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FIBONACCI AND LUCAS NUMBERS ASSOCIATED WITH
BROCARD-RAMANUJAN EQUATION

PRAPANPONG PONGSRIIAM

ABSTRACT. We explicitly solve the diophantine equations of the form
ApyApy - Ap, £1= B2,
where (An)pn>0 and (Bm)m>o are either the Fibonacci sequence or Lucas

sequence. This extends the result of D. Marques [9] and L. Szalay [13]
concerning a variant of Brocard-Ramanujan equation.

1. Introduction

Let (F,)n>0 be the Fibonacci sequence given by Fy = 0, F; = 1, and
F, =F,_1+ F,_2 for n > 2, and let (L,,)n,>0 be the Lucas sequence given
by the same recursive pattern as the Fibonacci sequence but with the initial
values Lo = 2 and L; = 1. The problem of finding all integral solutions to the
diophantine equation

(1) n!+ 1 =m?

is known as Brocard-Ramanujan problem. The known solutions to (1) are
(n,m) = (4,5), (5,11), and (7,71) and it is still open whether the Brocard-
Ramanujan equation has a solution when n > 8. Some variations of (1) have
been considered by various authors and we refer the reader to [1, 5, 6, 8] and
references therein for additional information and history.

Marques [9] considered a variant of (1) by replacing n! by the product of
consecutive Fibonacci numbers and m? by a square of a Fibonacci number. He
claimed that the diophantine equation

(2) FoFpi1- Fupp1+1=F2

has no solution in positive integers k, m, n. But this is wrong, for example,
Fy+1 = F? and Fs + 1 = F} give solutions to the above equation. Szalay
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[13, Theorem 2.1] gives a correct version of Marques’s result and considers the
equations more general than (2).

In this article, we continue the investigation by solving the following dio-
phantine equations:

(3) Fo,Fpy - Fy +1=F2,
(4) Ly, Ly, Ln, +1=12,
(5) Fo,Fp - F, +1=172,
(6) Ly, Ly, Ly, +1=F2,

where m >0, k > 1,0 < n; <ng <--- < ng. Note that unlike Marques [9]
and Szalay [13], we do not require ni,na, ..., ng to be distinct. So (3), (4), (5),
and (6) are actually equivalent to, respectively,

FUF. . F+1=F2,

Lo Le Lo+ 1= L2,
FUF2. . F+1=L2,

Lo L8 Lo £ 1= F2,
where m > 0, £ > 1,0 < n; < ng < --- < ny, and ay,as,...,a¢ > 1. For
convenience, we sometimes go back and forth between the equations given in
(3) to (6) and those which are equivalent to them such as the above ones.

Note that Szalay [13, Theorem 3.2] considers the equation

(7) Ly, Lp,-+ Ly, +1=1L2

in non-negative integers ny < ng < --- < ng, but it seems that he actually
skips zero and thus missing the solution given by LoLz + 1 = L3. We give a
correct version to this problem in Theorem 3.6. Finally, we remark that similar
equations are also considered by Pongsriiam in [10] and [11] where F2, and L2,
in (3), (4), (5), and (6) are replaced by F,, and L,,, and where +1 is replaced
by 0.

2. Preliminaries and lemmas

Since one of our main tools in solving the above equations is the primitive
divisor theorem of Carmichael [4], we first recall some facts about it. Let o and
08 be algebraic numbers such that o + 8 and af are nonzero coprime integers
and a3~! is not a root of unity. Let (u,),>0 be the sequence given by

up =0, ug =1, and u,, = (@ + Bup—1 — (af)up—o for n > 2.
Then we have Binet’s formula for w,, given by
a™ — ﬂn

Uy =
n Oé—ﬁ

for n > 0.
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So if a = HT\/E; and = 1*2‘/5, then (uy,) is the Fibonacci sequence.
A prime p is said to be a primitive divisor of w, if p | u, but p does not
divide uqusg - - - Uy 1. Then the primitive divisor theorem of Carmichael can be

stated as follows.

Theorem 2.1 (Primitive divisor theorem of Carmichael [4]). Suppose o and
B are real numbers such that o + 3 and a8 are nonzero coprime integers and
af~t is not a root of unity. Ifn #1,2,6, then u, has a primitive divisor except
whenn =12, a+p =1 and af = —1. In particular, F,, has a primitive divisor
for everyn #1,2,6,12 and L,, has a primitive divisor for every n # 1,6.

