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COFINITE PROPER CLASSIFYING SPACES FOR LATTICES
IN SEMISIMPLE LIE GROUPS OF R-RANK 1

HyosANG KANG

ABSTRACT. The Borel-Serre partial compactification gives cofinite mod-
els for the proper classifying space for arithmetic lattices. Non-arithmetic
lattices arise only in semisimple Lie groups of R-rank one. The author
generalizes the Borel-Serre partial compactification to construct cofi-
nite models for the proper classifying space for lattices in semisimple
Lie groups of R-rank one by using the reduction theory of Garland and
Raghunathan.

1. Introduction

Let T" be a topological group. The classifying space for I', denoted by BT,
is a CW-complex such that m1(BT) = T" and m;(BT) = {e} for all i > 2.
The universal cover ET' of BI' and the universal bundle ET" — BT classify
I-principal bundles (cf. [18, §6,87]).

Classifying spaces appear in topological invariants such as higher signatures
in algebraic K-theory (cf. [25]). To compute these invariants, explicit models for
the universal cover ET" are necessary. In [34,35] Milnor explicitly constructed a
general model for ET. Although Milnor’s model is always infinite dimensional,
finite dimensional model does exist for certain cases (cf. [1, Corollary 4.14],
[42, Theorem 0.1], [43, Theorem B], [46, §1]).

The proper classifying spaces, denoted by ET' (cf. Definition 3), are also used
in formulations of algebraic K-theoretic conjectures such as the Baum—Connes
conjecture (cf. [5,17,44]) and the integral Novikov conjecture (cf. [3,4,20,22,29]).
Conjectures such as strong Novikov conjecture (cf. [17, Conjecture 4.1]) and
the generalized integral Novikov conjecture (cf. [20, Equation (1.3)]) are known
to be true for groups admitting a cofinite (cf. Definition 1) model of ET with
finite asymtotic dimensions (cf. [4], [48]).
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2 H. KANG

There are explicit models for the proper classifying spaces for mapping class
groups (cf. [21, Theorem 1.3], [23, Theorem 2]), outer automorhpism groups of
free groups (cf. [26, Theorem 8.1], [47, Theorem 5.1]), p-adic algebraic groups
(cf. [27, Theorem 4.13]), discrete groups acting on trees (cf. [27, Theorem 4.7]),
discrete groups acting isometrically on C AT (0)-space (cf. 28, Theorem 1.1(1)]),
and d-hyperbolic groups (cf. [33, Theorem 1]).

For arithmetic groups (cf. Definition 6), Borel and Serre constructed a par-
tial compactification of symmetric spaces in [9], called the Borel-Serre partial
compactification (cf. §2.4). For torsion-free arithmetic group, it is a cofinite
model for the classifying space. Moreover, it is known by Borel and Prasad
(cf. [2, Remark 5.8]) that this compactification is also a cofinite model for the
proper classifying spaces for arbitrary arithmetic groups (cf. [20, Theorem 3.2]).

Arithmetic groups in semisimple algebraic groups are lattices (cf. [8, Lemma
9.2]). There are non-arithmetic lattices in semisimple Lie groups of R-rank 1
(cf. [11,12,14,30,36,37,41]). In this paper, we construct a cofinite classifying
space for general lattices in semisimple Lie groups of R-rank 1.

Theorem. Let G be a non-compact connected semisimple Lie group of R-rank
1 and T’ a non-uniform lattice in G. There exists a cofinite model for the proper
classifying space for T'.

We provide preliminary backgrounds in §2, and a proof in §3. The proof
uses the ideas of the Borel-Serre partial compactifications (cf. §2.4) and the re-
duction theory of Garland and Raghunathan (cf. §2.5). To the best of author’s
knowledge, good references are: [27] for classifying spaces; [24], [38], [40], [45]
for lattices in Lie groups; [7] for the Borel-Serre partial compactification.

2. Preliminaries

In §2.1-2.2, we overview the concepts of the classifying spaces and lattices
in Lie groups. In §2.3, we describe the horospherical decompositions of sym-
metric spaces and the natural actions of lattices on symmetric spaces. In §2.4,
we review the construction of the Borel-Serre partial compactification by using
horospherical decompositions and the reduction theory of arithmetic lattices.
In §2.5, we explain the reduction theory of Garland and Raghunathan on lat-
tices in semisimple Lie groups of R-rank 1.

2.1. Classifying spaces

Definition 1 ([27, Definition 1.1]). Let T" be a topological group. A T'-CW-
compler X is a I'-space with a I'-fibration

Xocchncch:UXn

n=0
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and a I'-pushout

Haeln (F/Hoé X S(Z—l) LXn—l

n

Lo, (U/Hyx D7) —22 2 X,

for each n > 1. Each map Q7 is a natural extension of the map ¢, and all
maps ¢r and Q7 are I'-equivariant homeomorphisms. Each subgroup H, C T’
is called an isotropy group of n-cell D?. The image of each orbit I'/H, x DI
in X, is called a I'-equivariant n-cell. A T-CW-complex is called cofinite if it
has only finitely many I'-equivariant cells, that is, the quotient space is a finite
CW-complex.

