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ON ¢-(n,d) RINGS AND ¢-n-COHERENT RINGS

Younes EL HAppAoul, HWANKOO KiM, AND NAJIB MAHDOU

ABSTRACT. This paper introduces and studies a generalization of (n,d)-
rings introduced and studied by Costa in 1994 to rings with prime nilrad-
ical. Among other things, we establish that the ¢-von Neumann regular
rings are exactly either ¢-(0,0) or ¢-(1,0) rings and that the ¢-Priifer
rings which are strongly ¢-rings are the ¢-(1,1) rings. We then introduce
a new class of rings generalizing the class of n-coherent rings to char-
acterize the nonnil-coherent rings introduced and studied by Bacem and
Benhissi.

1. Introduction

All rings considered in this paper are assumed to be commutative with
nonzero identity and prime nilradical. We use Nil(R) to denote the set of nilpo-
tent elements of R, and Z(R) to denote the set of zero-divisors of R. A ring
with Nil(R) that is divided prime (i.e., Nil(R) C =R for every = € R\ Nil(R))
is called a ¢-ring. Let H be the set of all ¢-rings. A ring R is called a strongly
¢-ring if R € H and Z(R) = Nil(R). Let R be a ring and M be an R-module,
we define

¢p-tor(M) = {x € M | sz =0 for some s € R\ Nil(R)}.

If ¢-tor(M) = M, then M is called a ¢-torsion module, and if ¢-tor(M) = 0,
then M is called a ¢-torsion free module. An ideal I of R is said to be nonnil
if I ¢ Nil(R). An R-module M is said to be ¢-divisible if M = sM for every
s € R\ Nil(R). An R-module M is said to be ¢-uniformly torsion (¢-u-torsion
for short) if sM = 0 for some s € R\ Nil(R) [12, Definition 2.2].

Let R be a ring and n be a nonnegative integer. According to Costa [9],
an R-module M is said to be n-presented if there exists an exact sequence
F, - F, 1 — - — Fy = M — 0 such that each Fj is a finitely generated
free R-module, equivalently each F; is a finitely generated projective R-module.
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If M is a ¢-torsion R-module that is n-presented, then M is called a ¢-n-
presented module. A finite n-presentation of a ¢-torsion R-module is said to
be a ¢-n-presentation. Obviously, every finitely generated projective module
is n-presented for every n. A module is O-presented (resp., 1-presented) if and
only if it is finitely generated (resp., finitely presented), and every m-presented
module is n-presented for any n < m. A ring R is called n-coherent if every
n-presented R-module is (n+1)-presented. It is easy to see that R is 0-coherent
(resp., 1-coherent) if and only if it is Noetherian (resp., coherent), and every
n-coherent ring is m-coherent for any m > n. The n-coherent ring is further
studied in detail in [10,11]. Costa introduced a doubly filtered set of classes
of rings to categorize the structure of non-Noetherian rings for nonnegative
integers n and d. We say that a ring R is an (n,d)-ring if pdz(M) < d
for every n-presented R-module M (as usual, pdz (M) denotes the projective
dimension of M as an R-module). An integral domain with this property
is called an (n,d)-domain. For example, the (n,0)-domains are the fields, the
(0, 1)-domains are the Dedekind domains, and the (1, 1)-domains are the Priifer
domains [9]. The (n,d)-ring is further studied in detail in [16,19,21-23]. We
call a commutative ring an n-von Neumann regular ring if it is an (n, 0)-ring.
Thus, the 1-von Neumann regular rings are exactly the von Neumann regular
rings [9, Theorem 1.3].

In 2004, D. Zhou [30] introduced and studied a new class of modules with
two parameters n,d € N, the set of nonnegative integers: an R-module N
is said to be (n,d)-injective (resp., (n,d)-flat) if ExtG (M, N) = 0 (resp.,
Torfi::_l(M, N) =0 for n > 1) for each n-presented R-module M. In particular,
the (0,0)-injective modules are injective, the (1,0)-injective modules are FP-
injective (i.e., modules N in which we have Extk(M, N) = 0 for every finitely
presented R-module M), more generally, an R-module M is (0, d)-injective if
the injective dimension of M is at most d. An R-module M is (1,0)-flat if it
is flat, and M is (1, d)-flat if the flat dimension of M is at most d. A ring R
is called a weak-(n,d)-ring with n > 1 if each n-presented module has a flat
dimension at most d. In particular, the weak-(1,0)-rings are von Neumann
regular rings. D. Zhou established that a ring R is n-coherent if and only if
every (n + 1,0)-injective module is (n,0)-injective, and if n > 1, then R is
n-coherent if and only if every (n + 1, 0)-flat module is (n,0)-flat [30, Theorem
3.4].

In 1996, J. Chen and N. Ding [8] introduced a generalization of flat modules
and injective modules by a nonzero positive integer parameter. An R-module
N is said to be n-flat (with n > 1) (resp., n-FP-injective) if Tor®(M,N) = 0
(resp., Extkr(M, N) = 0) for every n-presented R-module M. In other words,
the n-flat (resp., n-FP-injective) modules are (n,n — 1)-flat (resp., (n,n — 1)-
injective). They characterized the n-coherent rings by the n-flat modules and
the n-FP-injective modules (see [8, Theorem 3.1]).
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In [2], D. F. Anderson and A. Badawi introduced a class of ¢-rings called
¢-Priifer. A ¢-ring R is said to be ¢-Priifer if R/Nil(R) is a Priifer domain
[2, Theorem 2.6]. All ¢-Priifer rings are Priifer [2, Theorem 2.14], if additionally
Z(R) = Nil(R), then every Priifer ring is ¢-Priifer [2, Theorem 2.16]. In [29],
G. Tang, F. Wang, and W. Zhao introduced a class of ¢-rings which are called
¢-von Neumann regular rings. An R-module M is said to be ¢-flat if for every
monomorphism f : A — B with Coker(f) ¢-torsion, f®1: AQrg M — BQr M
is an R-monomorphism [29, Definition 3.1]. An R-module M is ¢-flat if and
only if M, is ¢-flat for every prime ideal p of R, if and only if My is ¢-flat
for every maximal ideal m of R [29, Theorem 3.5]. A ¢-ring R is said to be a
¢-von Neumann regular ring if all R-modules are ¢-flat, which is equivalent to
saying that R/ Nil(R) is a von Neumann regular ring [29, Theorem 4.1].