There is a long history about primitive divisors and the most remarkable
results in this topic are given by Bilu, Hanrot, and Voutier [2], by Stewart [12],
and by Kunrui [7]. For example, Bilu et al. [2] extends Theorem 2.1 to include
the case where «, [ are complex numbers. Nevertheless, Theorem 2.1 is good
enough in our situation.

Recall that we can define F;, and L,, for a negative integer n by the formula

F p=(D)*"1F,and Ly = (=1)FL;, for k> 0.
Then we have the following identity which valid for all integers m, k.
(8) Fo i Fogr = F2 + (=1 FHLE2,

The identity (8) can be proved using Binet’s formula as follows:

- am—k _ Bm—k am-i—k _ ﬁm—i—k
Rk = (=) (F5=5—)
B (am _ ﬁ'm,)Q + Q(Oéﬂ)m _ (am—kﬁm—i-k +ﬁm_kam+k)
a (a—p)?
- 2(_1)m _ (_1)m—k (BQk + a2k)
=t (a —B)?
o 201" = ()R (B - af)? +2(-1)F)
— (@57

=F2 + (-1)™*1F2.
We will particularly apply (8) in the following form.

Lemma 2.2. For every m > 1, we have

(1) FSL 1= Fm—lFm-‘rla zfm ZS Odd,
Fo—oFmio, if m is even.

Fo—1Fmy1, if m is even;

.o F2 + 1 -
(i) Fr {FmQFmH, if m is odd.

Proof. This follows from the substitution ¥ =1 and k = 2 in (8). O

We also need a factorization of L2, £ 1 as follows.



4 P. PONGSRIIAM

Lemma 2.3. For every m > 1, we have

(i) 12, —1= Fs./Fin, z:fm z:s even,
5Fn_1Fmy1, if m is odd.
F3,./F,,, ) s odd;
) 12, +1= o/ o
5F-1Fmy1, if m is even.
Proof. Similar to (8), this can be checked easily using Binet’s formula. O

3. Main results

Consider the equations (3), (4), (5), and (6). Since Fy = 0, F} = F» = 1,
and L, = 1, we avoid some trivial solutions when k > 2 by assuming 3 < n; <
ng <--- < ngin (3) and (5) and assuming n; # 1 for every j = 1,2,...,k in
(4) and (6). In addition some parts of (3) and (4) are already considered by
Szalay in [13], so we begin by giving the detailed proof for the solutions to (5)
and (6). Then we give a short discussion for (4) and (3).

3.1. The equation F,, F,,, F, ---F,, +1= L2
Theorem 3.1. The diophantine equation
(9) Fp FoyFoy - Fy +1=12
withm >0, k>1, and 0 < ny < nyg < -+ < ng has a solution if and only
if m=0,2,4 or m is odd. In these cases, the nontrivial solutions to (9) are
given by
Fi+1=1% Fo+1=1L1% Fi+1=Fs+1=1L% F,Fs+1=1L%
FiFy+1=FFFs+1=L2 FiFsFs+1=FFFs+1=1L2,
F3FsFs +1 =12, F{F?FsFio+ 1= F3F;FsFsFo+1=1L2%,
FyF}FsFiy+ 1= F3FiFsFsFiy + 1= L35,

and an infinite family of solutions: FsFy, 1 Fp,1+1= L2, for any odd number
m > 7. Here nontrivial solutions mean that either k =1 or k > 2 and ni > 3.

Proof. Case 1: m is even. Suppose for a contradiction that there exists m > 5
satisfying (9). By Lemma 2.3(i), we can write (9) as

(10) Fo FoyFry -+ Foy Fry = Fyp.

By Theorem 2.1, if 3m > ny, then there exists a prime p dividing F3,, but does
not divide any term on the left hand side of (10). Similarly, if 3m < ny, there
exists a prime p | F},, but p{ Fs,,, which is not the case. Hence 3m = nj. We
remark that this kind of argument will be used repeatedly throughout the rest
of this article. Then (10) is reduced to

Fo Fo,Fr, - F

Nk—1

F, =1
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Then 1 = F,, Fo, Fry -+ Fo,_ Frn > Fy > F5 > 5, which is a contradiction.