Recall that a CW-complex X is a model for the classifying space BT if the
fundamental group 7(X) is isomorphic to I" and all higher homotopy groups are
trivial. Thus the universal cover ET of the classifying space BT is a contractible
I'-CW-complex on which I" acts freely. In other words, a I'-CW-complex is a
model for ET if and only if the space is contractible and all isotopy group are
trivial. The definition of the classifying space generalizes to various types of
families of isotropy groups, such as the families of compact subgroups COM,
and virtually cyclic subgroups VCYC.

Definition 2 ([27, Definition 1.8, Theorem 1.9]). A I'-CW-complex X is called
the classifying space for F, and denoted by ExI, if (1) all isotropy groups
belong to F, and (2) for any subgroup H € F, the fixed point set X is
non-empty and contractible.

The classifying space for EcomI is called the proper classifying space for T',
and denoted by ET.

Definition 3. Let I' be a discrete group. A I'-CW-complex X is a model for
ET if (1) all isotopy groups are finite, and (2) for every finite subgroup H of T
the fixed point set X is non-empty and contractible.

Let G be a Lie group with finitely many path components and K be a
maximal compact subgroup of G. Abel showed in [1] that for any discrete
subgroup I' in G, the group G and the space G/K are models for ET under
the canonical action of I' (cf. [27, Theorem 4.4]).

Example 4. The group I' = PSLy(Z) acts on the upper half-plane H =
{x +yi € C|y > 0} by the Mobius transformation: (2Y) -z = ijrrdb The
space H is a finite-dimensional (but not cofinite) model for the classifying
space ET'. Figure 1(A) shows a fundamental domain of I in H. The union of
all T-translates of o; (1 <14 < 5) is the upper half-plane H, which is a I-CW
complex. The isotropy groups of 0-dimensional simplices o3, 05 are isomorphic

to Zs, Zs respectively. The isotropy groups of all other simplices are trivial.
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Let ﬁQ be the union of the upper half-plane H and the set of all rational
boundary points Q U {ico}. The action of PSLy(R) extends naturally to "
With additional simplex og = {00, we get a fundamental domain for I' in ﬁ@

(cf. Figure 1(B)). Thus H is a cofinite I'-CW-complex. However, it is not a

model for ET" because the isotropy group of the point ico is an infinite group:

(§1) - ioo =ioo for all n € Z.
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(a) A fundamental domain in H (B) A fundamental domain in u°

FIGURE 1. Fundamental domains for SL(2,7Z)

2.2. Lattices in Lie groups

A lattice T is a discrete subgroup of a (connected) Lie group G such that the
volume of the quotient I'\@ is finite. A lattice is called uniform if the quotient
I\G is compact. Arithmetic lattices are typical examples of lattices in Lie
groups. To define a notion of arithmeticity, we first define algebraic groups.

Definition 5. Let P,, a € I, be a collection of polynomials defined on
GLN(C). The group G = {g € GLN(C) | Py(g) = 0 for all & € I} is called a
(linear) algebraic group. For a field k, the group G is said to be defined over k
if all polynomials P, have coefficients only in k. An algebraic subgroup T of
G is called a torus if there is an isomorphism T = GL;(C)™ for some integer
m > 1. If this isomorphism is defined over k, then T is said to be k-split. The
k-rank of G is the common dimension of the maximal k-split tori.

Definition 6. T'wo subgroups I'y, I's of a group G are said to be commensurable
if their intersection I'y NI'y has finite indices in I'; and I's. A discrete subgroup
I'" of a semisimple Lie group G is called arithmetic if there exists a linear
algebraic group H defined over Q and a surjective morphism ¢ : H(R) — G
with compact kernel such that the image ¢(H(Z)) is commensurable with T
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A lattice T' in a Lie group G is said to be reducible if there is an isomor-
phism ¢ : G 5 G171 x G5 and a subgroup I C T’ of finite index such that
o(I") =Ty x T'y. A lattice which is not reducible is called irreducible. One of
the most remarkable results on lattices in semisimple Lie groups is Margulis’s
superrigidity (cf. [32]).

Theorem 7 (Margulis [31]). Every irreducible lattice in semisimple Lie group
of R-rank greater than one is arithmetic.

From this theorem, we conclude that there is no arithmetic lattice in semisim-
ple Lie group except for the case of R-rank 1: SO(1,n), SU(1,n), Sp(1,n), and
the Cayley surface F%,,. Gromov—Schoen [15] and Corlette [10] showed that
superrigidity also holds for lattices in Sp(1,n) and F. 4720. However, there are
examples of non-arithmetic lattices in SO(1,n), SU(1,n) (cf. [11], [14], [39]).