Recall from [4] that a ¢-ring R is said to be nonnil-Noetherian if R/ Nil(R)
is a Noetherian domain, which is equivalent to saying that every nonnil ideal
of R is finitely generated. Note that this notion coincides with the notion of
¢-Noetherian rings in the work of the authors of [5].

In [3], K. Bacem and B. Ali introduced two new classes of ¢-rings: a ¢-ring
R is said to be ¢-coherent if R/ Nil(R) is a coherent domain [3, Corollary 3.1]; a
¢-ring R is said to be nonnil-coherent if every finitely generated nonnil ideal of
R is finitely presented, which is equivalent to saying that R is ¢-coherent and
(0 : r) is a finitely generated ideal of R for every r € R\ Nil(R) [24, Proposition
1.3]. Following Y. El Haddaoui, H. Kim, and N. Mahdou [13], a submodule N
of an R-module M is said to be a ¢-submodule if M/N is a ¢-torsion module
[13, Definition 2.1]. For R € H, an R-module M is said to be nonnil-coherent if
M is finitely generated and every finitely generated ¢-submodule of M is finitely
presented [13, Definition 2.2]. It is easy to see that every coherent module over
a ¢-ring is nonnil-coherent. Next they established in [13, Theorem 2.6] the
analog of the well-known behavior of the relation between the coherent rings
and the finitely generated submodules of a finitely generated free module.

Y. El Haddaoui and N. Mahdou [12] introduced and studied the ¢-(weak)
global dimension of rings with prime nilradical. An R-module P is said to be ¢-
u-projective if Extk(P, N) = 0 for any ¢-u-torsion R-module N [12, Definition
3.1]. The ¢-projective dimension of M over R, denoted by ¢-pdy M, is said
to be at most n (where n € N*) if either M = 0 or M is not a ¢-u-projective
module which satisfies Ext%“(M ,N) = 0 for every ¢-u-torsion module N. In
addition, if n is the least such nonnegative integer, then we set ¢-pdp M = n.
If no such n exists, we set ¢-pdp M = oo [12, Definition 3.2]. For a ring R
with Z(R) = Nil(R), define

¢-gl.dim(R) = sup {¢-pdg R/I | I is a nonnil ideal of R},
which is called the ¢-global dimension of R [12, Definition 4.1]. Similarly, the
¢-flat dimension of an R-module M, denoted by ¢-fdr M, is said to be at

most n (where n € N*) if either M = 0 or M is not ¢-flat which satisfies
Torf, (M, N) = 0 for every ¢-u-torsion module N. In addition, if n is at least
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one such nonnegative integer, then we set ¢-fdg M = n. If there is no such n,
we set ¢-fdgp M = oo [12, Definition 5.7]. Let R be a ring. Define for a ring R
with Z(R) = Nil(R)

¢-w. gl.dim(R) = sup {¢-fdg M | M is ¢-torsion}
=sup{¢-fdg M | M is ¢-u-torsion}
= sup {¢p-fdg M | M is finitely presented ¢-torsion}
= sup {¢-fdg M | M is finitely presented ¢-u-torsion}
= sup {¢-fdg R/I | I is a nonnil ideal of R}
sup {¢-fdr R/I | I is a finitely generated nonnil ideal of R},

which is called the ¢-weak global dimension of R [12, Definition 5.10]. If R € H,
then R is a ¢-von Neumann regular ring if and only if ¢-w.gl.dim(R) = 0
[12, Theorem 5.29], which is equivalent to saying that ¢-gl.dim(R) = 0 [12,
Corollary 5.33]. A strongly ¢-ring is ¢-Priifer if and only if ¢-w. gl. dim(R) < 1
[12, Corollary 5.27] if and only if every finitely generated nonnil ideal of R is
¢-u-projective [12, Theorem 5.41].

Our paper consists of three sections, including the introduction. In Section 2
we introduce ¢-(n, d)-rings, which are generalizations of the (n, d)-rings (where
n,d > 0 are integers) introduced and studied by D. L. Costa [9]. An R-module
N is said to be ¢-(n, d)-injective or nonnil (n, d)-injective if Ext ™ (R/I,N) =0
for every nonnil ideal I of R such that R/I is a ¢-n-presented module (see
Definition 2). An R-module M is said to be ¢-(n,d)-flat (with n € N*, the
set of positive integers) if Tor,;(R/I, N) = 0 for every ¢-n-presented module
R/I, where I is a nonnil ideal of R. A ring R is said to be a ¢-(n, d)-ring if every
¢-n-presented module M has a ¢-projective dimension at most d. We establish
in Theorem 2.22 that the ¢-von Neumann regular rings are exactly either ¢-
(0,0) or ¢-(1,0) rings and that the ¢-Priifer rings which are strongly ¢-rings
are the ¢-(1,1) rings. In Section 3, we define a generalization of n-coherent
rings. A ring R is said to be ¢-n-coherent if all ¢-n-presented R-modules are
¢-(n+1)-presented. We give several equivalent conditions for a ring to be ¢-n-
coherent. We show that there are many similarities between coherent rings and
¢-n-coherent rings. For example, a ring R is ¢-n-coherent if and only if every
direct product of R is a ¢-n-flat R-module, if and only if every direct product
of ¢-n-flat R-modules is ¢-n-flat, if and only if every direct limit of ¢-n-FP-
injective R-modules (which are ¢-(n,n — 1)-injectives) is ¢-n-FP-injective (see
Theorem 3.10).

For any undefined terminology and notation, the reader may refer to [14,26,
27].

2. ¢-(n,d)-rings

In this section, we introduce and study a generalization of (n, d)-rings (where
n,d > 0 are integers) introduced and studied by D. L. Costa [9].



