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SUPERCYCLICITY OF ¢’-SPHERICAL AND TORAL
ISOMETRIES ON BANACH SPACES

MoHAMMAD ANSARI, KARIM HEDAYATIAN, AND BAHRAM KHANI-ROBATI

ABSTRACT. Let p > 1 be a real number. A tuple T' = (T1,...,Tn) of
commuting bounded linear operators on a Banach space X is called an
£P-spherical isometry if -7 | || Tjz||? = ||z||? for all € X. The tuple T
is called a toral isometry if each T; is an isometry. By a result of Ansari,
Hedayatian, Khani-Robati and Moradi, for every n > 1, there is a su-
percyclic £2-spherical isometric n-tuple on C™ but there is no supercyclic
£2-spherical isometry on an infinite-dimensional Hilbert space. In this
article, we investigate the supercyclicity of ¢P-spherical isometries and
toral isometries on Banach spaces. Also, we introduce the notion of semi-
commutative tuples and we show that the Banach spaces P (1 < p < 00)
support supercyclic £P-spherical isometric semi-commutative tuples. As a
result, all separable infinite-dimensional complex Hilbert spaces support
supercyclic spherical isometric semi-commutative tuples.

1. Introduction

An n-tuple of operators is a finite sequence of length n of commuting bounded
linear operators T4,7T5,..., T, acting on a Banach space X. For an n-tuple
T=(T1,T5,...,Ty), let Fr be the multiplicative semigroup generated by T}’s,
ie., Fr = {lel coThn kg >0, i =1,2,...,n}. If there exists an element
x € X such that the set orb(T,x) = {Sz : S € Fr} is dense in X then T is
said to be a hypercyclic tuple and z is called a hypercyclic vector for T. The
n-tuple T = (T1,T5, ..., T,) is said to be supercyclic if there exists an element
x € X such that C.orb(T,z) = {ASz : A € C,S € Fr} is dense in X. In
that case, the vector x is called a supercyclic vector for T. These definitions
generalize the notions of hypercyclicity and supercyclicity of a single operator
to a tuple of operators. The hypercyclicity of tuples of operators was first in-
vestigated by Feldman [4]. Also, The supercyclicity of tuples of operators was
first investigated by Soltani, Hedayatian and Khani-Robati [9].

Recall that a tuple (171, ...,T,) on a Hilbert space H is called a spherical
isometry if >0, T7T; = 1.

Received September 10, 2016; Revised December 8, 2016.

2010 Mathematics Subject Classification. Primary 47A16; Secondary 47A15.

Key words and phrases. spherical isometry, toral isometry, supercyclic.

(©2017 Korean Mathematical Society



2 M. ANSARI, K. HEDAYATIAN, AND B. KHANI-ROBATI

Theorem 1.1 (Theorem 2 of [2]). For every n > 1, there is a supercyclic
spherical isometric n-tuple on C™.

Theorem 1.2 (Proposition 1 of [2]). There is no supercyclic spherical isometry
on an infinite-dimensional Hilbert space.

In Section 2, we investigate ¢P-spherical isometries on Banach spaces and
ask if there is an infinite-dimensional Banach space that supports a supercyclic
¢P-spherical isometry. We show that if (T1,...,T},) is a supercyclic £P-spherical
isometry on £? (1 < ¢ < oo) then none of T;’s can be a weighted backward shift.
Also, we define semi-commutative tuples and we show that every separable
infinite-dimensional Hilbert space supports a supercyclic spherical isometric
semi-commutative tuple. We prove that there is no supercyclic toral isometry
on any Banach space with dimension more than one.

2. fP-Spherical and toral isometries on Banach spaces

Recall from [6] that for a real number p > 1, a tuple (T1,7T%,...,T,) on
a Banach space X is called ¢P-spherical isometry if > """ | | T;z|? = ||z||P for
every € X. For complex Hilbert spaces, £?-spherical isometries are spherical
isometries. Indeed, a tuple (71,...,7},) on a complex Hilbert space H, is a
spherical isometry if and only if > " || T;z|* = ||z||? for every z € H.

Question 2.1. Is there any infinite-dimensional Banach space which supports
a supercyclic fP-spherical isometry?

If we think about the negative answer to the question, we may naturally
try to show that a spherical isometric tuple may not include a supercyclic
operator (a tuple which includes a supercyclic operator is clearly supercyclic).
The following proposition shows that the famous supercyclic operator By may
not be a member of an ¢P-spherical isometry on X = Cj or £7 (1 < g < 00). If
()22, is the canonical basis of X and W = (w, )52, is a bounded sequence of
positive numbers, recall that the weighted backward shift By on X is defined
by Bweo = 0 and Bwe, = wpe,—1 (n > 1). It is known that By is always
supercyclic [5].

Proposition 2.2. Let X = Cy or ¢? (1 < ¢ < o0) and Bw be a weighted

backward shift on X. Then there are no operators Ty, ..., T, € L(X) such that
(Bw,T1,...,T,) is an £P-spherical isometry.