2.3. Horospherical decompositions of symmetric spaces

Let G be a semisimple algebraic group defined over R. Let G = G(R)
be the real locus of G and K a maximal compact subgroup of G. Since the
algebraic group G is semisimple, the Lie group G is semisimple. Thus we
have the Cartan decomposition g = € @ p of the Lie algebra g of G with
respect to the Lie algebra ¢ of K. For an abelian subalgebra a of p, a linear
map « : a — R is called a restricted root with respect to a if the subalgebra
0o ={X €g|Ady(X) =a(H)X for all H € a} is non-zero. Let ®(g, a) be the
set of all restricted roots with respect to a. Let ®* (g, a) (A(g, a), respectively)
be a subset of ®(g,a) consists of all positive (simple, respectively) restricted
roots. When there is no ambiguity, we simply write them as ®, ®*, and A.

For each subset I C A, let ® be the set of restricted roots generated
by I, and n; = > o+ _or Gas 61 = [aer kera. Let 3(a) is the centralizer
of a in g, and a’ is the orthogonal complement of a; in a. Then for m; =
tNz(a) ®a’ ® Y cer 0o, the Lie subalgebra p; = ny + a; + my is called the
standard parabolic subalgebra of g. A subalgebra p of g is called parabolic if
p is Adg-conjugate to a standard parabolic subgroup. Thus any parabolic
subalgebra p admits a decomposition p =n+ a+ m.

A subgroup P C G is called a parabolic subgroup if it is the normalizer of
a parabolic subalgebra under the adjoint representation of G. Every maxi-
mal parabolic subgroup is conjugate to a unique maximal standard parabolic
subgroup (cf. [6, §1.1]).

Definition 8. Let P be a parabolic subgroup of G with respect to the parabolic
subalgebra p = n+a+m. Let N, A, M be the Lie groups of n, a, m, respectively.
The decomposition

NxAxM—P

(n,a,m) — nam
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is called the real Langlands decomposition of P. The self-action of P; is given
as follows: for n,n’ € N;, a,a’ € Ar, and m,m’ € My,

(2.1) nam - (n',a’,m") = (n(*"n’),aa’,mm’),

/ 1

where “"n’ = (am)n'(am) ™.

For any parabolic subgroup P C G, the Iwasawa decomposition (cf. [24,
Theorem 6.46]) G = Np x Ap x K induces G = P - K (cf. [16, Theorem
IX.1.3]). Since PN K = Mp N K, X decomposes into

NpxAp x Xp=X
(2.2) (n,a,mK) — nam - K,

where Xp = Mp/(Mp N K). This is called the horospherical decomposition
of X with respect to P. The component X p is called the boundary symmetric
space. Let g = p -k be an element in G such that p € P and k € K. In terms
of the horospherical decomposition with respect to P, the element k acts as

(2.3) k-z=("n k' k') € Nip X Axp x Xip.

(2.2) and (2.3) define the action of G on X. If k ¢ Mp, then the coordinate
system of X changes to the horospherical decomposition of X with respect to
kP. Thus we have:

Remark 9. If the R-rank of G is strictly greater than 1, then for two parabolic
subgroups P C @, there exists a parabolic subgroup P’ C Mg satisfying

(24) NP =5 NQNP’7 AP == AQAP/7 MP/ = Mp

Thus Xg = Np: X Ap: x Xp. The horospherical decomposition (2.2) further
decomposes into

(25) XgNQXAQX(NP/XAP/XXP),

which is called the relative horospherical decomposition of X (cf. [6, §1.1.11]).
For example, let G = SLy(C) x SLy(C), K = SO(2) x SO(2), P = Py x Py,
and @ = Py x SL(2,R). Then Ng = Np, x {I}, Ag = Ap, x {I}, Mg =
{i]} X SLQ(R), Np = NPO X Npo, AP = APO X Apo, Mp = {i]} X {:EI}, and
P’ = {£I} x Py satisfy (2.4) and (2.5).

Let G be a semisimple linear algebraic group defined over Q. An algebraic
subgroup P C G is called a rational parabolic subgroup if it is defined over Q
and the real locus P = P(R) is a parabolic subgroup of the semisimple Lie
group G = G(R). Let Np be the unipotent radical of P and Lp = Np\P be
the Levi quotient. In order to write P as a product of Np and Lp, we first
lift Lp into G whose image is invariant under the extended Cartan involution
on G (cf. [9, §1.9]). For simplicity, let us denote Lp be the image of this
lift. The subgroups Np and Lp are also defined over Q (cf. [6, Proposition
§IIL.1.11]). Let Sp be the maximal Q-split center of Lp. For the set of all Q-
characters Xg(Lp) on Lp, define Mp = (ec v (1p) keré?. For Np = Np(R),
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Ap = Sp(R)°, Mp = Mp(R), decomposition P =2 Np x Ap x Mp is called
the rational Langland decomposition of P. It induces the rational horospherical
decomposition X = Np x Ap x Xp.