Therefore m < 4. Now it is straightforward to check all values of L,Qn — 1 for
m = 0,2,4 and write it as a product of Fibonacci numbers. This leads to the
solutions given by

Fy+1=1% F34+1=Fs+1=12% F{F,+1=FFFs+1=1L2
Case 2: m is odd. Then by Lemma 2.3(i), we can write (9) as
(11) FoyFpyFy - Fo = 5Fp_1Fpi1.
Suppose first that m > 14. Then by Theorem 2.1 and the same argument used
in Case 1, we have m 4+ 1 = ny and (11) is reduced to

(12) Fo FoyFry -+ Foy  =5Fy_1.

ng_1

This implies k > 2. Again by Theorem 2.1, m — 1 = ni_1 and (12) becomes
Fo Fo, Py Fy,_, =5.

This implies that k = 3 and F,,;, = 5 = F5. In this case, we obtain an infinite
number of solutions given by

(13) FsFy_1Fpy+1=L2 with m > 14 and m is odd.

m

By Lemma 2.3(i), we see that (13) also holds for any odd number m > 3. So we
only need to check for the other factorizations of L2, — 1 (m odd and m < 15)
as product of Fibonacci numbers. This leads to the other solutions to (9) as
given in the statement of the theorem. (I

Theorem 3.2. The diophantine equation
(14) Fo Fp,Fpy - Fyy —1=1L12
withm >0, k>1, and 0 <ny < ng < --- < ny has a solution if and only if
m =1 or m is even. In these cases, the nontrivial solutions to (14) are given
by

FB—-1=1I%, F-1=L§, FRF-1=1L1; FRFF-1=1Lj
and an infinite famility of solutions

FsFp 1 Fpi1—1= Lfn for every even number m > 6.

Here nontrivial solutions mean that either k =1 or k > 2 and n; > 3.

Proof. The proof of this theorem is very similar to that of Theorem 3.1. So we
only give a brief discussion. If m is odd, then we apply Lemma 2.3(ii) to write
(14) as
Fo Fo,Fony - Fn, Fry = F3p.

From this point, we can follow the proof of Case 1 in Theorem 3.1 and obtain
the solutions given by F3 — 1 = L?. If m is even, we apply Lemma 2.3(ii) to
write (14) as Fp, Fy, Py -+ Fn, = 5F—1Fnt1. Then we follow the proof of
Case 2 in Theorem 3.1 to obtain the desired result. ([
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3.2. The equation L,,, Ly, Ly, -+ Ly, £1=F2
Theorem 3.3. The diophantine equation
(15) Loy LoyLg -+ Ly, +1=F2

with m >0, k> 1, and 0 < ny < ng < --- < ng has a solution if and only
if3<m <7, m=10, or m = 14. More precisely, the nontrivial solutions to
(15) are given by

Lo+1=Fy, L3+1=Lols+1=F; LjLy+1=Lololz+1=F2
LiLs+1=F2, L3LoLy+1=Lololsly+1=F2% A+1=F2%,
ALg +1=F},

where A= L%L§L4 = L8L2L4L6 = L3L3L3L4 = LOL2L3L4L6 = LgL%L;l
Here nontrivial solutions mean that either k =1 or k > 2 and nj # 1 for any
jed{1,2,... k}.

Proof. By Lemma 2.2(i), we can rewrite (15) as

(16) Ln1 anL’n3 T Lnk = Fan;

where a,b € {m — 1,m + 1} or a,b € {m — 2,m + 2}. Suppose that every
ny,na,...,ny is zero. Then (16) becomes

(17) oF = F,Fp.

By Theorem 2.1 and the fact that 2 | F53 and 3 | Fia, we see that F), has a
prime divisor distinct from 2 for every n # 1,2,3,6. So (17) implies that a,b €
{1,2,3,6}. Checking all possible choices, we see that the only solutions to (15)
in this case is given by L3 +1 = FZ2. Since L; = 1, we easily see that the case
n; = 1 for every j does not give a solution. Similarly, m = 0, 1,2 does not lead

to a solution. From this point on, we assume that there exists j € {1,2,... &k}
such that n; > 2, n; # 1 for any 4, and m > 3. Let n, be the smallest positive
integer among ni,no,...,Nk. S0 ng > 2 and ni,ng,...,np—1 = 0.