¢-(n,d) RINGS AND ¢-n-COHERENT RINGS 627

Definition 1. Let R be a ring. An R-module M is said to be n-presented
if M has an n-finite presentation. In addition, if M is a ¢-torsion R-module,
then M is said to be ¢-n-presented and the n-finite presentation is called a
¢-n-presentation of M.

Remark 2.1. If m < n are nonnegative integers, then every ¢-n-presented
module is ¢-m-presented.

Proposition 2.2. Let R be a ring and M be an R-module. Then
(1) M is ¢p-O-presented if and only if M is a finitely generated ¢-torsion

R-module.

(2) M is ¢p-1-presented if and only if M is a finitely presented ¢-torsion
R-module.

Proof. This is straightforward. (I

Definition 2. Let R be a ring and n,d € N. An R-module N is said to be ¢-
(n, d)-injective or nonnil (n, d)-injective if Ext&™ (R/I, N) = 0 for every nonnil
ideal I such that R/I is a ¢-n-presented R-module.

Definition 3. Let R be a ring. An R-module N is called ¢-FP-injective if
Ext}%(R/ I,N) =0 for every finitely generated nonnil ideal of R.

By [13, Theorem 2.6], a ¢-ring R is nonnil-coherent if and only if every
finitely generated ¢-submodule of a finitely presented module is also finitely
presented. From [24, Definition 1.7], an R-module N is said to be nonnil-FP-
injective if Ext}%(M ,IN) = 0 for every finitely presented ¢-torsion module M.
Next, we prove that every ¢-FP-injective module over a nonnil-coherent ring
is nonnil-FP-injective

Proposition 2.3. If R is a nonnil-coherent ring, then every ¢-FP-injective
module is nonnil-FP-injective.

Proof. Let N be a ¢-FP-injective module. Then Exth(R/I,N) = 0 for every
finitely generated nonnil ideal of I of R. We claim that Ext}%(F, N) =0 for
every finitely presented ¢-torsion R-module F'. Let F' be a finitely presented
¢-torsion module. We use induction on the number of generators of F.. Assume
that F' is a finitely presented ¢-torsion module on m generators, and let F’ be
the submodule generated by one of these generators. Since R is nonnil-coherent,
both F’ and F/F’ are finitely presented ¢-torsions on less than m generators,
so we get an exact sequence Exty, (F/F', N) — Extg(F, N) — Extg (F',N),
where both end terms are zero by induction. Thus Extk(F, N) = 0. Hence N
is nonnil-FP-injective. (]

According to [28], an R-module E is said to be nonnil-injective if
Exth(R/I,E) =0

for every nonnil ideal I of R. Recall from [12] that the ¢-injective dimension
of M over R, denoted by ¢-idg M, is said to be at most n > 1 (where n € N)
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if either M = 0 or M # 0 which is not nonnil-injective and which satisfies
Ext)y (R/I, M) = 0 for every nonnil ideal T of R. If n is the least nonnegative
integer for which Exts"*(R/I, M) = 0 for every nonnil ideal I of R, then we
set ¢-idg M = n. If there is no such n, we set ¢-idg M = oo [12, Definition
2.5], and it is easy to see that an R-module M is of ¢-injective dimension
zero if and only if it is nonnil-injective. We also have that for a ring R with
Z(R) = Nil(R),
¢-gl. dim(R) = sup {¢-idr N | N is a ¢-u-torsion R-module} .
Proposition 2.4. Let N be an R-module. Then the following statements hold:
(1) N is a ¢-(0,0)-injective module if and only if N is a nonnil-injective
module.
(2) If d > 1 and N is not nonnil-injective, then N is a ¢-(0,d)-injective
module if and only if ¢p-idg N < d.
(3) N is a ¢-(1,0)-injective module if and only if N is a ¢-F P-injective
module.

Proof. (1) N is a ¢-(0,0)-injective module if and only if Exts(R/I, N) = 0 for

every nonnil ideal I of R, if and only if N is a nonnil-injective module. (2)
This follows from [12, Theorem 2.6]. (3) This follows from Definition 3. O

Definition 4. Let R be a ring and let (n,d) € N* x N. An R-module M is
said to be ¢-(n, d)-flat if Tori_l(R/I, N) = 0 for every nonnil ideal I of R such
that R/I is a ¢-n-presented module.

Proposition 2.5. Let M be an R-module. The following statements hold:
(1) M is a ¢-(1,0)-flat module if and only if M is a ¢-flat module.
(2) If d > 1 and M is not ¢-flat, then M is a ¢-(1,d)-flat module if and
only if ¢-fdrM < d.
Proof. (1) M is a ¢-(1,0)-flat module if and only if Torf(R/I, M) = 0 for every
finitely generated nonnil ideal I of R, if and only if M is a ¢-flat module by

[29, Theorem 3.2].
(2) This follows from [12, Theorem 5.19]. O

Proposition 2.6. Let m,n and d be nonnegative integers such that m < n.
Then:

(1) Every ¢-(m,d)-injective module is ¢-(n, d)-injective.

(2) If m > 1, then every ¢-(m,d)-flat module is ¢-(n,d)-flat.
Proof. This follows immediately from Remark 2.1 and Definitions 2 and 4. O

Next, we give some properties related to ¢-(n,d)-rings, ¢-(n,d)-injective
modules, and ¢-(n, d)-flat modules.

Theorem 2.7. Let {N;};cp be a family of R-modules. Then ],
o-(n, d)-injective module if and only if each N; is ¢-(n,d)-injective.

N; is a
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Proof. Let I be a nonnil ideal of R such that R/I is a ¢-n-presented module.
From Extgl;j'l(l:i/l,HieF Ni) = ]er Extbt(R/I, N;), we get that [Ticr Ni is
a ¢-(n, d)-injective module if and only if each N; is ¢-(n, d)-injective. O

Theorem 2.8. Let {M;},. be a family of R-modules and n > 1. Then
P,cr M; is a ¢-(n, d)-flat module if and only if each M; is ¢-(n,d)-flat.