Example 10. Let G = SLy(C) and K = SO(2). Every parabolic sub-
group of G = SLy(R) is minimal, hence conjugate to the standard para-
bolic subgroup Py = {(’; agl) eEGla# 0}. The symmetric space X = G/K
is identified with the upper half-plane H. For Np, = {(19) € P|c€ R},
Ap, = {(§ ) €P|a>0}, Mp, = {£I}, the horospherical decomposition
is Np, x Ap, 2 H: ((L9),(¢.%) = (L9) - (&,%) (The one-pointed set

. . 0at 0at
Xp, is omitted).

Remark 11. Let P C Q be two rational parabolic subgroups of G. If the Q-
rank of G is greater than 1, then there exists a parabolic subgroup P’ in Mg
satisfying Np = NQNPI, AP = AQAPI, MP = Mp (Cf [6, §III].16]) Thus

(26) XQ = Np/ X Ap/ X Xp.
For example, Q = Py x Py, P’ = {I} x Py satisfies (2.6).
2.4. The Borel-Serre partial compactification

Let G be a semisimple algebraic group defined over Q, K a maximal compact
subgroup of G = G(R), and X = G/K the corresponding symmetric space.
Let P be a rational parabolic subgroup of G and X & Np x Ap x Xp be the
rational horospherical decomposition of X with respect to P. Let ®(P, Ap) be
the set of all restricted root of the Lie algebra of P = P(R) with respect to the
Lie algebra of Ap. For any element a € Ap and a restricted root o € A(P, Ap),
we define a® = exp a(loga). Let A(P, Ap) be the subset of ®(P, Ap) consists
of all simple restricted roots.

Let Apy = {a € Ap | a® > t for all @ € ®*} for some ¢ > 0. Let U and
V' be open subsets of Np and Mp, respectively. The subset Gp v = U x
Ap xV C Np x Ap x Xp is called a Siegel set. For any arithmetic subgroup I
of G, Borel and Harish-Chandra showed in [8] that there are only finitely many

rational parabolic subgroups P, ..., P, with distinct I'-conjugacy classes such
that

n
(27) Q= U 6Pi;Ui7ti;V£

i=1
is a fundamental set for T
For rational parabolic subgroup P C G, define e(P) = Np x Xp. The union

X¥=xu |J ep)

P: rational
with the following convergence class of sequences C (cf. [6, §1.8.9]) is called the
Borel-Serre partial compactification of X.

(1) If y; = Yoo in X, then y; N Yoo-
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(2) If y; = Yoo in e(P), then y; < Yoo-
(3) If y; = (nj,aj,m;) € Np x Ap x Xp = X is a unbounded sequence

such that (a) n; — 7, (b) mj — Moo, and (c) af — oo for every

a € T (P, Ap), then y; < nee.

(4) Let P C Q be two rational parabolic subgroups in G. From Remark 11,
e(Q) = Ng x Xq = Np x Ap/ x Xp. If a sequence y; = (n;,a;,w;) €
Np x Ap: x Xp satisfies (a) n; = no in Np, (b) w; = ws in Xp, and
(c) a§ — oo for every positive restricted root o € ®F (P, Ap/), then

Yj <, (Moo, Weo) € e(P).
The conditions (1) and (2) give the canonical topologies on X and e(P). If T’

is torsion-free, then the space X is a cofinite model for the classifying space
(cf. [9, §11.1]). Since every arithmetic group contains a torsion-free subgroup

of finite index, the space X is a proper I'-space for any arithmetic group T
in G (cf. [20, Theorem 3.2]).

Let us visualize the condition (3) in H”®. Note that each parabolic subgroup
of SL3(R) is the stabilizer of a point in the geodesic boundary H(co) = RU
{ico}. Thus the collection of rational parabolic subgroups in SLs is in one-
to-one correspondence with the set Q U {ioco}. For example, real locus P, of
Po = {(¢ aél) € SLy(C) | a # 0} fixes ico, and e(Ps) = Noo = {(§ %) € P}.
For sequences a; — oo and b; — by € R, the sequence y; = b; +a;1 € H
converges to e(P) (cf. Figure 2(A)):

N () N o I (S o

In general, if a unbounded sequence y; € H converges to a geodesic line ()
in H, and P stabilizes the point at infinity v(co) € H(oo), then y; converges
to a point in e(P).