Case 1: m is odd and m > 27. By Lemma 2.2(i) and the identity Fs,, = F,, L.,
which holds for n > 1, we can write (15) as

v F2n FQTU/ 1 F2n.
(18) gf-1_Zme_ Thenr 2% _ [ Py
Fnz Fne+1 Fnk

By Theorem 2.1, we obtain m + 1 = 2n and (18) is reduced to
F2n[ F27L5+1 . Fan,l
F,, F, F

MNk—1

(19) 2t—1 = Fp, Fru1.

41
Note that if m —1 < 2ng_1, then ng = mTH <m—1< 2n,_1. So by applying
Theorem 2.1 to (19), we obtain m — 1 = 2n,_; and (19) is reduced to

FQn[ FZne_H . Fan_g

F,, F, F

£+1 Nk —2

(20) 2t-1 =F

Nk—1

F,.
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Since ng > np_1 = mT_l > 13, we can apply Theorem 2.1 to (20) and repeat
the above argument to obtain

nE = 2Ng_o and ng_1 = 2ng_3.

Then m + 1 =2ng = 4ni_o and m — 1 = 2ni_1 = 4ny_3, and therefore m + 1
and m — 1 are divisible by 4. So 4 | (m + 1) — (m — 1) = 2, a contradiction.
Hence there is no solution in this case.
Case 2: m is even and m > 54. This case is similar to Case 1. We apply
Lemma 2.2(i) and the identity Fs, = F,, L, to write (15) in the form

F2ng F2mz+1 . Fan

(21) 2t - =Fyn oFn 0.
Fnz F"LZ+1 Fnk

Then we apply Theorem 2.1 repeatedly to obtain

m+2=2ng, m—2=2np_1, N =2Nk_2,
Ng—1 = 2Nk_3, Ng—2=2Nk_4, and np_z=2n;_s.

Note that we can repeat this process as long as the indices of the Fibonacci
numbers appearing on the right hand side of the equation are larger than 12.
Here nj_3 = "5+ = mT’Q > 13. So the above argument is justified. This leads
to
m—+2=2n, =4ng_o = 8ni_4 and
m—2=2ni_1=4np_3 = 8ni_s.

Therefore 8 | m+2 and 8 | m—2. So 8 | (m+2) — (m—2) = 4, a contradiction.
So there is no solution in this case.
From Case 1 and Case 2, we only need to consider the following:

(22) m is odd and 3 < m < 25,

(23) m is even and 3 < m < 52.
Since Ly, < Ly, Ly, Ly, = F2 —1 < Loy, we have n, < 2m < 104. In

addition, 2% < L5 < Ly Ly, -+~ Ln, = F2, —1 < F3 — 1. So k < &1,

So we only need to find the solutions to (15) in the range 1 < k < %,
3<m <52, and 0 < ny <ng <--- <ng < 104. Since this is only a finite
number of cases, it can be verified using computer programming. However, we
think that checking it by hand does not take too much time. So we offer here
a proof which does not require a high technology in computer programming.
Recall that for each positive integer n, the order of appearance of n in the
Fibonacci sequence, denoted by z(n), is the smallest positive integer k such
that n | Fi. It is a well known fact that if p is an odd prime and z(p) is odd,
then p 1 L,, for any n > 0. We refer the reader to Lemma 2.1 of Ward [14] for a
proof and other theorems in [14] for related results. Since z(5) = 5, 2(13) = 7,
and z(17) = 9 are odd, the Lucas numbers are not divisible by any of 5, 13,
and 17. Here the calculation of z(p) (for p = 5,13,17) is straightforward or it
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can be looked up in the Fibonacci Tables compiled by Brother A. Brousseau
and distributed online by the Fibonacci Association [3].

Next it is easy to calculate the period of F;, modulo 5, and F},, modulo 13.
Again, this can also be looked up in the Fibonacci Tables [3]. Then we see that

(24) 5| F2 —1 when m=1,2,89,11,12,18,19 (mod 20)
and
(25) 13| F2 — 1 when m = 1,2,12,13,15,16,26,27 (mod 28).