Proof. Let I be a nonnil ideal of R such that R/I is a ¢-n-presented module.
Since
Torl,(R/I,EP M;) = @) Torf, , (R/1, M;),
i€l iel
we get that @, . M; is a ¢-(n, d)-flat module if and only if each M; is ¢-(n, d)-
flat. O

In this paper, for a ¢-n-presented module M with a ¢-n-presentation
F,—=F_1—-—=F—=M=0,

we set K; :=ker(F; — F;_1) forall 0 <i¢ <mnand F_; := M.
The following result characterizes the ¢-(n, d)-injective modules.

Theorem 2.9. The following statements are equivalent for an R-module N
such thatn >d+ 1.
(1) N is a ¢-(n,d)-injective module.
(2) For every nonnil ideal I such that R/I is a ¢p-n-presented module with
a ¢-n-presentation

F,—F, 11— -—=F—R/I—0,

we get Exty(Kq_1, N) = 0.
(3) For every nonnil ideal I such that R/I is a ¢p-n-presented module with
a ¢-n-presentation

F,—F, 11— -—F—R/I—0,
and every R-homomorphism [ : Kqg — N, f can be extended to Fy.

Proof. (1) = (2) Assume that N is a ¢-(n, d)-injective module. Let I be a non-
nil ideal of R such that R/I is a ¢-n-presented module with a ¢-n-presentation
F,—>F,1—-— Fy— R/I = 0. Since n > d+ 1, it follows that R/I is
¢-d-presented, and so we have Exth (R/I, N) = Extp(Kq_1, N) = 0.

(2) = (3) Let I be a nonnil ideal of R such that R/I is a ¢-n-presented
module with a ¢-n-presentation F,, — F,,_1 — -+ — Fy — R/I — 0. Assume
that Ext}a(Kd_l,N) =0 and let f : K4 — N be an R-homomorphism.
Then we have the following exact sequence 0 — Ky — Fy — K41 — 0,
which induces the exact sequence 0 — Hompg(Ky4_1,N) — Hompg(Fy, N) —
Homp(K4, N) = 0. So f can be extended to Fj.

(3) = (1) Let I be a nonnil ideal of R such that R/I is a ¢-n-presented
module with a ¢-n-presentation F,, — F,,_1 — -+ = Fy — R/I — 0. By
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hypothesis, we have the exact sequence Homp(Fy, N) — Hompg(K4, N) — 0.
From the following commutative diagram with exact rows:

Hompg(F;, N) —— Hompg(K4, N) —— Exth (K4 1, N) —— 0

H | |

HomR(Fd,N) e HOHIR(Kd,N) 0 0,

we get Exth(Kq_1, N) = 0. In addition, Extbt (R/I, N) = Extp (K1, N) =
0, since n > d+ 1. So N is a ¢-(n, d)-injective module. O

The following result characterizes the ¢-(n, d)-flat modules.
Theorem 2.10. The following statements are equivalent for an R-module N
such that n >d+ 1.

(1) N is a ¢-(n,d)-flat modules.
(2) For every nonnil ideal I of R such that R/T is a ¢-n-presented module
with a ¢-n-presentation

F,—F,1—--—F —R/I -0,

we get Torf (K41, N) = 0.
(3) For every nonnil ideal I of R such that R/I is a ¢-n-presented module
with a ¢-n-presentation

F,—F, 11— -—=F—R/I—0,
the sequence 0 - N Qr Kg — N Qg F; is exact.

Proof. The proof is similar to the proof of Theorem 2.9. O

According to [25], an R-module N is an injective cogenerator if for every
nonzero R-module M, we have Homg(M, N) # 0. In particular, Q/Z is an

example of an injective cogenerator abelian group. For an R-module M, we
set MT := Homgz(M,Q/Z).

Theorem 2.11. Let n > 1 be an integer. An R-module N is ¢-(n,d)-flat if
and only if NT is ¢-(n, d)-injective.

Proof. This follows immediately from the following isomorphism:

ExtG ' (R/I,NT) = Torf, | (R/I,N)™. 0

Corollary 2.12. The following are equivalent for an R-module N.
(1) N is a ¢-flat module.
(2) Nt is a ¢p-FP-injective module.
(3) NT is a nonnil-injective module.



¢-(n,d) RINGS AND ¢-n-COHERENT RINGS 631

Proof. (1) < (2) This is straightforward by Propositions 2.4 and 2.5, and
Theorem 2.11.
(1) < (3) This follows from the isomorphism:

Torf(R/I,N)" = Exth(R/I, NT)
and [29, Theorem 3.2]. O
Theorem 2.13. Ifn > d+1, then every pure submodule of a ¢-(n,d)-injective

module is ¢-(n,d)-injective. Also, every pure submodule of a ¢-(n,d)-flat mod-
ule is ¢-(n, d)-flat.

Proof. Assume that n > d + 1 and let I be a nonnil ideal of R such that R/I
is a ¢-n-presented module with a ¢-n-finite presentation

F,—F, 11— - —=F—R/I—0.

Since n > d + 1, it follows that K := K;_ is a finitely presented R-module.
Let X be a pure submodule of a ¢-(n,d)-injective module N. Then the se-
quence 0 — Homp (K, X) — Homp(K, N) — Hompg(K, N/X) — 0 is exact.
Furthermore, we have Ext™ (R/I, N) = Extp(K, N) = 0, and so we get the
following commutative diagram with exact rows:

Hompg (K, N) — Hompg(K, N/X) — Exth(K,X) —=0.

T

Homp(K,N) —— Homp(K,N/X) 0 0

Thus ExtG™(R/I,X) = Exty(K,X) = 0. Hence X is a ¢-(n,d)-injective
module.

Now, let X be a pure submodule of a ¢-(n,d)-flat module F'. Since 0 —
X — F — F/X — 0 is pure exact, the induced exact sequence 0 — (F/X)" —
FT — Xt — 0 is split by [26, Chapter I, Exercise 40]. Since F'* is a ¢-(n,d)-
injective module by Theorem 2.11 and F'™ = (F/X)T @ X, it follows that X
is a ¢-(n, d)-injective module by Theorem 2.7. Therefore, X is a ¢-(n,d)-flat
module by Theorem 2.11. O

Definition 5. A ring R is said to be ¢-(n,d) if every ¢-n-presented module
has ¢-projective dimension at most d.

