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ON SOME FORMULAS FOR THE GENERALIZED APPELL
TYPE FUNCTIONS

PRAVEEN AGARWAL, SHILPI JAIN, MUMTAZ AHMAD KHAN,
AND KOTTAKKARAN SOOPPY NISAR

ABSTRACT. A remarkably large number of special functions (such as the
Gamma and Beta functions, the Gauss hypergeometric function, and so
on) have been investigated by many authors. Motivated the works of both
works of both Burchnall and Chaundy and Chaundy and very recently,
Brychkov and Saad gave interesting generalizations of Appell type func-
tions. In the present sequel to the aforementioned investigations and some
of the earlier works listed in the reference, we present some new differen-
tial formulas for the generalized Appell’s type functions k;,i = 1,2,...,18
by considering the product of two 4F3 functions.

1. Introduction

During last four decades or so, the theories of familiar special functions (such
as the Gamma and Beta functions, the Gauss hypergeometric function, and so
on)get great success through the research contributions of various authors (see
[1-6,14,16,21,22]; for recent developments, see also [7,8,12]).

Motivated the works of both Burchnall and Chaundy [9,10] and Chaundy
[11], very recently, Choi et al. [13] gave certain interesting generalization of
the Appell type functions and study their properties. In the present sequel to
the aforementioned investigations, we present some new differential formulas
for the generalized Appell’s type functions k;,i = 1,2,...,18 by considering
the product of two 4F3 functions.

For our purpose, we begin by recalling Burchnall and Chaundy [9,10] sug-
gested a possible extension of their results to functions of higher order (with
more parameters) for two variable as follows:

(1.1)
a; bl,bQ,...,bp;b:l,b;,...,b;); vy

C1,C2,..., Cp;C1,Coy..., Cp;
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_ i (a)7rz+n(b1)m"'(bp)m (b )n (b2) : (b;))n R

e minlen) m(e)m (G)m(Cn(@n (G

a, bi,ba, ..., by; a, by, by, ..., by;
— v F ) 9 I y Ypo F 1’ 27 9 })7
(@) ps1 p[ €1,€2, ..., Cp; x} ptl 01702,..., Cps 4
(12) p+1F(2) [ a; bl,bg, .. bp,bl,b2, ey b ] z, y:|
C1,C2,..., Cp,cl,CQ, ceey Cp ]
_ i (a)r(by)y - (bp)r (b/1>r(b/2)r e ( ;))T’ e
—0 ri(er)r(c2)r -+ (ep)r(cr)r(ca)r - c;;)r
a+r, by +rba+r,..., by 4T
% p+1Fp{ ca+reotr..., ety z
a-+r, b, +r,b/ +r..., b + 7
X p+1Fp |: 1 2 ’ ’ p ’ y:| .
C15C5 -+ +5 Cps
Recently, Khan and Abukhammash [15] introduced 10 Appell type gener-
alized functions M; (i = 1, ..., 10) by considering the product of two 3F
functions as follows.
(1.3) M, (a,a/,b7 bl,c7 cl;d,e,el;x,y)
722 ( ) (b)m(b)n(c)m(c)nﬁﬂ
m=0n=0 m+n (e)m (6 )" nt nl
(1.4) M (a,oa/,b7 bl,c7 c/;d,e;x,y)
S5 (@ (a) ) (6) (@ (€) gy
N = (d) rtn (€) i n! n!’
(1.5) M; (a,b, b/7c7 c/;d, d/’e,e,;amy)
. )n (€),, (€), ! nl’
(1.6) M(abbccdeemy)
2 = m-l—n ( ) (C)m ( ) ™ y"
—mZZ @@l

(1.7) M5 (a,b, b/7c7 c/;d,e;:my)



ON SOME FORMULAS FOR THE GENERALIZED APPELL TYPE FUNCTIONS 3

= @O (), O (€),

0n=0 )m+n (e)m+n n' ’I’L' ’

Mg

3
Il

(1.8) Mg (a,b, e.cid, d/,e,e/;x,y)

5 5 D O 90 (), e

(d), (e),, (), n!nl’

m=0n=0

(1.9) My (a,b, ¢ C/;d7e,el;w7y)

- 5 OO On ) oy

m=0 n=0 d) i (€, () n! n!’