Since Lucas numbers are not divisible by either 5 or 13, we see that if m is in
the residue classes given in (24) or (25), then F2 — 1 is not a product of Lucas
numbers. Similarly, F2 — 1 is not a product of Lucas numbers if 17 | FZ — 1
which occurs when
(26) m=1,2,16,17,19,20,34,35 (mod 36).
So we eliminate those m in (22) and (23) satisfying (24), (25), or (26). At this
point, we only need to consider F2 — 1 in the following cases:
(i) 3<m <7, m=10,14.
(i1) 23 < m < 25, m = 36,46, 50.
By looking up the Fibonacci Tables [3], we see that z(89) = 11, 2(37) = 19,
2(233) = 13, which are odd numbers, and
89 | F2 —1 when m = 23,24, 46,
37| F2 —1 when m = 36,
233 | F2 —1 when m = 25,50.
So those m in (ii) does not give a solution to (15). Now we only have a small

number of m in (i), which can be easily checked by hand. Each value of m in
(i) leads to a solution to (15). This completes the proof. O

Theorem 3.4. The diophantine equation

(27) Ly, Lp,Lpy Ly, —1=F2

withm >0, k>1, and 0 < ny < ng < --- < ny has a solution if and only if
0 <m < 2. In fact, the nontrivial solutions to (27) are given by Ly — 1 = Fg,
Lo—1= F?, and Ly — 1 = F2. Here nontrivial solutions mean that either
k=1ork>2andn; #1 for any j € {1,2,...,k}.

Proof. The proof of this theorem is similar to that of Theorem 3.3. We first

consider the case ny = ng = --- = ny € {0,1} and obtain the solutions given

by Lo—1=F?, Lo—1=F%,and L; — 1 = F}. Next if m is even and m > 12,
we follow the argument used in Case 1 of Theorem 3.3 to write (27) as

2(71 F2ng F2n14+1 o Fan

F., Fy Fy,

where / is defined in exactly the same way as that in Theorem 3.3.

== Fm—lFm—Q—la
41
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Now the argument is a bit easier than that in Theorem 3.3. We see that
Theorem 2.1 forces m + 1 = 2ny, which contradicts the fact that m is even. So
there is no solution in this case. Similarly, there is no solution in the case that
m is odd and m > 11. Therefore we only need to consider the case m < 10. It
is easy to check that

5|F2+1 ifm=234,6,7

13| F2 +1 ifm=5,6,8,9

17| F2 +1 ifm=71,8,10.
Since Lucas numbers are not divisible by any of 5, 13, and 17, we see that F'2 +1
is not a product of Lucas numbers when 3 < m < 10. So we eliminate those

m and consider only m = 0, 1,2 which lead to the solutions already obtained.
This completes the proof. (I

3.3. The equation L,,, Ly, Ly, -+ Ly, £1 = L2
Theorem 3.5. The diophantine equation
(28) Loy LoyLyg -+ Ly, —1=12,

withm >0, k>1, and 0 < ny < ng < --- < ng has a solution if and only if
m = 1. The nontrivial solution to (28) is given by Lo—1 = L3. Here nontrivial
solutions mean that either k =1 or k> 2 and nj # 1 for any j € {1,2,...,k}.

Proof. We follow the argument in the proof of Theorem 3.3 and let ¢ be defined
in the same way. If m is even, then by Lemma 2.3(ii), we can write (28) as

(29) Lo, LnyLny -+ Ly, = 5F_1Fpi1.

Since 5 does not divide any Lucas number, (29) is impossible. So there is no
solution in this case. Suppose m is odd and m > 5. We apply Lemma 2.3(ii)
to write (28) as

9l—1 Fon, F2W+1
F,, F,

F:
2nka:F3m~

(30) o

241

Then from (30) and Theorem 2.1, we obtain 3m = 2ny, which contradicts the
fact that m is odd. Therefore we only need to consider m = 1,3 which can be
easily checked. So the proof is complete. O

Theorem 3.6. The diophantine equation
(31) Ly, LyyLpy Ly, +1=12,

withm >0, k>1, and 0 < njy < ng < -+ < ng has a solution if and only if
m =0,2,4. The nontrivial solutions to (31) are given by

Lo+1=1L2% LoLs+1=L}+1=1L2
LiLy+1=LiLsLs+1=LyL3+1=L3.
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Here nontrivial solutions mean that either k =1 or k > 2 and nj # 1 for any
jed{1,2,... k}.

