by ∆N (G) = sup{dE (u) : u ∈ V }.
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Definition 3.3. The neighborhood of a vertex u is defined as
N (u) = {v ∈ V : pi ◦ D(uv) = inf{pi ◦ C(u), pi ◦ C(v)}}.
N [u] = N (u) ∪ {u} is called the closed neighborhood of a vertex u.

Example 3.1. Consider a graph G∗ = (V, E) such that V = {a, b, c, d, e}, E =
{ab, ac, bc, bd, ce, de}. Let C be a 5-polar fuzzy subset of V and let D be a
5-polar fuzzy subset of E ⊆ V × V defined by
C
a
b
c
d
e
D
ab ac bc bd ce de
p1 ◦ C 0.4 0.8 0.7 0.7 0.9 p1 ◦ D 0.3 0.2 0.7 0.7 0.7 0.4
p2 ◦ C 0.2 0.7 0.9 0.5 0.6 p2 ◦ D 0.1 0.1 0.7 0.5 0.6 0.3
p3 ◦ C 0.7 0.9 0.4 0.8 0.5 p3 ◦ D 0.6 0.3 0.4 0.8 0.4 0.4
p4 ◦ C 0.9 0.4 0.8 0.4 0.2 p4 ◦ D 0.2 0.7 0.4 0.4 0.2 0.1
p5 ◦ C 0.6 0.6 0.5 0.5 0.8 p5 ◦ D 0.5 0.4 0.5 0.5 0.5 0.1
(0.7,0.5,0.8,0.4,0.5)

d(0.7, 0.5, 0.8, 0.4, 0.5)
b

(0.7,0.6,0.4,0.2,0.5)

b
e(0.9, 0.6, 0.5, 0.2, 0.8)

c(0.7, 0.9, 0.4, 0.8, 0.5)

(0.4,0.3,0.4,0.1,0.1)

(0.7,0.7,0.4,0.4,0.5)

b(0.8, 0.7, 0.9, 0.4, 0.6)
) b
0.5
.2,
6,0
.
0
.1,
3,0
(0.
a(0.4, 0.2, 0.7, 0.9, 0.6) b
(0.
2,0
.1,
0.3
,0.
7,0
.4)
b

do

Figure 1. 5-polar fuzzy graph

By direct calculations, it is easy to see from Fig. 1, that the edges bd, bc and
ce are effective edges of G.
The neighborhood of the vertices is:
N (a) = φ, N (b) = {d, c}, N (c) = {b, e}, N (d) = {b} and N (e) = {c}.
The closed neighborhood of the vertices is:

N [a] = {a}, N [b] = {b, d, c}, N [c] = {b, c, e}, N [d] = {b, d} and N [e] = {c, e}.

ea

Definition 3.4. TheP
neighborhood degree of a vertex u is, denoted by dG (u),
defined as dG (u) =
v∈N (u) C(v). The minimum neighborhood degree of a
vertex u is, denoted by δN (G), defined as δN (G) = inf{dG (u) : u ∈ V }. The
maximum neighborhood degree of a vertex u is, denoted by ∆N (G), defined as
∆N (G) = sup{dG (u) : u ∈ V }.

Definition 3.5. Let G = (C, D) be an m-polar fuzzy graph on non-empty set
V . For any two vertices u, v ∈ V , we call u dominates v in G if pi ◦ D(uv) =
inf{pi ◦ C(u), pi ◦ C(v)}.

Ah

Definition 3.6. Let G = (C, D) be an m-polar fuzzy graph on non-empty set
V . A set D̃ ⊆ V is called a dominating set of G if for every vertex v ∈
/ D̃, there
exists a vertex u ∈ D̃ such that u dominates v.
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Definition 3.7. A dominating set D̃ is called a minimal dominating set of G
if for any d ∈ D̃, D̃ − {d} is not a dominating set of G. The domination number
of G, denoted by γ(G) is defined to be the minimum cardinality among all
minimal dominating sets of G.
Definition 3.8. A dominating set D̃ such that |D̃| = γ(G) is called a minimum
dominating set of G.
Example 3.2. Consider a 5-polar fuzzy graph G = (C, D) of a graph G∗ =
(V, E), where V = {a, b, c, d} and E = {ab, ac, bc, cd}, as shown in Fig. 2.

b
b(0.9, 0.8, 0.5, 0.9, 0.4)

)
0.4

(0.
7,

,
0.7

0.6
,

,
0.3

0.3
,

,
0.5

0.8
,

7,
(0.

0.4
)

a(0.7, 0.6, 0.3, 0.8, 0.4)
b

(0.9,0.5,0.5,0.7,0.4)

(0.6,0.5,0.6,0.5,0.4)
b
c(0.9, 0.5, 0.8, 0.7, 0.6)

b
d(0.6, 0.7, 0.6, 0.5, 0.4)

Figure 2. Dominating set of a 5-polar fuzzy graph

do

By direct calculations, it is easy to see from Fig. 2, that D̃1 = {a, d}, D̃2 =
{b, d} and D̃3 = {c} are dominating sets of G. D̃1 = {a, d} and D̃2 = {b, d} are
minimal dominating sets of G. Also, D̃3 = {c} is both minimal and minimum.
Theorem 3.1. Every minimum dominating set of an m-polar fuzzy graph G
is a minimal dominating set.
The converse of Theorem 3.1 may not be true in general, it can be seen in
the following example.
Example 3.3. Consider a 4-polar fuzzy graph G = (C, D) of a graph G∗ =
(V, E), where V = {a, b, c, d, e, f } and E = {ac, bc, cd, de, df }, as shown in Fig.
3.
(0
.6
,0
.5
,0
.3
,0
.5
)

ea

a(0.6, 0.5, 0.3, 0.9)
b

c(0.7, 0.9, 0.4, 0.5)

b
b(0.7, 0.8, 0.7, 0.4)