If n > 1, then a ring R is said to be ¢-weak-(n,d) if every ¢-n-presented
module has ¢-flat dimension at most d.

Proposition 2.14. If n < n’ and d < d' are nonzero integers, then every
o-(n,d) ring (resp., ¢-weak-(n,d) ring with n > 1) is a ¢-(n',d") (resp., ¢-
weak-(n',d")) ring.

Proof. This is straightforward. (I
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Remark 2.15. Recall that H is the set of all ¢-rings whose nilradical is not a
maximal ideal. Recall also from [29, Theorem 4.1] that R is a ¢-von Neumann
regular ringif and only if R & H.

Theorem 2.16. Let R be a ring. If R is a ¢-(n,d) ring, then every ¢-u-torsion
R-module is ¢-(n,d)-injective.

Before proving Theorem 2.16, we establish Lemma 2.17.

Lemma 2.17. Let R € H and I be a finitely generated nonnil ideal of R. Then
R/I is ¢-u-projective if and only if I = R.

Proof. First, we establish that the ¢-rings are connected. In fact, if there
exists a nontrivial idempotent e in R, then e(1 —e) € Nil(R) implies that either
e € Nil(R) or 1—e € Nil(R). But if e € Nil(R), then e = 0, which is impossible.
Then 1 — e € Nil(R), and so e € U(R), which is also impossible. Then R is
connected. On the other hand, we have from [12, Corollary 5.36] that R/I is
a projective R-module, and so I is generated by an idempotent by [1, Exercise
(10.24)]. Then R/I is ¢-u-projective if and only if I = R. O

Proof of Theorem 2.16. We prove this result for the case where Z(R) = Nil(R).
Assume that R is a ¢-(n, d)-ring, and let N be a ¢-u-torsion R-module. Then for
every ¢-n-presented module R/I, where I is a nonnil ideal of R, we have that ¢-
pdp(R/I) < d, and so Ext&™ (R/I,N) = 0 by [12, Theorem 3.10 and Remark
5.3(2)]. Therefore, N is a ¢-(n,d)-injective module. Now, if Z(R) # Nil(R),
then necessarily R € H. Lemma 2.17 justifies that R/I is never a ¢-u-projective
R-module if we assume that [ is a proper nonnil ideal of R. We repeat the

same previous proof, and we are done. [l

Theorem 2.18. Let n > 1 be an integer. Then the following are equivalent
for a ring R.

(1) R is a ¢p-weak-(n,d) ring.

(2) Every nonnil ideal I of R, R/I is ¢-(n,d)-flat.

(3) Every finitely generated nonnil ideal I of R, R/I is ¢-(n,d)-flat.

Proof. (1) = (2) Let M be a ¢-n-presented module and I be a nonnil ideal
of R. By hypothesis, we get that M has a ¢-flat dimension at most d, and so
Tor,,(R/I, M) = 0. Therefore, R/I is ¢-(n,d)-flat.

(2) = (3) = (1) These are obvious. O
Theorem 2.19. If R is a ¢-(n,d) ring, then R is ¢p-weak-(n,d). The converse
holds if n > d+ 1.

Proof. Assume that R is a ¢-(n,d) ring. Then ¢-pdy M < d for every ¢-n-
presented R-module M, and so ¢-fdg M < d. Therefore, R is ¢-weak-(n, d).

Assume that n > d+ 1 and R is a ¢-weak-(n,d) ring. Let M be a ¢-n-
presented module with a ¢-n-finite presentation

F,—-F,_1— - —=F—>M-=0.
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Since n > d+1, it follows that K := ker(Fy_1 — F4_2) is finitely presented.
Moreover Torf (K, N) = Tor(ﬁ_l(M, N) = 0 for every ¢-torsion R-module N.
So K is a ¢-flat module, and so K is ¢-u-projective by [12, Theorem 5.13].
Thus ¢-pdy M < d, and so R is a ¢-(n,d) ring. O

Theorem 2.20. Let R be a ring with Z(R) = Nil(R). If R is a ¢-(n, d+1) ring,
then every factor of a ¢-u-torsion ¢-(n, d)-injective module is ¢-(n, d)-injective.

Proof. Let E be a ¢-u-torsion ¢-(n,d)-injective module. We claim that E/N
is a ¢-(n, d)-injective module for every submodule N of E. First, note that N
and E/N are ¢-u-torsion modules. Using the exact sequence 0 - N — E —
E/N — 0, we get the following isomorphism:

Ext&™(R/I,N) = ExtE ™ (R/I, E/N)

for every ¢-n-presented module R/I, where I is a nonnil ideal of R. So
ExtLt(R/I, E/N) = 0, since R is assumed to be a ¢-(n, d+1) ring. Therefore,
E/N is a ¢-(n,d)-injective module. O

Theorem 2.21. Let R be a ring with Z(R) = Nil(R). If R is a ¢-(n,d + 1)
ring, then every submodule of a ¢-torsion ¢-(n,d)-flat module is ¢-(n,d)-flat.

Proof. The proof is similar to the proof of Theorem 2.20. (]

In [12], a ¢-ring R is said to be ¢-hereditary if every nonnil ideal of R is
¢-u-projective.

The following result gives some examples of ¢-(n, d) rings for small nonneg-
ative integers n,d.

Theorem 2.22. Let R € H. Then
(1) R is a $-(0,0) ring if and only if R is a ¢-von Neumann regular ring.
(2) R is a ¢-(0,1) ring if and only if R is a ¢-hereditary ring.
(3) R is a ¢-(1,0) ring if and only if R is a ¢p-von Neumann regular ring.
(4) R is a ¢-(1,1) ring if and only if R is a ¢-Priifer ring with Z(R) =
Nil(R).

To prove Theorem 2.22, we need the following Lemma 2.23. Recall from
[12, Definition 5.1] that a short exact sequence of R-modules

0-A—B—-C—0

is said to be ¢-pure exact if for every finitely presented ¢-torsion module F', we
get the following exact sequence 0 - Fr A - F®gr B - F®r C — 0. In
particular, every pure exact sequence is ¢-pure. A submodule A of B is said
to be ¢-pure if the exact sequence 0 - A -+ B — B/A — 0 is ¢-pure.