Proof. To get a contradiction, suppose that (Bw,T1,...,T,) is an ¢P-spherical
isometry. Let W = (w,)22; be the weight sequence for By and (en)se,
be the canonical basis of X. If z = Z;.V:_Ol aje; € Cpo, then B%z = 0 and
so for i = 1,...,n we have BY Tyx = T;BY.x = 0 which shows that Tz =
Zj-\[;Ol bije;. In particular, Tieg = cieq and Tjeq = aeq + bier (1 < i < n).
Then 377, Jesl? = 200, 1 Tieol|P = 2202, | Tieol|P + | Bweo|[” = [leo]|” = 1. On
the other hand, for every ¢ = 1,...,n we have bwieq = By T;e; = T;Bwe; =
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T;(w1ep) = wicieq and so b; = ¢;. Now, the ¢P-spherical isometry condition for
z = e gives Y., |laeq + cier||P = 1 — w}. But, regarding the norm on X, we
have ||a;eq + cie1|| > |¢i| for all i = 1,...,n. This gives 1 —w! > 1 which is not
true. [l

Definition 2.3. We say that (71, ...,T),) is a semi-commutative tuple on a Ba-
nach space X if for all 1 < ¢,j < n, Ker(T;T; —T;T;) is either X or a hyperplane
in X. The semi-commutative tuple (77, ..., T;) is said to be supercyclic if there
is a vector € X such that the set {)\lel o ThgNe€eC, k; >0,i=1,...,n}
is dense in X.

Proposition 2.4. The Banach spaces £F (1 < p < o0) support supercyclic
lP-spherical isometric semi-commutative tuples.

Proof. Fix a real number p € [1,00) and choose n € N. For 1 < i < n, we de-

1 1 1
fine T; on /P by Ti(a07a17a27a37...) = (riao,(%)Pal, (%)Pag,(i)r'a37...)

4n
where Y | |r;|P = 1. Also, define
1.1 1.1 1.1
S(ag,a1,a2,a3,...) = ((Z);alv(Z);’ab(z)’l’a&n-)-
Then it is easy to see that for all 1 < i,j <n, T;T; = T;T; and Ker(ST; — T;5)
is either /P or M, where M is the hyperplane in ¢P consisting of all vec-

tors « for which a; = 0. Thus, (S5,71,...,T,) is a semi-commutative tuple
on . On the other hand, if we put z = (ag,a1,as,as,...), then we have
|Sz||P + 3" | Tix||P = ||z||P. This shows that the semi-commutative tuple

(S8,T1,...,T,) is an (P-spherical isometry. Finally, the supercyclicity of this
semi-commutative tuple follows from the supercyclicity of the weighted back-
ward shift S. (]

We saw in Theorem 1.2 that no infinite-dimensional Hilbert space can sup-
port a supercyclic spherical isometric tuple. We use Proposition 2.4 to get the
following result.

Proposition 2.5. FEvery separable infinite-dimensional complex Hilbert space
supports a supercyclic spherical isometric semi-commutative tuple.

Proof. By Proposition 2.4, there is a semi-commutative tuple (771, ...,7,) on
£? which is supercyclic spherical isometry. If H is any separable infinite-
dimensional complex Hilbert space and U : H — ¢2 is an isometric isomor-
phism, then it can be easily verified that (U~'TU, ..., U'T,U) is a super-
cyclic spherical isometric semi-commutative tuple on H. O

From [8], we recall that a bounded complex sequence ¢ € £*°(N, C) almost
k—00 neN

say that the sequence £ almost converges to ¢ in the strong sense if |£ — cl]
almost converges to zero, where 1 stands for the constant 1 sequence. A gauge

n+k—1
converges to a complex number ¢ if lim sup|c — k~? Z () = 0. We
j=n
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function is a mapping p : N — (0,00) with the property that {p(p’zz)l)}neN
almost converges in the strong sense to a positive number c¢. The set of all
gauge functions is denoted by P. Now suppose that X is a complex Banach
space and let £(X) denote the set of bounded, linear operators acting on X.
We say that the norm-sequence of an operator T € £(X) is compatible with the
gauge function p € P, if ||T™]| < p(n) holds for every n € N and the sequence

{HPT(:“ }nen does not almost converge to zero. The set of all such operators is

denoted by L(p, X). It is shown in [7] that {p(p?z)l)}neN almost converges to
the spectral radius r(T") for every T' € L(p, X). The operator T' € L(p, X)
belongs to the class Ci.(p, X) if { ”ngg”
for all non-zero vectors x € X. We remind the reader that a (closed) subspace
M is hyperinvariant for 7', if CM C M holds for every operator C' commuting

with T'.