The condition (4) is equivalent to saying that e(P) is a subspace of e(Q).
For example, let X = Hx H, Q; = Py X SLy, Qs = SLy; X P, and
P =P. xPy. Let a; > 0, aj, > 0, b;, b, be sequences of real numbers
such that a;,a}, — oo and b; — b, b), — b, as j,k — oo. The double
sequence y;, = (bj + a;i,b), + aji) € H x H is unbounded and converges to

(((1) b)), ((1) b%o )) €e(P)e H x H”°. The path (c) in Figure 2(B) illustrates
this convergence. There are other convergent paths too: (a) ¥ = Yoo, —
Yoo,00 and (b) yj,k — yj,oo — Yoo ,00-

2.5. Reduction theory of Garland and Raghunathan

Let G be a semisimple algebraic group of the R-rank 1, and G = G(R)
its real locus. Let K be a maximal compact subgroup of G, and X = G/K
the corresponding symmetric space. Since the R-rank of G is 1, the boundary
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. e(Px) €(Q1) ® «p

s (B) Convergence sequences

. 3B
(A) Convergence sequences in H
.. T o x3BS
in Hx H

F1cURE 2. The topology of the Borel-Serre partial compactifications

symmetric space Xp is a one-point space. Thus X = Np x Ap is the real
horospherical decomposition of X.
Two geodesics 71, 72 in X are said to be equivalent if

liin sup d(v1(t),72(t)) < .
bde el

The set X (o00) = {all geodesics in X}/ ~ is called the geodesic boundary of X.
The subalgebra p in the Cartan decomposition g = €@y is canonically identified
with the tangent space T, X at the point 2o = e - K. The Killing form on g
induces a Riemannian metric d on X and thus a norm || - || on p. Then the
subset p! = {Y € p | ||Y|| = 1} is identified with the geodesic boundary X (00)
(cf. [6, Proposition 1.2.3]).

For each vector Y € p!, algebra ay = RY is a maximal because the R-rank
of G is 1. Thus we obtain a unique parabolic subgroup Py. Conversely, let P
be a parabolic subgroup in G, and p its Lie algebra. Again, since the R-rank
of G is 1, there is a unique vector Y € p' which generates the maximal abelian
subalgebra of p.

In summary, there is a one-to-one correspondence between the set P(G) of
all real parabolic subgroups of G, p!, and X (o0): P(G) +— p! +— X(c0).

Garland and Raghunathan formulated the reduction theory for non-uniform
lattice T' in G in [13]. Let D(xo,I") be the Dirichlet fundamental domain for
I': forzg=e- K,

D(zo,T) ={zx € X | d(z,z0) < d(x,7-x0) for all v € T'}.

Fort > 0, let Ap; = {a € Ap | a® > tforalla € ®F(P,Ap)}. For an
open subsets U C Np, the set Spy; = U x Ap; is called a Siegel set in the
symmetric space X. The below summarizes the main theorems of [13].

Theorem 12 ([13]). Under the notions, the following holds.
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(1) There are only finitely many geodesic rays in D(xo,T') eminating from
zo (cf. [13, Theorem 4.6]).

(2) For each parabolic subgroup P corresponding to a ray in D(xo,T'), the
subgroup I' N Np C Np cocompact (cf. [13, Theorem 0.7]).

(3) Let Py,..., P, be the real parabolic subgroups of G corresponding to
geodesic rays in D(I',xq). There exist open subsets U; C Np,, real
numbers t; > 0, mutually disjoint Siegel sets Sp, y, +,, and a compact
subset C' C X such that

(2.8) Q=CculJ&p.u.

i=1
is a fundamental set for T' (cf. [13, Theorem 0.6]).

Figure 3 visualizes Theorem 12 for the Fuchsian group generated by (3 1),
(19). Figure 3(A) is a precise fundamental domain of T', which contains three
geodesics rays in D corresponding to 0, 1, and ioo. The Siegel sets and the
compact set C in (2.8) are illustrated in Figure 3(B).

D C
0 1 0 1
(A) A fundamental set D (B) A fundamental domain 2

FI1GURE 3. Reduction theory of Garland and Raghunathan

The next lemma is also from [13], and will be used in our proof.

Lemma 13 ([13, Lemma 4.3]). Letky : G — K, ay : G — Ap, ny : G — Np
be the natural projections of the Iwasawa decomposition G = K X Ap X Np.
Let Y, Y' be distinct vectors in p', and fy : R = R be a smooth function
satisfying ay (exptY) = exp fy ()Y’ where ty = sup{t | fy(t) = 0}. For any
M > 0, there exists 3 > 0 such that for all Y € p* satisfying |Y' — Y| < 8
and Y' £Y,

(2.9) d(ny(exptyY) - xo, o) > M.
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Let us describe the geometric idea of Lemma 13 with the upper half-plane H.
Each vector Y € p! is identified with a unique point at infinity in H(co). Let
Py C SL2(R) be the corresponding parabolic subgroup. For ¢t € R, a horocycle
of level t at'Y is the set S,y = {g-i € H | ay(9)* =t, a € " (Py,Ap, )}
(cf. Figure 4(A)). Note that the base point i always lies on the horocycle of
level 0. For another vector Y’ € p?, let ty be the level of the horocycle tangent
to So,yr at zg. The distance (2.9) is the distance between i and zyp. Lemma
13 states that as Y approaches to Y’ the distance between 7 and zy diverges
(cf. Figure 4(B)).