Lemma 2.23. Every ¢-ring R with ¢-w.gl.dim(R) <1 is a strongly ¢-ring.

Proof. Assume that ¢-w.gl.dim(R) < 1 such that Nil(R) is not a maximal
ideal. If Nil(R) € Z(R), then there exists s € Z(R) \ Nil(R). But R is a
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¢-ring. Then R is a connected ring, and so % can not be a ¢-flat R-module
by [12, Theorem 5.13 and Corollary 5.36]. Then (s) is a ¢-flat ideal. By
[12, Theorem 5.4], the short exact sequence 0 — (0: s) = R — (s) — 0 is ¢-
pure, which implies that the R-homomorphism given by ¢ : (0: s)® R% — %
is an R-monomorphism. But its kernel equals to s(<5;)s)' Then (s) = s(0 : s),
in particular, s = rs for some r € (0 : s), and so s = 0, a contradiction.
Consequently, we proved that Z(R) = Nil(R). O

Proof of Theorem 2.22. (1) R is a ¢-(0,0) ring if and only if ¢-gl. dim(R) = 0;
if and only if R is a ¢-von Neumann regular ring by [12, Corollary 5.33].

(2) Tt follows from Lemma 2.23 and [12, Proposition 5.25] that R is a ¢-(0, 1)
ring if and only if ¢-gl. dim(R) < 1; if and only if R is a ¢-hereditary ring by
[12, Theorem 4.3].

(3) Assume that Ris a ¢-(1,0) ring. If R € H, then there exists a finitely gen-
erated proper nonnil ideal of R. By Lemma 2.17, R/I is never ¢-u-projective.
But R is a ¢-(1,0) ring, then ¢-pdg(R/I) = 0, i.e., R/I is ¢-u-projective, a
contradiction. Therefore, R is a ¢-von Neumann regular ring by Remark 2.15.

(4) Assume that R is a ¢-(1,1). Then Z(R) = Nil(R) by Lemma 2.23. Let
I be a finitely generated nonnil ideal of R. Then ¢-pdr(R/I) <1, and so [ is
¢-u-projective. Therefore, R is a ¢-Prifer ring by [12, Theorem 5.41].

Conversely, assume that R is a ¢-Priifer ring, and let F' be a finitely presented
¢-torsion R-module. Then F'is a factor of a finitely generated free R-module L
by a finitely generated submodule of L, which is ¢-u-projective by [12, Theorem
5.41], and so ¢-pdp F' < 1. Therefore, R is a ¢-(1,1) ring. O

3. On ¢-n-coherent rings

In this section, we define a generalization of n-coherent rings for rings whose
nilradical is prime.

Definition 6. Let n € N. A ring R is said to be a ¢-n-coherent ring if every
¢-n-presented module is ¢-(n + 1)-presented.

Recall from [4] that a ¢-ring R is said to be ¢-Noetherian if R/ Nil(R) is a
Noetherian domain, which is equivalent to saying that every nonnil ideal of R
is finitely generated. Recall also from [9] that the 0-coherent rings are exactly
the Noetherian rings. The following result gives the analog of this result.

Proposition 3.1. Let R € H. Then R is a ¢-0-coherent ring if and only if R
is a ¢-Noetherian ring.

Proof. Assume that R is a ¢-0-coherent ring and let I be a nonnil ideal of
R. Then R/I is a finitely generated ¢-torsion R-module, and so R/I is a
finitely presented R-module. Thus [ is a finitely generated ideal. Hence R is a
¢-Noetherian ring.
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Conversely, assume that R is a ¢-Noetherian ring and let M be a finitely
generated ¢-torsion R-module. Then M is finitely presented by [13, Theorem
3.15]. O

Recall from [9] that the 1l-coherent rings are exactly the coherent rings.
Proposition 3.2 gives the analog of this result.

Proposition 3.2. Let R € H. Then R is a ¢-1-coherent ring if and only if R
is a nonnil-coherent ring.

Proof. Assume that R is a ¢-1-coherent ring and let I be a finitely generated
nonnil ideal of R. We claim that I is finitely presented. First, R/I is a finitely
presented ¢-torsion R-module, and so R/I is a ¢-2-presented R-module. Thus
I is a finitely presented ideal of R by [14, Theorem 2.1.2]. Hence R is a nonnil-
coherent ring.

Conversely, assume that R is a nonnil-coherent ring and let M be a finitely
presented ¢-torsion R-module. Then M = F//N, where F is a finitely generated
free R-module and N is a finitely generated submodule of F'. Since R is nonnil-
coherent, N is a finitely presented module by [13, Theorem 2.6]. So R is a
¢-1-coherent ring. O

To give (counter-)examples, we use the trivial extension. Let R be a ring and
E be an R-module. Then R x F, called the trivial ring extension of R by F, is
the ring whose additive structure is that of the external direct sum R @ F and
whose multiplication is defined by (a,e)(b, f) := (ab,af + be) for all a,b € R
and all e, f € E. (This construction is also known by other terminology and
other notations, such as the idealization R(+)E) (see [6,14,15,18]).

Recall that in the classical case, if R is n-coherent, then every n-presented
module is infinitely-presented. This property does not hold for the ¢-n-coherent
rings. In fact, the ring R = Z o @;-, Q/Z is an example of a ¢-Noetherian
ring, which is not nonnil-coherent by [13, Example 4.11]. So by Proposition
3.1, R is ¢-0-coherent. However, there exists a ¢-1-presented R-module that is
not ¢-2-presented. It follows that there exists a ¢-0-presented R-module that is
not ¢-2-presented. Therefore, to correct this problem, in the rest of this paper
we consider (n,d) € N? such that d < n.

Theorem 3.3. Let R be a ¢-n-coherent ring. Then every direct sum of ¢-
(n, d)-injective modules is ¢-(n, d)-injective.