(1.10) Mg (a,b, c, C/;d,e;x,y)
_ i i m+n ) +n (b,)n (C/>nﬁ£
m=0n=0 m+n (e)m+n n! n!’
(1.11) M, (a,b, e d, d/,eve';x’y)
m+n )m+n (C)m (Cl>n ™ y"
;)nz[) (d), (€), (), nl nl’
(1-12) M10 (a b 5y Cy d e, 6 T y)
mz:onz% +m+n (e;— (6/) n' n'

In this paper, we consider the product of two 4F3 hypergeometric functions,
i.e.,

(113) 4F3(0,, b’ G d’ e, f’ g; .’IT) 4F3(G//, bla Cla dla 6/, f/a g/7 y)

_ i (@)m (@' )n (B)m (B')n (¢)m ()n (D)m (d')n ™ y"
@m (€)n (f)m ([ )n (@)m (9)n m! n!’

This double series, in itself, yields nothing new, but by replacing one or more
of the seven pairs of products

(a)m(al)na (b)m(bl)vu (C)m(0/>n7
(D (d)ny  (@ml€)ns  (Hmlfns (@m(g)n

m, n=0



4 P. AGARWAL, S. JAIN, M. A. KHAN, AND K. S. NISAR

by the corresponding expressions

(@mins O)mtns (mtns (Dmtns (€)mtn, (f)mtn,

we are led to nineteen distinct possibilities of getting new double series. One
such possibility, however, gives us the double series

- (a)m+n (b)m+n (C)m+n (d)m+n ™ y
Z (e)m+n (f)m+n (g)m+n m' n'

m, n=0

which, upon using the well-known (easily-derivable) identity (see, e.g., [19]):

(1.14) ZZf(m—l—n—'yf' Zf fv+y)7

m=0n=0
is simply the hypergeometric series 4 F3(a, b, c, d; e, f,g;x +y).
The remaining possibilities lead to the following eighteen generalized Appell
type functions of two variables ( see also [13]):

(1.15) ki(a,a’, 0,0 c,d d,d e f,f',9.9;2,y)
_ Z Z ) (0)n (m () n (D) (d)n @

m=0n=0 m+”(f)m(f/)n( )m(g/)n m! n!
(max{|z|, [y|} <1);

(1.16) ko(a,a’ b,b e, d d,d ;e f,q9,951,9)

o ) (0)n () m ()n(d)im(d )n 2™ y"
o Z Z m+n(f)m+n(g)m(9/)n m! n!
(max{l|zl, |y[} <1);

m=0n=0

(1.17) k3(a,a’,b,b e, d,d e, f,g;7,y)

v AN () (d)y, ™ Y™
::ZZ Jm (0)n ()i (¢ )n (d) m (d') Y

m=0n=0 m+n(f)m+n(g)m+n m! n!

(max{fz], [y} <1);

(1.18) ka(a, 0,0 c,c d,d see, f, [, 9,9" 2, y)

8

_ m+n (0)m (B )n()m(c)n(d)m(d)n zr"y
- ZZ Jm(€)n(F)m(f)n(@m(g)n  ml nl

m=0n=0

(] + lyl < 1);

(1.19) ks(a, bt e, d,d se f, f' 9,952, y)

= Z Z m+” m(0)n ()m()n(D)m(d)n

m=0n—=0 e)man(F)m(f)n(@)m(g )n m! n!

(max{|z], Iyl} <1);
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(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

= Z Z m—i—n b/) () (C/)n(d)m(d/)n x

m+n(f)m+n(g)m+n m! n!

m=0n=0

(max{z|, [y|} < 1);

mw. mn mclndmd/nlﬂ
,ZZ + +n (&) m () (d)m (')

mn mncmclndmd/nl’
722 +1(O)mepn (€)m (¢ )n (d)m (d)

ke(a, b, ,c,c,dd e, f.9.92,y)

Jm(d)n =™y

b m+n i (0)(€)m ()
WLZ:/,‘LZ m-‘rn( )m+n( ) (g) m! n!

(max{|z|, ly[} <1);

r7(a, bt c.c d.d ;e f,g;2,y)

'%8(0/ b,,C,Cl,d d/ '€,el7f7f/,g,g/;x,y)

Z Z m+n B)mtn()m (o (D) (d)n =™ y"

m=0n=0 m ) (f) (f/) ( )m( /)n m' n'
( 2+ v/l <1);

KQ(G b C7C/7d d = fvf/ 9, g’;:r,y)

m=0n=0 m+” ) (f/)’ﬂ(g)m(g/)n m! n!
(lzl + lyl < 1),

kio(a,b,e,c d,d e, f,9,9"52,y)

-yl m+n D)€ () (D (&) 2™ 3"

m=0n=0 m+n(f)m+n(g)m(g/)n m! n!

(max{|z|, ly[} <1);

/<;11(a b, C,Cl,d d ;€ f;g;xay)

m+n(f)m+n(g)m+n m! nl!