Y v y ——— v
(A) The constant ty (B) The behavior of ty

FIGURE 4. A geometric idea of Lemma 13

3. Proof of the main theorem

In this section, we give proof of our main theorem.

(1) In §3.1, we construct a I'-space X1, and describe its topology.

(2) In §3.2, we define the action of I' on Xr. In Proposition 17, we show
that the I'-action on the symmetric space X extends continuously on
Xr. In Proposition 20, we show that the I'-action is proper.

(3) In §3.3, we prove that the space Xt is a model for the classifying space
ET. In Proposition 24, we show that for any finite subgroup H of T’

the fixed point set (Xr)" is contractible.

3.1. Construction of the space Xt

Let G be a semisimple algebraic Lie group of R-rank 1. Let G = G(R) and
K be a maximal compact subgroup of G and X = G/K be the corresponding
symmetric space. Since the R-rank is 1, the boundary symmetric space Xp is a
one-point space. Thus for any real parabolic subgroup P C G, the horospherical
decomposition is X = Np X Ap.

Definition 14. Let I' be a non-uniform lattice in G. A parabolic subgroup
P C G is called I'-rational if the intersection I' N Np is a cocompact lattice in
Np.
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Let Ar be the collection of all I'-rational parabolic subgroups in G. For each
parabolic subgroup P, define e(P) = Np. Let Xr be the union

Xr=XU [] e®),
PeAr
with the following convergence class of sequences C:

(S1) y; <, Yoo if Yj = Yoo In X

(S2) n; 5 ne if Yj = Noo in Np;

(S3) y; < Neo 1f there exists a I'-rational parabolic subgroup P C G such
that (a) y; = (nj,a;) € X = Np x Ap, (b) nj = ne in Np, and (c)
a§ — oo for a € 1(P, Ap).

Lemma 15. The collection of following subset of Xr form a closed basis:

(C1) A closure (in Xt) of an open subset in X;
(C2) A closed subset in [[pen,. e(P).

Proof. Let A be a closed subset. If AN X = 0, then A is of the type (C2).
Suppose that AN X # 0 and y; € A be a convergent sequence in X. Then y;
is essentially of the type (S1) or (S3). If y; is of the type (S1), then y; lies on
a closed subset of X, which is of the type (C1). If y; is of the type (S2), then
y; lies on the closure of a Siegel set in X, which is of the type (C2). O

Proposition 16. The collection of following subsets of Xt form an open basis:

(O1) Open subsets in X;
(02) the unions of Siegel sets.

Proof. First, we show that subsets of types (O1) and (O2) are open (in Xr).
Let Vi be a subset of the type (O1). Then

Xr—W = — )
r-Vi=(X-V)u [] e®)
type (C1) pPeAr
type (C2)
Now let V4 be a subset of the type (O2). Then
Xp-Va=(e(P)-)UX =Gpu)U |J @
QEAYr, Q#P
We claim that Xt — V4 is the closure (in Xr) of X — Gp . Note that
X — GP,U,t = ((Np — U) X AP,t) U (Np X (Ap — Ap7t)) .

Thus e(P) — U is contained in the closure of X — Gpy ;. Let Q # P be a
I'-rational parabolic subgroup. We can choose sufficiently large T > 1 such
that Sg,u/ 7 NSp .y = 0. Thus e(Q) is contained in the closure of X —&p 4.

To claim that the collection of subsets of the types (O1) and (O2) is an open
basis of X1, it suffices to show that the complement of each types of closed
set can be generated by open sets of types (O1) and (02). Let Cy be a closed
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set of type (C1). If Cy is bounded, then for each P € Ar, then there exists a
sufficiently large constant Tp >> 1 such that Sp n, ¢, NC1L = (. Thus

YI‘—Cl:(X—Cl)U U prprtPU(i(P).

type O1 PEAr type O2

Let Cy be of the type (C2). Without loss of generality, assume Cy = [[pc o Cp
where A C Ar and Cp is a closed subset in e(P). For each P € A, let us
denote Up = Np — Cp. Then for any ¢t > 0,

Xr-Co= |J GpnpaUeP)U | (Spu,:UUp).
N—— —— —— ——
PeAr—A type O2 PeA type O2 O

3.2. The proper action of ' on X

We define the canonical action of I' on X as in (2.2), (2.3). On a boundary
point n’ € e(P) = Np, we define the action of v = k- p € " as follows:

(3.1) v -z =kn@mn") € e(*P).
Proposition 17. The I'-action on Xt is continuous.