Proof. Let R be a ¢-n-coherent ring and let {N;}, . be a family of ¢-(n,d)-
injective modules. Let I be a nonnil ideal of R such that R/I is a ¢-n-presented
module. Then R/I has a ¢-d-presentation Fy — Fy_1 — -+ = Fy = R/I — 0,
since d < n. Because R is ¢-n-coherent, K;_; is a finitely presented R-module,
and so Extp(Ka—1, @;er Ni) = @, cr Extp(Kq—1, N;) by [27, Theorem 3.9.2
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(1)]. Then
Ext} ™ (R/I,ED Vi) = Extp(Ka1, P M)
el il
= @Ext}%(Kd_l, Nl)
ier
=~ P ExtE T (R/1,N;)
ier
=0.
Therefore, @, N; is ¢-(n, d)-injective. O

Corollary 3.4. If R is a nonnil-coherent ring, then every direct sum of ¢-FP-
injective modules is ¢-FP-injective.

Proof. This follows from Propositions 2.4, 3.2 and Theorem 3.3. (I

Theorem 3.5. Every ¢-(n,d)-ring is ¢p-n-coherent.

Proof. If n = 0, then the theorem is obvious from Theorem 2.22(1) and Propo-
sition 3.1, since every ¢-von Neumann regular ring is ¢-Noetherian. Now,
assume that n > 1 and R € H. Let M be a ¢-n-presented R-module. If M
is ¢-u-projective, then it is projective by [12, Corollary 5.36], and so M is ¢-
(n+1)-presented. Assume that M is not ¢-u-projective. Then by [12, Theorem
3.10], the d-th syzygy (denoted by K) of a finite ¢-n-presentation of M is both
a finitely presented and ¢-u-projective R-module. Again using [12, Corollary
5.36], we get that K is projective, and so M is ¢-(n + 1)-presented. Therefore,
R is ¢-n-coherent. O

Theorem 3.6. Let R be a ¢p-n-coherent ring and N be an R-module. Then N
is ¢-(n, d)-injective if and only if Nt is ¢-(n, d)-flat.

To prove Theorem 3.6, we need the following lemma.

Lemma 3.7. If R is a ¢-n-coherent ring, then for any ring T and any integer
d>n+1,

Tor, (M, Homr (B, E)) = Homy (Exts (M, B), E),

where M is a ¢-n-presented module, E is a T-injective module, and B is an
R-T-bimodule.

Proof. Assume that R is a ¢-n-coherent ring and let M be a ¢-n-presented
module. Then M is a ¢-d-presented module with a ¢-d-presentation

Fi—-Fy 41— - —=Fp—M-=0.

The above exact sequence induces the exact sequence 0 - Kg — Fy — Kq_1 —
0, and so we get the following exact sequence Hompg(Fy, B) — Hompg (K4, B) —
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Extp(K4_1,B) — 0. Thus we get the following commutative diagram with
exact rows:

0> HOmT(EXt}%(Kd_l,B),E) > HOmT(HOmR(Kd,B),E) > HOmT(HOmR(Fd,B),E)

1 - :

0 3 Torf(K,4_1,Homr (B, E)) — K4 ®p Homp (B, E) — F; ® g Homr (B, E)
Since F is a T-injective module, the two vertical right arrows are isomorphisms.
Therefore, Homp (Extk(K4_1, B), E) = Tort (K41, Homy(B, E)). Moreover,
Torl} ,(M,Homr(B, E)) = Tor{"(K4—1, Homy(B, E))
=~ Homy (Ext (K41, B), E)
=~ Homy (Ext (M, B), E). 0

Proof of Theorem 3.6. This follows directly from Lemma 3.7 using the follow-
ing isomorphism: Torf, | (R/I, N*) = Ext%™ (R/I, N)* for every nonnil ideal
I of R such that R/I is a ¢-n-presented module. (I

From Proposition 3.2 and Lemma 3.7, we can obviously deduce the following
Corollary 3.8.

Corollary 3.8. Let R be a nonnil-coherent ring and M be a finitely presented
¢-torsion module. If E is an injective R-module and B is an R-module, then
we get the following isomorphism:

Torf (M, Hompg(B, E)) = Hompg (Extk (M, B), E).
Proof. This follows immediately from Proposition 3.2 and Lemma 3.7. O

The following definition gives a generalization of ¢-flat (resp., ¢-FP-injective)
modules.

Definition 7. Let R be a ring and n € N*. An R-module M is said to be
¢-n-flat (resp., ¢p-n-FP-injective) if M is ¢-(n,n—1)-flat (resp., nonnil-(n,n—1)-
injective).
Remark 3.9. Let M be an R-module. Then:

(1) M is ¢-1-FP-injective if and only if M is a ¢-FP-injective module.

(2) M is ¢-1-flat if and only if M is a ¢-flat module.

Next, the following result is the analog of the well-known behavior of [8,
Theorem 3.1], which characterizes the ¢-n-coherent rings.

Theorem 3.10. Let R be a ring andn € N*. Then the following are equivalent.
(1) R is ¢-n-coherent.
(2) Ewvery direct product of R is a ¢-n-flat R-module.
(3) FEvery direct product of ¢-n-flat R-modules is ¢-n-flat.
(4) FEvery direct limit of ¢-n-FP-injective R-modules is ¢-n-FP-injective.
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(5) lim Exty (M, M;) — Exty (M, lim M;) is an isomorphism for every ¢-n-
presented R-module M and every direct system {M;}, . of R-modules.

(6) TorZ ([T N, M) =[] Tor® (N, M) for any family {Na} of R-modules
and any ¢-n-presented R-module M.

(7) An R-module N is ¢-n-FP-injective if and only if N is ¢-n-flat.

(8) An R-module N is ¢-n-FP-injective if and only if NTT is ¢-n-FP-
mjective.

(9) An R-module M is ¢p-n-flat if and only if M is ¢p-n-flat.

(10) Tor®(M,Homy(B, E)) = Homy (Ext (M, B), E) for any ring T, where

M is a ¢-n-presented module, E is a T-injective module, and B is an
R-T-bimodule.

To prove Theorem 3.10, we need the following lemmas.