.
(0

.8,
7,0

,
0.4

)
0.4

b

.4,
(0
(0.7,0.4,0.4,0.5)

,0.
0.4

e(0.4, 0.7, 0.9, 0.3)
b

.3)
7,0

b d(0.9, 0.4, 0.7, 0.5)

(0
.8
,0
.4
,0
.5
,0
.5
)

b
f (0.8, 0.6, 0.5, 0.7)

Ah

Figure 3. Minimal dominating set of G
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Here, D̃1 = {a, b, e, f } is a minimal dominating set of a 4-polar fuzzy G but
it is not a minimum dominating set of G. The minimum dominating set of G
is D̃2 = {c, d} and domination number of G is γ(G) = (1.6, 1.3, 1.1, 1.0).

Remark 3.1. (i) Domination is a symmetric relation. That is, if u dominates
v, then v dominates u.
(ii) If pi ◦ D(uv) < inf{pi ◦ C(u), pi ◦ C(v)} for all u, v ∈ V, then D̃(G) = G.

Remark 3.2. (i) For any complete m-polar fuzzy graph KC , the dominating set
D̃ = {u} for all u ∈ V. Thus γ(KC ) = inf(pi ◦ C(u)).
(ii) γ(G) = p if and only if pi ◦ D(uv) < inf{pi ◦ C(u), pi ◦ C(v)} for all
u, v ∈ V. In particular γ(KC ) = p.
(iii) For any complete bipartite m-polar fuzzy graph,
γ(KC1 ,C2 ) = inf {pi ◦ C(u)} + inf {pi ◦ C(v)}.
u∈V1

v∈V2

Definition 3.9. Let G = (C, D) be an m-polar fuzzy graph on non-empty
set V . A vertex u ∈ V is called an isolated vertex of G if pi ◦ D(uv) <
inf{pi ◦ C(u), pi ◦ C(v)} for all v ∈ V − {u}, i.e., N (u) = φ.
Example 3.4. Consider a 5-polar fuzzy graph G = (C, D), where D is a
relation on C, as shown in Fig. 4.
(0.5,0.2,0.4,0.1,0.1)

,0.
0.8

4,

b(0.6, 0.5, 0.8, 0.4, 0.6)
b

)
0.3

do

a(0.7, 0.4, 0.5, 0.2, 0.5)
b

(0.

b
c(0.8, 0.6, 0.9, 0.4, 0.3)

.5,
6,0

(0.3,0.4,0.6,0.1,0.2)

b
d(0.4, 0.7, 0.8, 0.5, 0.6)

Figure 4. Isolated vertex of a 5-polar fuzzy graph

By direct calculations, it is clear that N (a) = φ = N (d), i.e., a and d are
isolated vertices.

ea

Theorem 3.2. Let G = (C, D) be an m-polar fuzzy graph of a graph G∗ =
(V, E). Then γ + γ ≤ 2p, where γ and γ are domination number of G and G
respectively. Also, γ + γ = 2p if and only if 0 < pi ◦ D(uv) < inf{pi ◦ C(u), pi ◦
C(v)} for all u, v ∈ V.

Proof. Since γ(G) = p if and only if pi ◦ D(uv) < inf{pi ◦ C(u), pi ◦ C(v)} for all
u, v ∈ V and γ(G) = p if and only if pi ◦ D(uv) = inf{pi ◦ C(u), pi ◦ C(v)} − pi ◦
D(uv) < inf{pi ◦C(u), pi ◦C(v)} for all u, v ∈ V. This implies that pi ◦D(uv) > 0.
Thus γ + γ = 2p if and only if 0 < pi ◦ D(uv) < inf{pi ◦ C(u), pi ◦ C(v)} for all
u, v ∈ V. The inequality holds trivially.


Ah

Corollary 3.3. Let G = (C, D) be an m-polar fuzzy graph without isolated
vertices. Then γ(G) ≤ p/2.
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Corollary 3.4. Let G = (C, D) and G = (C, D) be the m-polar fuzzy graphs
without isolated vertices. Then γ + γ ≤ p, where γ and γ are domination
number of G and G, respectively. Also, γ + γ = p if and only if γ = γ = p.

Theorem 3.5. A dominating set D̃ of an m-polar fuzzy graph G is a minimal
dominating set if for each u ∈ D̃, one of the following two conditions hold.
(i) N (u) ∩ D̃ = φ
(ii) There is a vertex w ∈ V − D̃ such that N (w) ∩ D̃ = {u}.