(max{lz|, [y|} < 1);

m=0n=0

ki2(a,b,e,d,d se.e, f, ' 9,952, y)
m+n m+n( )m+n( ) ( /) Y
ZZ (F)m(f)n(@)m(g")n m' nl

m=0n=0

( EER |y|<1)

513(a7ba c, da dl ;€7f, fl,g,g/;l'7y)

5
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Ymtn ( n A (d)y,
_ZZ + +()+(g()()y

M+n )m( ) )M(Q,)n m! n!

m=0n=0

(m+way

(1.28) k1a(a,b,c,d,d ;e f, , g7, y)

mn mn )man(d)m(d)n
o 35 OO a1

&) m+n(f)mtn(g)m (g )n m! n!

m=0n=0
(|| + [y] < 1)7
(1.29) ris(a,b,c,d.d se, f,g:2,y)
:ZZ’WWMWMW%QQ
m=0n=0 m+n f)m+n(g)m+n m! n!
(max{|z|, [y} <1);
(130) K/lﬁ(a’ b C, d 6,6/,f, fl g,g/;xay)
3 Z o Ooinlhos i, o7 4
mOnO ) (f)n(@)m(g")n m! n!
(m+ma)
(1.31) kiz(a,b,,c,dse f, f.9.952,)
m yn

mn mn mtn(@)min T
_ZZ + +()+()+

m=0n=0 m+n (fl) (g)m(g,)n m! n!

(W+wmm

(132) K/IS(G/ b7,C d.e fvgag/;xvy)

Ty ++M+U+7g

m+n f)m-ﬁ-n(g)m(g/)n m! n!

m=0 n=0

( |z| + |y\<1).

2. Fractional derivatives

In 1971 Euler extended the derivative formula
DM = AA = 1D)(A=2) - (A —n+ 1)
Fa+x

2.1 =—— " A" (p=0,1,2,3, -
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to the general form

(2.2)

DS{ZA}:FP(l—k/\)

where p is an arbitrary complex number.

T+A—p~

—p

Theorem 1. Each of the following integral formulas holds true:

(2.3)

(2.5)

(2.6)

(2.8)

(2.9)

prh {ZAl JF [ 0;%7;

LA s [ o, B, 7, A
— F ) ) 7 )
F(,U,)Z 473 57”)1“’;

DA {Z)\l B [ 03?7,.7;

T())

/ / /.
IZ:| 3F2 |: a?ﬁ’vﬂ

o

v}

= Z#_l"{ﬁ()‘va7677a 0/7/6”7’}/; 12 6a 6/7 7]77']/;.132, yz)v

I'(p)

pa—e {Za—lMl |: ba b/,C, C/7d7d/;

f9,9"
_ F(a’)ze—l K |: CL,b, bl,ca Cl,d, dl?
F(e) eyfagvg,;

[
_ F((L) e—1 K |: a/abv bl7ca C/,d, dl7
['(e) e f. 9

pa—e {Z(L—lM2 |: ba b/,C, C/ad7d/;

b,c,c,d,d;
pDa—e Za—lM s Ly &y Wy Wy
: { 3[ £ 1.9.9

_ F(a’) e—1 |: a,b,c, C/,d, dl?
F(E) 67f7flag?g/;

/ /.
Dg—e {Za—lM4 |: b,C,C,d,d,

f.9.9"
_ F(a’) Ze—l |: Cl,b, c, Clvdv d/a
F(E) eafagmg/;

b,c,c,d, d;

pa—e Za—lM y Ly &y &y Uy
g { 5[ f.9

_ F(a’) Ze—l |: Cl,b, c, Clvdv d/a
F(@) eafag;

v

J,'Z,yZ:| 3

v2e |

LL‘Z,yZ:| s

v2e |

LL‘Z,yZ:| 5

v2e |

iUZ/yZ] )

sae }

.’EZ,yZ:| 5
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(2.13)

(2.14)
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a—e a— b’ C? d7 dl?
D {z L Mg [ £ 9.4 xz,yz]}
_ F(Cl) ze—l a7b7 C, da dl? T2 Uz
" T(e) Blef e Sk

/.
Dy~ ¢ {z“1M7 [ b}c’gd’g(,i_’ acz,yz}}

_ F(a)ze—l P |: Cl,b, C7d7d/;
T(e) "1 oefg.95

/.
o 2 )

F(a’) e—1 |: Cl,b, c, d7 d/a
= z K
T(e) Yl oefs
pre fetan | Pt |

_ F(a>ze—1 K a,b,c, d7 T2 Uz
T T(e) Tleffggs TV

Dy~¢ {z“‘lMlo{ b,c,d; xz,yz]}

.’EZ,yZ:| 5

.’EZ,yZ:| 5

f.9.9;
_ F(a’) Ze—l P G/,b, (& d7 T2 Uz
T'(e) ¥l e f9.9 YED

where M;’s are given in [15].