Lemma 3.11 ([8, Lemma 2.9]). Letn be a positive integer, A be an n-presented
R-module, and {M;};cr be a direct system of R-modules (with I directed).

(1) There is an exact sequence 0 — @Ext% (A, M;) — Exty (A, hi>nMZ)
(2) There is an isomorphism lignExtj‘,%_1 (A, M;) = Exty ! (A,ligMi)

Lemma 3.12 ([8, Lemma 2.10]). Let n be a positive integer, A be an n-
presented R-module, and {Nu},cp be a family of R-modules.

(1) There is an ezact sequence Tor’ ([T Na, A) — Tor’ (N, A) — 0.
(2) There is an isomorphism Tor® | ([] Na, A) =[] Tor? | (N,, A).

Proof of Theorem 3.10. (1) = (10) This follows from Lemma 3.7.

(10) = (7) For B := N, T := Z, and E := Q/Z, we get that for every
¢-n-presented R-module M = R/I, where I is a nonnil ideal of R, we have
the following isomorphism Torf”(M7 N*1) = Ext}(M,N)"T. So N is ¢-n-FP-
injective if and only if NT is ¢-n-flat.

(7) = (8) Let N be an R-module. If N is ¢-n-FP-injective, then NVt is ¢-n-
flat by hypothesis, and so N is ¢-(n,n — 1)-flat by Definition 7. Thus N*+ is
nonnil-(n, n — 1)-injective by Theorem 2.11. Hence NT¥ is ¢-n-FP-injective.

Conversely, assume that N7 is ¢-n-FP-injective. It follows from [26, Chap-
ter I, Exercise 41] that N is a pure submodule of N**, and so N is ¢-n-FP-
injective by Theorem 2.13.

(8) = (9) Let M be an R-module. By Theorem 2.11 and hypothesis, M is
a ¢-n-flat module if and only if M ™ is ¢-n-FP-injective, if and only if M T+
is ¢-n-FP-injective, if and only if M7 is a ¢-n-flat module.

(9) = (3) Let {N;},.p be a family of ¢-n-flat modules. By Theorem 2.8,

i€r
@D, cr Ni is ¢-n-flat, so (B, cr Ni)+Jr =~ ([Tier N;L)+ is ¢-n-flat by hypothesis.

But @, N;" is a pure submodule of [T, N;" by [7, Lemma 1 (1)], and so

(ITier Nf)Jr = (Ber Nf)Jr — 0 splits. Thus [T,cr N;i'T = (Bjer Nf)Jr,
and so [[;cp N;7 " is ¢-n-flat. Since [],.r- V; is a pure submodule of [T;p N;
(see [7, Lemma 1 (2)]), [[,cr Ni is ¢-n-flat by Theorem 2.13.

el
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(3) = (2) This is straightforward.

(2) = (1) Let M be a ¢-n-presented with a ¢-n-finite presentation F,, —
Foq1— = Fp—M-—0 We claim that K, 1 := ker(Fn_l — Fn_g)
is a finitely presented R-module. First, we have the following exact sequence
0— K, 1— F, 1 — K, 2 — 0. Let I be an indexing set. Then K,,_» is
finitely presented, since M is ¢-n-presented, and so R! @ g K,,_o =2 K,IFQ from
[26, Lemma 13.2]. From the following commutative diagram with exact rows:

0——K,_1®r Rl —— n—1 OR Rl —— n—2 OR R!

T

0 K} FI K!

n—1 n—1 n—2»

it follows that K,y is finitely presented, and so M is ¢-(n 4+ 1)-presented.
Thus R is ¢-n-coherent.
(1) = (5) This follows immediately from Lemma 3.11(2).
(5) = (4) This is straightforward.
(4) = (1) Let M be a ¢-n-presented module with a ¢-n-finite presentation

F,—>F,1— - —F—M-—=—0.

We claim that K, := ker(F,,_1 — F,,_2) is a finitely presented R-module.
Let {N;},cp be a family of injective modules. Then @Ni is ¢-n-FP-injective
by hypothesis. Hence, Extp (K, o, liﬂNi) = Ext’fz(M,ligNi) =0, and so we
get the following commutative diagram with exact rows:

Hompg(Kp—2, h_H)lNl) — Hompg(Fnh-1, h_I)an) — Hompg(Kp—1,lim N;) —=0

¥ | |

h_r)nHomR(Kn,Q, N;) —— li_r)nHornR(anl, N;) —— li_r)nHomR(Kn,l, N;) ——0.

1R

Therefore, the left two vertical arrows are isomorphisms by [20, Satz 3], and so
HomR(Kn_l,ligqu) = @HomR(Kn_l, N;). Thus K,,_; is finitely presented
by [17, Proposition 2.5], and so M is ¢-(n + 1)-presented. Therefore, R is a
¢-n-coherent ring.

(1) = (6) This follows from Lemma 3.12(2).

(6) = (3) This is straightforward. O

By Proposition 3.2 and Theorem 3.10, we can immediately deduce the fol-
lowing result, which characterizes nonnil-coherent rings.

Corollary 3.13. The following statements are equivalent for a ¢-ring R.

(1) R is a nonnil-coherent ring.

(2) Any direct product of R is a ¢-flat R-module.

(3) Any direct product of ¢-flat R-modules is ¢-flat.

(4) FEvery direct limit of ¢-FP-injective R-modules is ¢-FP-injective.
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(5) ligExt}z(M, M;) — Exty(M, h_n}le) is an isomorphism for every fini-
tely presented ¢-torsion R-module M and every direct system { M}, p
of R-modules.

(6) Tort ([T N, M) 2 [ Torf (N, M) for any family {Nu} of R-modules

and any finitely presented ¢-torsion R-module M.

An R-module N is ¢-FP-injective if and only if NT is ¢-flat.

An R-module M is ¢-flat if and only if M+ is ¢-flat.

Torf (M, Homr (B, E)) = Homy(Extk (M, B), E) for any ring T, where
M s a finitely presented ¢-torsion module, E is a T-injective module,
and B is an R-T-bimodule.

(7)
(8) An R-module N is ¢-FP-injective if and only if Nt is ¢-FP-injective.
9)
10)
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