Proof. Assume that D̃ is a minimal dominating set of an m-polar fuzzy G.
Then no proper subset of D̃, i.e., D̃1 = D̃ − {u} is dominating and hence there
exists a vertex w ∈ V − D̃1 which is not dominated by any vertex in D̃1 . Now
either w = u or w 6= u. If w = u, then u is not dominated by any vertex in
D̃. If w 6= u, then w is not dominated by D̃1 but is dominated by D̃. Thus the
vertex w is dominated by only the vertex u ∈ D̃. The converse is obvious. 
Theorem 3.6. Let G be an m-polar fuzzy graph without isolated vertices. If
D̃ is a minimal dominating set of G, then V − D̃ is a dominating set of G.

do

Proof. Let D̃ be a minimal dominating set of G. Assume that V − D̃ is not
dominating. Then there exists a vertex v ∈ D̃ which is not dominated by any
vertex in V − D̃. Since G has no isolated vertices, so neighborhood of v contains
at least one vertex of D̃ − {v}. Thus D̃ − {v} is a dominating set of G, which
is a contradiction. Hence V − D̃ is a dominating set of G.

Corollary 3.7. If G is an m-polar fuzzy graph without isolated vertices, then
γ(G) ≤ p/2.
Definition 3.10. Let G = (C, D) be an m-polar fuzzy graph on non-empty
set V . A set M ⊆ V is called an independent set of G if pi ◦ D(uv) < inf{pi ◦
C(u), pi ◦ C(v)} for all u, v ∈ M.

ea

Definition 3.11. An independent set M is called a maximal independent set
of G if for every vertex u ∈ V − M , the set M ∪ {u} is not independent.
Definition 3.12. The lower independence number of an m-polar fuzzy graph
G, denoted by i(G), is defined as the minimum cardinality among all maximal
independent sets of G.
Definition 3.13. The upper independence number of an m-polar fuzzy graph
G, denoted by I(G), is defined as the maximum cardinality among all maximal
independent sets of G.

Ah

Example 3.5. Consider a 4-polar fuzzy graph G on V = {a, b, c, d}, as shown
in Fig. 5.
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b
c(0.3, 0.5, 0.9, 0.7)

b(0.6, 0.3, 0.9, 0.4)
b

(0.6,0.3,0.2,0.4)

0.
.2,
1,0

.2)
5,0

(0.2,0.1,0.4,0.2)

(0.5,0.1,0.5,0.2)

(0.3,0.5,0.2,0.5)

a(0.8, 0.7, 0.2, 0.5)
b

9

b
d(0.8, 0.2, 0.6, 0.4)

Figure 5. Independent set of a 4-polar fuzzy graph

It is easy to see from Fig. 5, that pi ◦ D(bc) < inf(pi ◦ C(b), pi ◦ C(c)).
So, M = {b, c} is an independent set of a 4-polar fuzzy graph G. Similarly,
other independent sets of G are M1 = {c, d}, M2 = {a, d}, M3 = {b, d} and
M4 = {b, c, d}. Here, M2 = {a, d} is a maximal independent set of G with
minimum cardinality and i(G) = (1.6, 0.9, 0.8, 0.9). M4 = {b, c, d} is maximal
independent set of G with maximum cardinality and I(G) = (1.7, 1.0, 2.4, 1.5).
Proposition 3.8. If γ(G) denotes the domination number of a dominating set
D and i(G) denotes the independence number of an independent set of G, then
γ(G) ≤ i(G).

Example 3.6. Consider a 5-polar fuzzy graph G on V = {a, b, c, d, e}, as
shown in Fig. 6.

do

a(0.5, 0.8, 0.4, 0.6, 0.7) b

b e(0.6, 0.5, 0.3, 0.8, 0.4)

(0.5,0.8,0.3,0.5,0.6)

(0.6,0.5,0.3,0.6,0.3)

b(0.6, 0.8, 0.3, 0.5, 0.6) b

b d(0.8, 0.6, 0.4, 0.6, 0.3)

(0.4,0.7,0.3,0.5,0.3)

(0.4,0.6,0.4,0.6,0.3)

b

c(0.4, 0.7, 0.5, 0.9, 0.3)

Figure 6. 5-polar fuzzy graph

ea

By direct calculations, it is easy to see from Fig. 6, that minimum dominating set of a 5-polar fuzzy graph G is {b, d} and the maximal independent set of G is {a, c, e}. Also, here γ(G) = (1.4, 1.4, 0.7, 1.1, 0.9) and i(G) =
(1.5, 2.0, 1.2, 2.3, 1.4). Clearly, γ(G) ≤ i(G).

Theorem 3.9. Let D̃ be a minimum dominating set of an m-polar fuzzy graph
G. If the subgraph hD̃i induced by D̃ has isolated vertices i.e., pi ◦ D(uv) = 0
for all u, v ∈ D̃. Then γ(G) = i(G), where i(G) denotes the lower independence
number of G.

Ah

Proof. Since D̃ is a minimum dominating set of G. So, D̃ is a dominating set
of minimum cardinality among all minimal dominating sets of G. Suppose that
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the subgraph hD̃i induced by D̃ has isolated vertices. Thus all vertices of D̃
are independent. Hence γ(G) = i(G).

Corollary 3.10. Let G = (C, D) be a complete m-polar fuzzy graph. Then
γ(G) < i(G).

Theorem 3.11. A set M ⊆ V is a maximal independent set of G if and only
if it is independent and dominating set of G.

Proof. Suppose that M is a maximal independent set of G. Then for every
vertex u ∈ V − M , the set M ∪ {u} is not independent. Thus for every vertex
u ∈ V − M , there exists a vertex v ∈ M such that v dominates u. Hence M is
a dominating set. Therefore M is both independent and dominating set of an
m-polar fuzzy graph G. Conversely, suppose that M is both independent and
dominating set of G. Assume that M is not maximal independent set of G.
Then there exists a vertex u ∈ V − M such that M ∪ {u} is independent set.
Thus there does not exist any vertex v in M which dominates u. So, M is not
a dominating set, which is a contradiction. Hence M is a maximal independent
set of G.