Proof. Using the newly introduced functions x; and the functions M; in [15]
with the aid of the formulas (2.1) and (2.2), we can easily derive the results
(2.3)-(2.14). So details of proofs are omitted. O

2.1. A set of lemmas

Burchnall and Chaundy [9,10] quote as lemmas the well known identities

(2.15)

(2.16)

(2.17)

L(h)(m+n+ h) i (=m),(=n),

' (m+h)(n+h) ~ ri(h), )
I'(m+h)l'(n+ h) g (—m)r(=n),
L(h)T(m+n+ h) A—h—m—n+1),

(R)2r(=m)y(—=n)r
rl(=h+r—1)(m+h)(n+h),’

12 11

(=)"

Il
=)

r

F(R)T(m+n+h)I (m+ KT (n+k)
T (m+h)T (n+h)DE)T(m+n+k)
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(k= 1), (K)o (), ()
(2.18) - Z T' k+r— )r(m + k)r( k)r(h)r’
(2.19) — i (h = k)p(=m),(—=n),

= rl(h).(—k—m—n+1),

of these (2.15) is Gauss’s theorem (or Vandermonde’s theorem if m, n are
positive integers), and (2.16) is a variant of (2.15) valid only when one of m ,
n is an integer; (2.17), (2.18) are limiting form of Dougall’s theorem given by
Bailey [23] and (2.19) is Saalschutz’s theorem [24] valid only when one of m, n
is a positive integer.

3. Expansions

Following the method adopted by Burchnall and Chaundy [9, 10] we obtain
the following expansions of k;,7i =1,2,...,18:

(3.1)

e, f, 1995
-y (=D)"(a@)r(b)r(c)r(d)r(a’)r (b’) (¢)r(d )rxryr

{ a” a/, b7b/7c7 CI? d? d/’ x’ y:|

= rietr—=1(e)ar(f)r(f)r(9)r(g)
o« .| atnbEretrdtr 2 a+rbt +r.d+rd+r;
B e farg+rs | YR et 2 f g 4 ’
a” b7c7 d; a’ bl’ 6/7 d/;
(3.2) 1F3 { e fig: w} 4F3 [ ¢ f g y}
N (=D (0)r () d)r (@) () () (d)r 1,
= ri(e)r(€)r(f)r(f)r(9)r(g")r
a+r,b+rb +r,ct+r,d +r,d+r,d +r;
! / / ’ . LY\
etre+r f+rf+rgt+rg +r
(3.3)
K a’b)b/7c7cl7d7d/; T
Hoee ffhags MY

_ = ()7 (0")r(c)r(c)r(d)r(d) ZTy"
- ; ri(e)r(€)r(f)r(f)r(9)r(9")r Y
[a—i—r,b—}-r,c—i—nd—i—r; } 4F3{a+r,b’+7“,c'+r,d’+r;

e+2r, f4rg+7; ¢ f g+ ’

a,b,c,d; ab,c,d;
(34) 4F3|: e fg 1‘:| 4F3|: e f., g,. y:|
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(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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r=0

XH1|:

-y (@)r(@)r (0)r () () () (D)D) v

ri(e)r(€)r(£)r(f)r(9)r(9)r

a+r,a +r,b+rb +r,c+r,d +r,d+r,d +1;

etr f+r fl+rg+rg +r

. a,bb,c,c,d,d; -
et fhed; Y

a)r(b)r(0')r(c)r(c)r(d)r(d), Ty

.|

-y e

(9
;0 ri€)2r(f)r(f")r(9)r(g')r
a+r,a +r,b+rb +r,c+r,cd +r,d+r,d +r;

e+2r, f+r f+rgtrg+r;

,f, f’ 9 g’;
)y (t')r(c)r(c)r (d)T(d’)rxryr

a? a” b7b/)c7cl7 d? dl; ]
T,y

r=0

(f) (f)r(9)r(g")r

[a+nb+nb+nc+nd+nd+ﬁd+m
X K5

e+2r, f+r fHrgtrg+r

a,bb,c,c,d,d;
" f,g g’; Y
")r(0)r (C/)T(d)r(d,)rmryr
(f)2r(g)r(9/)r

g
.