Proof. Since T' is discrete, it is enough to show that for a fixed v € T" and a
convergent sequence y; — Yoo in Xr, the sequence 7 - y; converges to v - Yoo-
The explicit actions (2.2), (2.3), (3.1) show that the statement holds for con-
vergent sequences of the type (S1) and (S2). Suppose that y; = (n;,a;,m;)
is a convergent sequence of the type (S3). If v = k- nam, then v-y; =
F(n@mn; k(aa;),*(mm;)). Let a € ®+(P,Ap) be a (unique) positive re-
stricted root. Since a§ — oo as j — oo, (k(aaj))ak = (aa;)* = a%af — oc0. [

Lemma 18. Let y; € X be a convergent sequence of the type (S3). There is
no infinite sequence v; of I' where y; = ~; -y; € X is a convergent sequence of
the type (S1).

Proof. We suppose that there is a sequence 7; such that y; — yl, € X, and
show that this leads to a contradiction. Since I' is discrete, there exists € > 0
such that d(y - y.,,y5,) > € for all v € I'. Thus

2d(Yoe, ¥y) +d(v - yj,y5) = d(v - Yoo, v - y5) +d(y - y5,y5) + Ay, ys)
(3.2) > d(Y - Yhoor Yoo) > € > 0.

For a positive € > 0 such that ¢ < ¢, we can choose a sufficiently large N > 1
such that

(3.3) 2d(yl.,y;) < € < eforall j > N.
From (3.2) and (3.3), for every nontrivial ¥ € I and j > N,
(3.4) d(y -y, y5) >e—€ >0.
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Note that both ¢ and € do not depend on the choice of v. For a non-trivial
element v € 'NNp, let 7} = 73»7%._1. Since d(7y-y;,y;) — 0, we get d(v-y;,y;) =
d(v;v - v5,95) = d(7; - ¥, y;) — 0. This contradicts (3.4). O

Proposition 19. Let Py,..., P, be the parabolic subgroups in (2.8). A par-
abolic subgroup P C G is I'-rational if and only if it is I'-conjugate to P; for

somei=1,...,n.

Proof. From Theorem 12 and Definition 14, all such P; are I'-rational. Con-
versely, let P be a I'-rational parabolic subgroup of G such that P # P; for all
i=1,...,n. We will show that there exists v € I" such that " P = P; for some
i.

Let Y € p! be the vector corresponding to P. For unbounded sequence t; >0
and a fixed point zg € X, let y; = expt;Y - ¢ be a unbounded sequence. By
Theorem 12, y; ¢ D(x,I") for all but finitely many j. For each j, choose an
element v; € I' such that v; - y; € D(wo,I'). Let us denote y; = v; - y;. By
Lemma 18, the sequence yé is unbounded. Again by Theorem 12, a subsequence
of y; lies on one of Siegel sets in (2.8), say &pr 7 4.

Let Y, € p! be the vector corresponding to % P. Since p' is compact, Y;
converges to Yo, € p'. Let Y’ € p! be the vector corresponding to P’. We
claim that Y’ = Y,,. If not, for any given Siegel set G, relative to Yoo, there
exist a sufficiently large ¢/ > 1 such that the Siegel set & p/ v is disjoint from
G- This is a contradiction.

Suppose that Y; # Y’ for all j. By Lemma 13, as Y; — Y’ the sequence
x; = ny/(expty,Y) - zg diverges in Np/. This implies that the sequence z; =
Yz’ € Np also diverges in Np. Recall that z; = ny(y;). Since y; lies in
a Siegel set &p ., the sequence x; lies in U. Since P is I'-rational, the set
U is relatively compact. Thus the sequence z; must be bounded, which is a
contradiction. Therefore, Y; =YY" for some j, and thus %P = P,. O

Proposition 20. The I'-action on Xt is properly discontinuous.

Proof. Since T is discrete, it is enough to show that for every compact subset
Cin Xr, theset I' = {y € T' | v- CNC # 0} is finite. Let C be a compact
subset of the type (C1) in Xt. If C C X, then I" is finite, since the I-action
on X is properly discontinuous. Otherwise, without loss of generality, we can
assume C is of the form C = @p,U,t where P € Ap, t > 0, and U is a relatively
compact open subset of Np. By Proposition 19, such C' is I'-conjugate to the
closure G p, p, 1, for some P; in (2.8). By Theorem 12, the set I" is finite. [

3.3. The space Xt as a model for ET

Lemma 21. The space Xr is an analytic manifold with boundary.