Theorem 3.12. If M is a maximal independent set of an m-polar fuzzy graph
G, then M is a minimal dominating set.

do

Proof. Suppose that M is a maximal independent set of an m-polar fuzzy
graph G. Then M is a dominating set of G. Assume that M is not a minimal
dominating set of G. Then for at least one vertex u ∈ M , the set M − {u}
is dominating, i.e., M − {u} dominates V − (M − {u}). Thus there exists at
least one vertex in M which dominates the vertex u, which is a contradiction.
Hence M is a minimal dominating set.

Definition 3.14. Let G be an m-polar fuzzy graph without isolated vertices.
A set D̃ ⊆ V is called a total dominating set of G, if every vertex in V is
dominated by a vertex in D̃.
Definition 3.15. The total domination number of G, denoted by γt (G), is
defined as the minimum cardinality of a total dominating set of G.

a(0.3, 0.7, 0.5, 0.9, 0.4)

(0.3,0.7,0.5,0.3,0.4)

(0.3,0.4,0.5,0.8,0.4)

b

b

b(0.6, 0.4, 0.7, 0.8, 0.5)

(0.5,0.4,0.4,0.7,0.5)

c(0.4, 0.7, 0.9, 0.3, 0.5)

b

(0.3,0.5,0.6,0.1,0.1)

(0.2,0.5,0.3,0.2,0.4)

ea

Example 3.7. Consider a 5-polar fuzzy graph G = (C, D) on crisp set V =
{a, b, c, d, e}, as shown in Fig. 7.
e(0.4, 0.6, 0.8, 0.4, 0.2)

b

2)
0.
4,
0.
4,
.
,0
.6
,0
.4
(0

b
d(0.5, 0.8, 0.4, 0.7, 0.9)

Ah

Figure 7. Total dominating set of a 5-polar fuzzy graph
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By direct calculations, it is easy to see that D̃ = {a, b, d} is a total dominating set of G and γt (G) = (1.4, 1.9, 1.6, 2.4, 1.8).
Theorem 3.13. In an m-polar fuzzy graph G, γt (G) = p if and only if each
vertex in G has a unique neighbor.

Proof. Suppose that every vertex u in G has a unique neighbor. Then the
only total dominating set of G is V . Hence γt (G) = p. Conversely, assume
γt (G) = p. Suppose there exists a vertex u with two neighbors v and w,
then the total dominating set of G is V − {v}. Thus γt (G) < p , which is a
contradiction.

Corollary 3.14. If γt (G) = p, then the number of vertices in G is even.

Theorem 3.15. If G = (C, D) is an m-polar fuzzy graph without isolated
vertices, then γt (G) + γt (G) ≤ 2p. Further γt (G) + γt (G) = 2p if and only if
(i)
(ii)
(iii)
(iv)

G has an even number of vertices, say 2n,
There is a set M1 of n mutually disjoint effective edges in G,
There is a set M2 of n mutually disjoint effective edges in G,
If uv ∈
/ M1 ∪ M2 , 0 < pi ◦ D(uv) < inf{pi ◦ C(u), pi ◦ C(v)}.



do

Proof. Proof is obvious.

4. Strong and weak domination in fuzzy graphs
Definition 4.1. Let G = (C, D) be an m-polar fuzzy graph on V. For any
two vertices u, v ∈ V , we call u strongly dominates v in G if pi ◦ D(uv) =
inf{pi ◦ C(u), pi ◦ C(v)} and dG (u) ≥ dG (v). Similarly, u weakly dominates v if
pi ◦ D(uv) = inf{pi ◦ C(u), pi ◦ C(v)} and dG (v) ≥ dG (u).

ea

Definition 4.2. A set D̃ ⊆ V is called a strong dominating set of G if for every
vertex v ∈
/ D̃, there exists a vertex u ∈ D̃ such that u strongly dominates v.
Definition 4.3. A set D̃ ⊆ V is called a weak dominating set of G if for every
vertex v ∈
/ D̃, there exists a vertex u ∈ D̃ such that u weakly dominates v.
Definition 4.4. The strong domination number of G, denoted by γs (G), is
defined as the minimum cardinality of a strong dominating set of G. The
weak domination number of G, denoted by γw (G), is defined as the minimum
cardinality of a weak dominating set of G.

Ah

Example 4.1. Consider a 4-polar fuzzy graph G = (C, D) on V = {a, b, c, d},
as shown in Fig. 8.

M. AKRAM AND N. WASEEM
b(0.6, 0.5, 0.4, 0.7)
b

(0.6,0.5,0.4,0.7)

(0.

.5,
6,0

b
c(0.9, 0.8, 0.5, 1.0)

,0.
0.4

7)

(0.
5,

0.3
,

0.2
,

0.6
)

(0.5,0.3,0.2,0.6)

(0.5,0.3,0.2,0.6)

(0.7,0.6,0.5,0.9)

a(0.7, 0.6, 0.6, 0.9)
b
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b
d(0.5, 0.3, 0.2, 0.6)

Figure 8. Strong dominating set of G

By direct calculations, it is easy to see from Fig. 8, that the vertex a
dominates the vertices b, c and d. Also dG (a) ≥ dG (b), dG (a) ≥ dG (c) and
dG (a) ≥ dG (d). Thus a strongly dominates b, c and d. Similarly, the vertex
c dominates the vertices a, b and d. Therefore, D̂1 = {a} and D̂2 = {c} are
the strong dominating sets of G. Also, D̃ = {d} is the weak dominating set
of G. Hence γs (G) = (0.7, 0.6, 0.5, 0.9) and γw (G) = (0.5, 0.3, 0.2, 0.6). Clearly
γw (G) ≤ γs (G).
Theorem 4.1. Let G = (C, D) be a complete m-polar fuzzy graph, then
γw (G) ≤ γs (G).