Proof. We still follow the argument used in the proof of Theorem 3.3 and let ¢
be defined in the same way. If m is odd, then we apply Lemma 2.3(i) to write
(31) as

(32) Loy LnyLny -+ Ly, = 5Fp_1Fpi1.

Since 5 does not divide any Lucas number, (32) is impossible. So there is no
solution to (31) in this case. Next assume that m is even and m > 14. By
Lemma 2.3(i) and the identity Fs,, = F},L,,, we can write (31) as

_1Fon F2ng 1 Fy,
(33) 2t L R = P,
Fnz Fnz+1 Fnk

By Theorem 2.1, 3m = 2ny, and (33) is reduced to

25_1 FQ’I’Lg F2n2+1 o Fan—l F,,
Fnz F, Fnk71

41

(34) =F,,.

Since nj = 37’” > m > 14, we obtain by Theorem 2.1 that nj = 2nj_; and (34)
is reduced to

=F,

(35) 26—1 FQW F2W+1 L Fanfz E,

MNk—1-
Fne Fnz+1 Fnk—Q
Now ng—1 = 5 = 3Tm < m, so F,, has a primitive divisor which does not

divide F),,_,. Therefore (35) is impossible. Hence there is no solution in this
case. So we only need to consider m < 12 and m is even. This can be easily
checked. So the proof is complete. O

3.4. The equation F,, F,,,F, ---F, +1=F?
Following Szalay [13], we let

= e(m) = 1, if m is odd;
B B 2, if m is even,

1, if m is even;
if m is odd.
Then we have the following result.

Theorem 3.7. The diophantine equation

(36) Fp FpyFpy o Fy —1=F2

withm >0, k>1, and 0 < ny < nyg < -+ < ng has a solution for every
m > 0. The nontrivial solutions to (36) are given by

FL—-1=F—-1=F? F-1=F F-1=F; F5—-1=F}
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and an infinite family of solutions:
Fr§Fmis —1=F2 forallm > 4.
Here nontrivial solutions mean that either k =1 or k > 2 and n1 > 3.

Proof. The proof of this theorem is similar to the others, so we only give a brief
discussion. If m is even and m > 14, we apply Lemma 2.2(ii) to write (36) as

Fannang Fnk = mleerl-

Applying Theorem 2.1 repeatedly, we obtain m + 1 = ng, m — 1 = ni_1, and
k= 2. If m is odd and m > 15, we apply Lemma 2.2(ii) and follow the same
argument to obtain m + 2 =ng, m —2 =ng_1, and k = 2. The case m < 13
can be checked by hand. O

Theorem 3.8. The diophantine equation
Fo FryFry - Fy +1=F2

withm >0, k>1, and 0 < ny < nyg < -+ < ng has a solution for every
m > 1. The nontrivial solutions to the above equations are given by

Fo+1=F? Fy+1=F; F,+1=F F3+1=F;+1=F2,
F3F,+1=F2 F3Fy+1=F? F3Fo+1=F} AFs+1=F},
AFp0+1= FlQl7 AFis+1= F123, AFig+1= F124,
where A = F3F2Fs = F4F2, and an infinite family of solutions:
FrcFmye +1=F2 forallm > 5.
Here nontrivial solutions mean that either k =1 or k > 2 and ny > 3.

Proof. The proof of this theorem is similar to that of Theorem 3.7. The only
difference is that we apply Lemma 2.2(i) instead of Lemma 2.2(ii). We leave
the verification to the reader. O

Comments: The author believes that his method can be used to solve other
equations of this type where (F},),>1 and (L, )n>1 are replaced by some general
second order linear recurrence sequences. But the author will leave this prob-
lem to the interested reader. Nevertheless, he will consider another Fibonacci
version of Brocard-Ramanujan equation in the next article.
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some ideas in writing this article. He also thanks the anonymous referee for
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improve the presentation of this article.
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