Theorem 2.6 (Main Theorem of [8]). Let T € L(X) be an operator belonging
to the class C1.(p, X),p € P. Let us assume that there exists a sequence {x, }nez
in X such that the vectors {x,}nen span an infinite dimensional subspace,
Tx, = xpny1 for everyn € Z, and

log™ (r(T) ="z,
5 g (r(T) " |lznl)

1+n2

}nen does not almost converge to zero

< 0
nez

Then there exists a sequence { X, }nen of non-zero hyperinvariant subspaces of

T such that
X, 0 (\/ &) = {0}
j#n
for every n € N. Furthermore, if o,(T) N r(T)T = 0, then

MV &) = {o}.

neN j>n

The authors in [1] proved that isometries on Banach spaces with dimension
more than one are not supercyclic. In the following theorem, we generalize this
result to toral isometries. Here o,(T") stands for the point spectrum of T" and T
denotes the unit circle {z € C: |z| = 1} in the complex plane C. Furthermore,
log"t:=0if 0 <t <1 andlog"t:=logtif t > 1.

Theorem 2.7. Suppose that X is an infinite-dimensional Banach space. Then
there does not exist a supercyclic toral isometry on X.

Proof. We prove the theorem for 2-tuples; for other n-tuples (n > 3) the proof
is similar. We argue by contradiction. Assume that xg is a supercyclic vector
for the pair T' = (T1,753). Let x be a nonzero vector in X. Therefore, there
are two sequences of non-negative integers {k;}; and {s;}; and a sequence of
scalars {a;}; such that

(1) o THTS iy —
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which implies that for large i we have

i . T
el — ool < o T30 — ) < 120,
Thus
el
2 ;| > Vi > g
? > Bl

for some ip. On the other hand, if z is an arbitrary element in X, then there
are two sequences of non-negative integers {m;},; and {n,}, and a sequence of
scalars {f3;}, such that
ﬁjTlanQmj.’E() — Z.
Let € be a positive number. Since 77 and T5 are isometries there is a positive
integer jo such that

2] +1
(3) 1Bl < = ——
! [[zoll
and
. ) €
(®) 1B, T w0 — 2l < 5

for all j > jo. Now if ¢ and j are sufficiently large, then (1), (2) and (3) imply
that
9

5) S

Hence there are positive integers ¢ and j such that n; > k; and m; > s; so that

<|8
=&

1651

o lz — T T3 o <
K3

@Tlnj*kiT;"f*Si

Qg

nj—ki M —5s; ) nj—ki+ki m;—si+s;
T —z HTl T, x — oy T, Zo

+ {8 T o — 2|
Bi
»

Hm — ain"T;ion + 1811 T o — 2| < e

This implies that every nonzero vector x is a supercyclic vector for the pair
(Ty,Tz). Thus, T1 and T do not admit common non-trivial (closed) invariant
subspaces. Indeed, if N is such a subspace and x is a nonzero vector in N,
then {\TFT5"z : A € C,k,m >0} C N and so N = N = X. This shows in
particular that both 77 and T5 are surjective and hence invertible.

If p(n) = 1 for all n € N, then it is easily seen that the operators T; and
Ty are in the class Ci.(p, X) . Put z, = T{'xo and y, = To'xo for n € Z
and assume that \/ z, and \/ y, are finite-dimensional; therefore, dimX =

neN neN
dimC.orb(T, zp) < (dim V x,)(dim V y,) < oo which is absurd. So without
neN neN
loss of generality we can assume that {z,},en spans an infinite-dimensional
subspace. Since r(77) = 1, all conditions of Theorem 2.6 hold for the operator
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T,. It follows that 77 and T have a common nontrivial invariant subspace
which is a contradiction. ([

Remark 2.8. The assertion of Theorem 2.7 is also true for all Banach spaces
X with 1 < dimX < oco. Since two commuting complex matrices have a
common eigenvector, we conclude that there is a non-trivial subspace N of X
that is invariant under the operators 77 and 75. On the other hand, according
to the proof of the above theorem, every nonzero vector x is a supercyclic
vector for the pair (77,7»). Hence for every nonzero element z € N the set
C.orb((T1,T2),z) C N is dense in X, which is a contradiction.

Denote by Iso(X) the set of all isometries on X.

Proposition 2.9. Suppose that p € [1,00) and Y i, | T;x||P = ||z||P for every
x € X. If (n—1) operators among Ty, ..., T, belong to C.Iso(X), then the last
one also belongs to C.Iso(X).

Proof. Without loss of generality, suppose that for i =1,...,n—1, T; = a;A;
where A; € Iso(X) and a; € C. If we put a = Z;le |a;|P, then we have
allzl|P + |Thz||P = ||z||P or |Thz||P = (1 —a)||z||? for all z € X. If a = 1,
then 7,, = 0 = 0.I and we are done. Otherwise, if we put S = (1 — a)%Tn,

then S is clearly an isometry. Consequently, T;, = (1 — a)%S and the proof is
complete. 0O

It is clear that the tuple (T4,...,T),) is supercyclic if and only if (a177,
...,a,T,) is supercyclic where aq,...,a, are arbitrary non-zero scalars. Re-
garding this fact, together with Theorem 2.7 and Proposition 2.9, we have the
following result.

Corollary 2.10. Let X be a Banach space with dimX > 1. If (Ty,...,T,)
is a supercyclic (P-spherical isometry, then at most (n — 2) operators among
Ty, ..., T, may belong to C.I1so(X).
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