(1)

do

Proof. Let G = (C, D) be a complete m-polar fuzzy graph. There arises two
cases.
Case (i). Suppose C is a constant function, i.e., pi ◦ C(u) = (k1 , k2 , . . . , km )
for all u ∈ V. Since G is a complete m-polar fuzzy graph, pi ◦ D(uv) = inf{pi ◦
C(u), pi ◦ C(v)} for all u, v ∈ V. Thus pi ◦ D(uv) = (pi ◦ C(u)) for all u ∈ V.
Hence
γw (G) = γs (G) = inf{pi ◦ C(u)} = pi ◦ C(u).

ea

Case (ii). Suppose C is not a constant function. Since in a complete mpolar fuzzy graph any one of the vertices dominates all other vertices. If the
membership value of that vertex is least then the dominating set with that
vertex is called the weak dominating set. The cardinality of that vertex is
called the weak domination number, i.e., γw (G) = inf{pi ◦ C(u)}. Now, the
strong dominating set contains the vertex other than least value of the vertex
set. Thus, weak domination number is strictly less than the strong domination
number. That is,
(2)

γw (G) < γs (G).

From equations (i) and (ii), we have γw (G) ≤ γs (G).



We state the following theorems without their proofs.

Theorem 4.2. Let G = (C, D) be an m-polar fuzzy graph, then γw (G) ≤ γs (G)
or γw (G) ≥ γs (G).

Ah

Theorem 4.3. Let G = (C, D) be an m-polar fuzzy graph, then
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(i) γw (G) ≤ γs (G) ≤ O(G) − ∆(G).
(ii) γw (G) ≤ γs (G) ≤ O(G) − δ(G).

5. Edge domination in m-polar fuzzy graphs

Definition 5.1. Let G = (C, D) be an m-polar fuzzy on V. A subset D′ of
E is called an edge dominating set of G if every edge in E − D′ is adjacent
to at least one effective edge in D′ . The edge domination number of G is the
minimum edge cardinality of an edge dominating set of G and is denoted by
γ ′ (G).
Definition 5.2. An edge dominating set D′ of G is called a minimal edge
dominating set if for every edge uv ∈ D′ , D′ − {uv} is not an edge dominating
set.

Example 5.1. Consider a 6-polar fuzzy graph G = (C, D) on V = {a, b, c, d, e,
f }, as shown in Fig. 9.
a(0.6, 0.9, 0.4, 0.5, 0.3, 0.1)

f (0.8, 0.6, 0.4, 0.2, 0.6, 0.8)

b

b

(0.2,0.7,0.4,0.5,0.3,0.1)

(0.6,0.3,0.4,0.2,0.6,0.2)

(0.2,0.3,0.5,0.4,0.3,0.2)

b e(0.6, 0.3, 0.7, 0.4, 0.8, 0.2)

do

b(0.2, 0.7, 0.5, 0.8, 0.3, 0.9) b

(0.2,0.3,0.4,0.6,0.3,0.1)

(0.4,0.3,0.7,0.4,0.2,0.2)

b

c(0.5, 0.3, 0.4, 0.6, 0.4, 0.1)

(0.4,0.3,0.4,0.5,0.2,0.1)

b

d(0.4, 0.9, 0.7, 0.5, 0.2, 0.6)

Figure 9. Edge dominating set of a 6-polar fuzzy graph

ea

By direct calculations, it is easy to see from Fig. 9, that the edge dominating sets of a 6-polar fuzzy graph G are D1′ = {be, cd}, D2′ = {ab, ed} and
D3′ = {bc, f e}. All of these edge dominating sets are minimal and γ ′ (G) =
(0.6, 0.6, 0.8, 0.8, 0.5, 0.3).

Theorem 5.1. Every minimum edge dominating set of an m-polar fuzzy graph
is a minimal edge dominating set.
The converse of Theorem 5.1 may not be true in general, it can be seen in
the following example.

Ah

Example 5.2. Consider a 5-polar fuzzy graph G = (C, D) on V = {a, b, c, d, e},
as shown in Fig. 10.

M. AKRAM AND N. WASEEM
a(0.4, 0.6, 0.9, 0.5, 0.2)
b
(0
.4,
0.

6,0
.

4,0
.

2,0
.