a+na+nb+ny+hc+nd+ﬁd+nf+ﬁ
et2r f+2rf'+r.g+r,g +r;
a7 a’ b7blﬂc7cl7 d7 dl; ]
Jj’
e f.9, g’; ¢
)" (a)r (0)r (0")r-(c)r (C/)T(d)?”(dl)rxryr

-y

r=0

2r(f)2r(g)r(g/)r

e+2r, f+2rf +rg+rg +r;

{a+nb+ny+nc+nd+nd+hw+m
X K¢

o { a,a’ ,b,v,c,c,d,d; x,y}

e, f7g g’;

oo

Z

=

XH3]:

b)r(b)r(c)r (c/)T’(d)T(d/)Txryr
QT(JC)QT(Q)T(Q)27'

a+r,ad +r,b+rb +r,c+r,c +r,d+r,d +r;

e+2r, f+2r g+ 2r;

x7y:| i

m7y:| )

x7y} )

‘r7y]7

x?y} )

x?y} )
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i / / ’.
(3.10) s [ a,d bV, c,c,d,d; x’y}

11

e f,9;

-~ (a):( r(©)r()e(@d)r(d)r .,
23“9+T—U(m (@2 (D2

< a+r.d +rb+r b +rc+r,d +r,d+r,d 47 ]
2 ) )

e+2r, f4+2r,g+2r,g+2r;
a,b,b,c,c,d, d;
(311) R4 |: 6,6/,f, f/’g7g/; 7y:|
_ = (=1)"(a)2r(b)r(c)r () (d)r(d)r .
- g A@) (@) (D (o)) Y

ok a+2r,b+r,c+r,d +r,d+r,d +r; -
Sloetre+rfrf+rgtrg+r TV

a? b’ c’ c/, d, d/;
(8.12) %{ e.e’ f.f.9.9 ’4

_ (@)2r () () () () ()
B ;) ri(e)r(€)r(f)r(f)r(9)r(g7)

o« ko, | @t 2bretrd frdyrd fr
Yloetre 4 frgrrg 4 DY

a7 b’ b/’ C7 Cl) d? d/;
(3.13) k7 [ e g x, y}

S (@00 (), (o) (@) ()
T @ U9 v

[a—i—r,a—l—r,b—l—r,b’—I—T,c—i-r,c’—i—r,d—i—r,d’—l—r; }
X K3 Y,

T, T

e+2r, f+2r, g+ 2r;
(1 @0 ) (o D,
ri(€)ar(f)2r(g)2r

o o | @TTbERV Fr et d b dyrd v
T e+ 2r, f 4 2r, g+ 2r; Yl

ot

Il
=)

T

a,bb,c,cd,d,d;
(315) K5 |: e f, f/g g/; ay:|
- (CTWQAd)Of%xrr
; > @) Y
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(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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XKZ9|:

a+r,b+2r.c+r.d +r,d+r,d +r;
e+2r, f+r fl+rg+rg +r;

. a,b,e,c,d,d;
Lot fa.d;

.

_ 3= @2 (0 (0 (D)
- Z:; @2 (D (e (@ele)r 7

><I<L5|:

a+2r,b+r,b+rc+r,d +r,d+r,d +r;

e+2r, f+r f+rgtrg +r;

a, b7 c, Clv d7 dla
K10

¢,

9.9

.

(a)zr(b)r(C)r(C’)r(d)r(d’)rxryr

—o rl(e)2r(f)2r(9)r(9)r

a+2r,b+r,b+r,c+r,d +r,d+r,d +r;

e+2r,f +2r,g+r,g +r;

{a,b,b,c,c’,cﬁd’; }
K6 z,y

e, f.9.9;

_ Z (_l)r(a)%(b)r(c)r(CI)T(d)r(d/)rxryr

r=0

X K1

r1(€)2r (f)2r(9)r(g')r
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a+2r,b+42r,c+ 2r,d + 2r;

RS o gt g 4y Y

Conclusion

We conclude our study by mentioning that, whenever a Appell’s type func-
tions k4,4 = 1,2,...,18 reduces to the Appell’s type functions and other re-
lated hypergeometric functions, the results become relatively more important
from the application viewpoint. Most of the special functions of mathematical
physics and engineering, such as the Jacobi and Laguerre polynomials, can be
expressed in terms of the hypergeometric function and other related hypergeo-
metric functions. Therefore, the numerous differential formulas for generalized
Appell’s type functions k;,7 = 1,2,...,18 by considering the product of two
4F3 functions are capable of playing important roles in the theory of special
functions of applied mathematics and mathematical physics and we can easily
derived many expansions for k;,i = 1,2,...,18.
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