Proof. For each I'-rational parabolic subgroup P C G, let ¢¥p : Np = R™,
a: Ap — Ry be the canonical diffeomorphisms. From Proposition 19 and
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Lemma 16, the collection A = {X Ue(P) | P € Ar} is the open covering of
Xr. The map define on X Ue(P) by

¢ (z)_{ (¥p(n),1/a%) if 2= (n,a) € Np x Ap = X,
ne (¥p(2),0) if 2 € Np = e(P).

is the local chart on Xp.
For two I'-rational parabolic subgroups P # @, choose k € K such that
P =FkQ. Then we have the following diagram commutes:

k-conj.

NQXAQH—NPXAP

¢>51T J/‘bp
dpodg’
Rn X R>0 HR”L X R>0

Since the G-action is analytic and the maps ¢p and ¢g are diffeomorphisms,
the transition map ¢p o (bél is analytic. (]

Proposition 22. The space Xt has a T-CW-complex structure.

Proof. The space Xr is a subanalytic manifold _of its double cover (cf. [19,
Definition 3.2]). By [19, Theorem B], the space Xt admits a I'~-CW-complex
structure. O

Proposition 23. Let Q be the fundamental set of T' in X defined in (2.7).
Then the closure Q in Xt is a compact fundamental set for T

Proof. The compactness follows from the fact that every U; C Np, is relatively
compact. By Proposition 19 and Theorem 12, the closure €2 is a locally finite
subset of X satisfying I' - Q = Xr. O
Proposition 24. For any finite subgroup H C T', the fized point set (YF)H 18
contractible.

Proof. From Proposition 22 and Proposition 23, the space Xr is a cofinite I'-
CW-complex. By Proposition20, every isotropy group is finite. Let H be a
non-trivial finite subgroup of I'. If H fixes a point on the boundary component
e(P), then it fixes a geodesic ray converging to that point. Thus the fixed

point set (X ) retracts into X . Since the fixed point set X is a geodesic

submanifold of X, the set (Y)H is contractible.

It remains to show that the space Xt itself is contractible. We will first
construct a retraction hy of Q, and then extends it to the retraction Hy of Xr.
For each ¢ = 1,...,n, let &p, v, +, be the mutually disjoint Siegel sets from
(2.8) and «; the unique positive simple root in ®*(P;, Ap,). Since the R-rank
of G is 1, the map «; : Ap, — Ry is a diffeomorphism. Thus, for any 0 < ¢ <1,
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there exists a unique element a;(t) € Ap, such that «;(a;(t)) = t;/t. Let us
define a map h; : Q x [0,1] — Q as follows (cf. Figure 5(A)):

z lf z € ﬁ — U?:l @Piin,,ti/t’
hi(2) =q (n,ai(t)) if 2 € &p, v, sy and 2 = (n,a) € Np, x Ap,,
(z,a;(t)) if z €U,

h()(Z) = Z.

We claim that h; is continuous. Let z be a point in the interior (2. For
sufficiently small € > 0, the point z does not belong to any Siegel sets @pi,Uhti/t
forall t < eand i = 1,...,n. Let z be a point on the boundary e(P;) for
some i = 1,...,n. Ast — 1, the path s(t) = h1_(z) approaches to z. Let
Ap,(ti) ={a € Ap, | ai(a) = ti}, Sp, 7,1, = U; x Ap,(t;). Then the homotopy
retract hy () is CUU;, Sp, 7, ,, (cf. Figure 5(B)).

Now we extend h; to H;. For each z € X, choose an element v € I' such
that v-z € Q. Define Hy : X1 x[0,1] — Xr as Hy(2) =~y 1 -he(y-2). We claim
that H; : X x [0,1] — X is well-defined. For a point z € X, suppose that
there are two distinct elements vi,v2 € I' such that v1 -2 # v2 - 2 € Gp, v, 1,
for some i =1,...,n. For each j = 1,2, the path s;(t) = hi1_(7; - ) eminates
from s;(0) = 7; - z. Let us extends s;(t) a semi-infinite geodesic §;(t). Then
51(00) = 82(00) is fixed by the element 7271_1 € P. Since'NP =T'NNp, we get
Yoy Y, (712) = h¢(722). The homotopy retract of X1 is then the union of all
[-translates of h1(€2). Since Sp. 7.+, C(INNp,)-C, we have H; (Xr)=T-C.
So Hj is well-defined. o

U :
Sy ‘ ‘ AP‘(h)XU]
¢ C
(G Ss
flP2 (tg) X Uz Apg(t3) X U3

0 1
Uz m /\ U;g 0 1

(A) The homotopy retraction h (B) The retract ht(Q)

FIGURE 5. Contractibility of the space Xt

In conclusion, the space Xr contracts into C' which is contractible. There-
fore, X is contractible. (I
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