2)

)
0.6

b(0.8, 0.5, 0.7, 0.4, 0.6)
b
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b

.5,
(0

,0.
0.5

.2,
4,0

c(0.5, 0.7, 0.4, 0.2, 0.6)

(0.5,0.4,0.4,0.2,0.5)

d(0.7, 0.4, 0.6, 0.2, 0.5)

b

(0.3,0.4,0.5,0.2,0.3)

b
e(0.3, 0.9, 0.5, 0.6, 0.3)

Figure 10. Minimal edge dominating set of G

From Fig. 10, it is clear that D′ = {ac, de} is a minimal edge dominating set
of a 5-polar fuzzy graph G but it is not minimum. The minimum edge dominating set of 5-polar fuzzy graph G is {cd} and γ ′ (G) = (0.5, 0.4, 0.4, 0.2, 0.5).

do

Remark 5.1. (i) For any m-polar fuzzy graph G, 0 ≤ γ ′ (G) ≤ q. Also γ ′ (G) = 0,
if G has no effective edges.
n
⌊P
2⌋
pi ◦D(uv)},
(ii) For any complete m-polar fuzzy graph KC , γ ′ (KC ) = inf{
n=1

where n denotes the number of vertices of G.
(iii) γ ′ (KC ) = q if and only if pi ◦ D(uv) < inf{pi ◦ C(u), pi ◦ C(v)} for all
uv ∈ E. In particular, γ ′ (K C ) = 0.
(iv) For any complete bipartite m-polar fuzzy graph Km,n , γ ′ (Km,n ) =
s
P
inf{ pi ◦ D(ei )}, where s = min(m, n) in a complete bipartite graph Km,n .
i=1

Definition 5.3. An edge e of G is called an isolated edge if there is no effective
edge incident with the vertices of e.

e(0.9, 0.5, 0.4, 0.8, 0.6)
b

(0.2,0.1,0.5,0.1,0.5)

a(0.3, 0.8, 0.6, 0.2, 0.9)
b

(0
.2
,0
.3
,0
.5
,0
.1
,0
.5
)

1)
0.
2,
0.
3,
.
,0
.3
,0
.5
(0

(0.7,0.4,0.4,0.2,0.5)

ea

Example 5.3. Consider a 5-polar fuzzy graph G = (C, D) on V = {a, b, c, d, e},
as shown in Fig. 11.

(0.4,0.2,0.5,0.1,0.4) b
b (0.4,0.1,0.7,0.2,0.6) b
c(0.6, 0.4, 0.9, 0.3, 0.7)
d(0.7, 0.4, 0.6, 0.2, 0.5)

b(0.5, 0.2, 0.9, 0.4, 0.7)

Ah

Figure 11. Isolated edge of a 5-polar fuzzy graph
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By direct computations, it is easy to see from Fig. 11, that the edges ab, bc
and ac are isolated edges.
Theorem 5.2. In an m-polar fuzzy graph G, γ ′ (G) + γ ′ (G) ≤ 2q, where γ ′ (G)
and γ ′ (G) denotes the edge domination number of G and G, respectively. Also
γ ′ (G) + γ ′ (G) = 2q if and only if 0 < pi ◦ D(uv) < inf{pi ◦ C(u), pi ◦ C(v)} for
all uv ∈ E.

Proof. Since γ ′ (G) = q if and only if pi ◦D(uv) < inf{pi ◦C(u), pi ◦C(v)} for all
uv ∈ E and γ ′ (G) = q if and only if pi ◦ D(uv) = inf{pi ◦ C(u), pi ◦ C(v)} − pi ◦
D(uv) < inf{pi ◦C(u), pi ◦C(v)} for all uv ∈ E. This implies that pi ◦D(uv) > 0.
Thus γ ′ + γ ′ ≤ 2q if and only if 0 < pi ◦ D(uv) < inf{pi ◦ C(u), pi ◦ C(v)} for
all uv ∈ E. The inequality holds trivially.

Corollary 5.3. Let G = (C, D) be an m-polar fuzzy graph without isolated
edges. Then γ ′ (G) ≤ q/2.
Corollary 5.4. Let G = (C, D) and G = (C, D) be the m-polar fuzzy graphs
without isolated edges. Then γ ′ + γ ′ ≤ q, where γ ′ and γ ′ are edge domination
number of G and G respectively. Also, γ ′ + γ ′ = q if and only if γ ′ = γ ′ = q.

do

Theorem 5.5. An edge dominating set D′ of G is called minimal edge dominating set if for each edge e = uv ∈ D′ one of the two conditions holds:
(i) N (e) ∩ D′ = φ.
(ii) There is an edge e′ = wx ∈ V − D′ such that N (e′ ) ∩ D′ = {e}, where
e′ is an effective edge.

Proof. Assume that D′ is a minimal edge dominating set of G. Then no proper
subset of D′ , i.e., D′′ = D′ − {uv} is edge dominating and hence there exists
an edge wx ∈ E − D′′ which is not dominated by any edge in D′ . Now either
wx = uv or wx 6= uv. If wx = uv, then uv is not dominated by any edge in D′ .
If wx 6= uv, then wx is not dominated by D′′ but is dominated by D′ . Thus the
edge wx is dominated by only the edge uv ∈ D′ . The converse is obvious. 

ea

Theorem 5.6. Let G = (C, D) be an m-polar fuzzy graph without isolated
edges. If D′ is a minimal edge dominating set of G, then E − D′ is an edge
dominating set of G.
Proof. Let D′ be a minimal edge dominating set of G. Assume that E − D′ is
not edge dominating. Then there exists an edge e ∈ D′ which is not dominated
by any edge in E − D′ . Since G has no isolated edges, so neighborhood of e
contains at least one edge of D′ − {e}. Thus D′ − {e} is an edge dominating
set of G, which is a contradiction. Hence E − D′ is an edge dominating set of
G.


Ah

Definition 5.4. Let G = (C, D) an m-polar fuzzy graph on V. A set M ′ ⊆ E
is called an edge independent set of G if for every edge e ∈ M ′ , no effective
edge of M ′ is incident with the vertices of e.
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Definition 5.5. An edge independent set M ′ is called a maximal edge independent set of G if for every edge e ∈ E − M ′ , the set M ′ ∪ {e} is not edge
independent.

Definition 5.6. The lower edge independence number of an m-polar fuzzy
graph G, denoted by i′ (G), is defined as the minimum edge cardinality among
all maximal edge independent sets of G.
Definition 5.7. The upper edge independence number of an m-polar fuzzy
graph G, denoted by I ′ (G), is defined as the maximum edge cardinality among
all maximal edge independent sets of G.
Example 5.4. Consider a 5-polar fuzzy graph G = (C, D), as shown in Fig.
12.

b

a(0.4, 0.9, 0.7, 0.5, 0.3)

b

b(0.6, 0.8, 0.2, 0.5, 0.9)

(0.4,0.8,0.2,0.5,0.6)

(0.3,0.8,0.7,0.2,0.2)

b

b

(0.3,0.8,0.2,0.2,0.2)

d(0.4, 0.9, 0.2, 0.7, 0.6)

do

c(0.3, 0.8, 0.7, 0.2, 0.2)

(0.4,0.8,0.2,0.5,0.3)

(0.1,0.3,0.5,0.2,0.2)

b
e(0.1, 0.3, 0.5, 0.9, 0.7)

Figure 12. Edge independent set of G

By direct computations, it is easy to see from Fig. 12, that M1′ = {ab, ce},
= {ab, cd}, M3′ = {ac, bd} and M4′ = {bd, ce} are edge independent
sets of G. Moreover, these sets are also maximal edge independent sets of
a 5-polar fuzzy graph G. Also, I ′ (G) = (0.7, 1.6, 0.9, 0.7, 0.8) and i′ (G) =
(0.5, 1.1, 0.7, 0.7, 0.5) are respectively, the upper edge independence number
and the lower edge independence number of a 5-polar fuzzy graph G.

ea

M2′

Proposition 5.7. If γ ′ (G) denotes the edge domination number of an edge
dominating set D′ and i′ (G) denotes the edge independence number of an edge
independent set of G, then γ ′ (G) ≤ i′ (G).

Ah

Example 5.5. Consider a 4-polar fuzzy graph G = (C, D) on V = {a, b, c, d}
as shown in Fig. 13.
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b(0.7, 0.4, 0.6, 0.4)
b
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(0.3,0.3,0.2,0.6)
b
c(0.6, 0.3, 0.3, 0.7)

(0.3,0.4,0.2,0.4)
)
,0.4
,0.3
,0.3
6
.
0
(

b

(0.6,0.3,0.3,0.6)

(0.7,0.4,0.6,0.4)

a(0.3, 0.6, 0.2, 0.6)
b
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d(0.8, 0.5, 0.7, 0.6)

Figure 13. 4-polar fuzzy graph

By direct calculations, it is easy to see from Fig. 13, that γ ′ (G) = (0.6, 0.3,
0.3, 0.4) and i′ (G) = (0.9, 0.7, 0.5, 1.0). Clearly, γ ′ (G) ≤ i′ (G).
Theorem 5.8. Let D′ be a minimum edge dominating set of G. If the subgraph
hD′ i induced by D′ has isolated edges, then γ ′ (G) = i′ (G), where i′ (G) denotes
the lower edge independence number of G.

Proof. Since D′ is a minimum edge dominating set of G. So, D′ is an edge
dominating set of minimum cardinality among all minimal edge dominating
sets of G. Suppose that the subgraph hD′ i induced by D′ has isolated edges.
Thus all edges of D′ are independent. Hence γ ′ (G) = i′ (G).

Corollary 5.9. Let G = (C, D) be a complete m-polar fuzzy graph. Then
γ ′ (G) < i′ (G).

do

Theorem 5.10. A subset M ′ ⊆ E is a maximal edge independent set of G if
and only if it is edge independent and edge dominating set of G.

ea

Proof. Suppose that M ′ is a maximal edge independent set of an m-polar fuzzy
graph G. Then for every edge uv ∈ E − M ′ , the set M ′ ∪ {uv} is not edge
independent. Thus for every edge uv ∈ E − M ′ , there exists an edge wx ∈ M ′
such that wx dominates uv. Hence M ′ is an edge dominating set. Therefore M ′
is both edge independent and edge dominating set. Conversely, suppose that
M ′ is both edge independent and edge dominating set of G. Assume that M ′ is
not maximal edge independent set of G. Then there exists an edge uv ∈ E −M ′
such that M ′ ∪ {uv} is an edge independent set. Thus there does not exist any
edge wx in M ′ which dominates uv. So, M ′ is not an edge dominating set,
which is a contradiction. Hence M ′ is a maximal edge independent set of G. 
Theorem 5.11. If M ′ is a maximal edge independent set of an m-polar fuzzy
graph G, then M ′ is a minimal edge dominating set.

Ah

Proof. Suppose that M ′ is a maximal edge independent set of G. Then M ′ is an
edge dominating set of G. Assume that M ′ is not a minimal edge dominating
set of G. Then for at least one edge e ∈ M ′ , the set M ′ − {e} is an edge
dominating set, i.e., M ′ − {e} dominates E − (M ′ − {e}). Thus there exists
at least one edge in M ′ which dominates the edge e, which is a contradiction.
Hence M ′ is a minimal edge dominating set.
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Theorem 5.12. Let G = (C, D) be an m-polar fuzzy graph without isolated
q
edges. Then ∆′ (G)+1
≥ γ ′ (G).
Proof. Suppose that D′ is a minimum edge dominating set of G. Then
X
X
|D′ |∆′ (G) ≤
dE (e) =
|N (e)|
e∈E

≤|

e∈E

[

N (e)|

e∈D′

≤ |E − D′ | = q − |D′ |
⇒ |D′ |∆′ (G) ≤ q − |D′ |
q
.
⇒ γ ′ (G) = |D′ | ≤ ′
∆ (G) + 1



Definition 5.8. Let G = (C, D) be an m-polar fuzzy graph without isolated
edges. A set D′ ⊆ E is called a total edge dominating set of G if every edge in
E is adjacent to at least one effective edge in D′ .

Definition 5.9. The total edge domination number of G, denoted by γt′ (G)
and is defined as the minimum edge cardinality of a total edge dominating set
of G.

do

Theorem 5.13. Let G = (C, D) be an m-polar fuzzy graph without isolated
edges. Then γ ′ (G) ≤ γt′ (G).

Example 5.6. Consider a 5-polar fuzzy graph G = (C, D) on V = {a, b, c, d, e},
as shown in Fig. 14.
b
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Figure 14. Total edge dominating set of G

The edges ab, ae and de are effective edges of G. The total edge dominating set of a 5-polar fuzzy graph G is D′ = {ab, de, ae} and γt′ (G) =
(1.7, 1.6, 1.3, 1.3, 0.9). The edge dominating set of G is D′ = {ab, de} and
γ ′ (G) = (1.1, 1.2, 0.8, 1.0, 0.7). Clearly, γ ′ (G) ≤ γt′ (G).
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Theorem 5.14. In an m-polar fuzzy graph G,

q
∆′ (G)

≥ γt′ (G).
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Proof. Assume that D′ is a minimum total edge dominating set of G. Then
each edge in D′ is adjacent to at least ∆′ (G) edges of G. Thus |D′ |∆′ (G) ≤ q.
Hence ∆′q(G) ≥ γt′ (G).

6. Decision making problem

Domination in fuzzy graph theory has a wide variety of applications to many
fields. Domination arises in problems involving finding the set of representatives, facility locating problem, nuclear power plant problem, locating radar
station problem, school bus routing problem and in computer networks. We
present here an application of domination in the problem of finding the set of
representatives for a youth development council in a university. We want to
form a council with as few members as possible. We seek to form a council in
such a way that every member not in the council has something in common
with the member in the council. Thus we have to find a minimum dominating
set. A member of youth development council must be a good listener, honest
and fair, good communicator and approachable. All these qualities are fuzzy.
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Figure 15. 4-polar fuzzy graph of representatives

ea

Consider here a 4-polar fuzzy graph G = (C, D) in which the nodes represent
the group of students. An edge between two students shows that they have
some qualities in common. The degree of membership of the edges is calculated
by using the formula
pi ◦ D(uv) ≤ inf{pi ◦ C(u), pi ◦ C(v)}.
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From Fig. 15, it is clear that the percentage of common qualities of Arham and
Hiba are as follows, they are 80% good listener, 50% fair and honest, 80% good
communicator and 70% approachable. Similarly percentage of common qualities of other students is obtained. Now, by direct computations, the dominating
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set for the given 4-polar fuzzy graph is D̂ = {Arham, Areeb, Hiba, Hashim,
Kainat} and it is also the minimal dominating set. The minimum dominating set for the given 4-polar fuzzy graph is D̂1 = {Zara, Hiba, Areeb}
and the domination number is γ(G) = (2.2, 2.1, 2.4, 1.8). Hence Zara, Hiba
and Areeb are the representatives of the youth development council. The set
D̂ = {Arham, Areeb, Hiba, Hashim, Kainat} is also a total dominating set of
the given 4-polar fuzzy graph. Since each member of V is dominated by a
member of D̂. In other words, we can say that every student in D̂ knows at
least one student in D̂. We present our method as an algorithm that is used in
our application.
Algorithm:

do

1. Input the m-polar fuzzy node set C defined on V and the m-polar fuzzy
edge set D defined on E.
2. Compute the m-polar fuzzy graph G = (C, D).
3. Find the nodes vj such that pi ◦ D(vj vk ) = inf{pi ◦ C(vj ), pi ◦ C(vk )},
j 6= k.
4. Form the set D̂j ⊆ V of nodes vj .
5. If ∪k {vk } = V − D̂j then D̂j is a dominating set otherwise, D̂j is not
a dominating set.
6. Repeat the steps from 3 to 5 and find all the dominating sets D̂j of V.
7. The decision is D̂j if D̂j is a minimal dominating set.
7. Conclusions

ea

Bipolar fuzzy graph theory has an increasing number of applications in science and technology, especially in the fields of neural networks, operations
research, artificial intelligence and decision making. An m-polar fuzzy graph
is a generalization of the notion bipolar fuzzy graph. In this article, we have
discussed many new concepts including domination, total domination, strong
domination, weak domination and edge domination in m-polar fuzzy graphs.
Some results related to the domination number are also proved. Domination in
m-polar fuzzy graphs has a wide range of applications in many real life problems. We are extending our research work on domination in m-polar fuzzy
hypergraphs, m-polar fuzzy soft hypergraphs and roughness in m-polar fuzzy
graphs.
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